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(dkjLt&nty 1: 

BAT DANG THUt VA CAC KY THUAT CQ BAN 

KIEN THUG CO BAN VE BAT DANG THUC 

I. Dinh nghia bat dang thuc 

Gia sitAvaB la hai bieu thuc bang chu hoac bang so. 

+ A > B (hoac B < A), A< B (hoac B> A) duoc goi la cac bat dang thuc. 

+ A>BoA-B>0;A-B>0oA>B. 

+ Mot bat dang thuc co the dung hoac sai va ta quy uoc khi noi ve mot bat dang 
thuc ma khong noi gi them thi ta hieu do la bat dang thuc dung. 

II. Tmh chat cu ban cua bat dang thuc 

■ Vfl£K;a>fl. 


\a<b 
{ b<c 

\/a,b,m eM;a<Z>=>a±m<Z?±m. 
ia<b 
{ c<d 
a>b + c<^> a-c>b. 

f ma < mb khi m >0 


> a < c. 


>a+c<b+d . 


\/a,b,sM.;a<bo< 


ma > mb khi m < 0 


\/a,b,sR + ;a<b < 


— < — khi m >0 
I m m 


— > — khi m < 0 


a,b,c,d gM + ; j 


1 1 

b 


a>b>0- 


b>d 
a n >b n 


.,Vn g N . 


[yfa > yfb 
\a>l^a*> a y 
[O < a < 1 => a x < a y 
a>b^> a 2n+l > b 2n+l ; 2n+ y[a > 2n+ tfb, Vn e N. 


x > y > 0; 
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1. Bat dang thuc ve gia tri tuyet doi 

■ -\a\ < a < |a|,Va e M . 

■ \a\ < a <=> -a < a < a(khi a > 0). 

i i \a>a . . 

■ a > a <=> [khi a > 0). 

I a<-a 


■ |a|-|b| < \a + b\ < |a| + \b\,(\/a,b el). 

2. BSt dSng thuc lien quan d§n ham s6 mu va logarit 


\ a >\ _ 
[x>y“ 


0<a<l 

7 


fa >1 
\x > y > 0 


\og a x > log a y; ■ 


0<a< 1 
x > y > 0 


3. BSt dSng thuc AM - GM 

Cho n s6 thuc khong am a l ,a 1 ,...,a n ta co 


log a x < log a y. 


n 

Dang thuc xay ra khi va chi khi a l =a 2 =... = a n . 

4. Bat dang thuc Cauchy - Schwarz 

Cho 2 day so thuc (a l ,a 2 ,...,a n );(b l ,b 2 ,...,b n )ta co 

(a x b x + a 2 b 2 +... + a n b n f < [a x + a\ +... + a 2 n + b\ +... + b^. 

Dang thuc xay ra khi va chi khi a t = kb t ,i = \,n,k g M. 


CHU DE l: KYTHUATBIENDOITUONGDUONG 

Xuat phat tit bat dang thuc co ban va het sue tu nhien x 2 > 0; A - B > 0 voi moi 
so thuc x ta co cac bat dang thuc het sue dep mat. Noi dung chu de nay de cap den 
ky nang bien doi bat dang thuc ve dang luon dung. Cac bai toan de cap den la cac 
bai toan trong chu de nay cac ban chu y se dupe sir dung den trong cac chu de khac 
d cac chuong sau nhu mot bai toan phu. 

A. NOI DUNG PHUONG PHAP 
I. Cac bat dang thuc cu ban 

Binh phuung ciia mot so thuc 

Vdi moi so thuc x ta luon co x 2 > 0. Dang thuc xay ra khi va chi khi x = 0 . 

Tir do ta co cac bat dang thuc vdi 2 bien va 3 bien thudng sir dung nhu sau: 

■ (a - bf > 0 hay a 2 +b 2 > lab. Dang thirc xay ra khi va chi khi a-b. 
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■ (a -bf + {b-cf +(c-a) 2 > 0 hay a 2 +b 2 +c 2 > ab + bc + ca 

hoac ( a+b+cf >3 (ab + bc + ca) hoac 3 (a 2 +b 2 + c 2 ^>[a + b + cf. 

Dang thuc xay rakhi va chi khi a-b = c . 

Bat ddng thuc \'e tri tuyet d6i 

■ Voi 2 so thuc x,y ta luon co |x| + |y| > |x + y\. Dang thiic xay ra khi va chi khi 
xy > 0. 

■ Voi 2 so thuc x,y ta luon co |x - y\> |x| -|y|. Dang thuc xay ra khi va chi khi 
x(x-y)>0. 

BSt d&ng thuc \e do dai canh cua mot tam giac 

■ a + b>c]b + c>a;c + a>b. 

■ a>\b-c\;b>\c-a\;c>\a-b\. 

■ a 2 +b 2 +c 2 < 2[ab + bc + ca). 

II. Mot so hang dang thuc can lira y 

■ a 3 + b 3 + c 3 -3 abc-[a + b + c)(a 2 +b 2 +c 2 -ab-bc-caf 

■ [a + b + cf = a 3 + b 3 +c 3 + 2>[a + b)(b + c)[c + a). 

■ (a + b)(b + c)(c + a) = (a + b + c)(ab + be + ca) - abc . 
a-b + b~c + c-a _ ( a-b)[b-c)[c-a ) 

cab abc 

^beg. t -bj gek feh# _ ^ 

a + b b + c a + c a + b b + c c + a 

1) Ky thuat bien dung diith nghla 

De chung minh bat dang thuc: A>B. Ta chung minh bat dang thuc 
A-B> 0 dung. 

, (x 2 +y 2 ) 2 

Vi du 1. Cho x > y va xy = 1. Chung minh rang --> 8 . 

(x-y) 

Lai gidi 

Taco x 2 +y 2 = (x-y) 2 +2xy = (x-y) 2 +2 (vi xy = 1) 

=> (x 2 +T 2 ) 2 =(x —y) 4 + 4.(x-y) 2 +4 . 

Do do BDT can chung minh tuong duong voi 

(x-y) 4 +4(x-y) 2 + 4>8.(x-y) 2 
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<z> (x-y) 4 -4(x-yf + 4>0 


«• [(x-^) 2 -2] 2 >0. 

Bat dang thuc cuoi dung nen ta co dieu phai chung minh. 

Vi du 2. 

a) Cho x,y la hai so thuc thoa man dieu kien xy > 1. 

Chung minh rang 

l + x 2 1 + y 2 1 + xy 

b) Cho a,b,c la cac so thuc khong nho hem 1 chung minh 

1 1 1 ^ 3 

l + a 3 1 + b 3 1 + c 3 1 + abc 

c) Cho x,y,z e [0;l]. Tim gia tri Ion nhat cua bieu thuc 


P = {\ + xyz)\ 


1 1 

i+x 3 + i+y 



L&i giai 

a) Bit dang thuc da cho tuong duong voi: 


u_ l_i 

l + l 

f 1 1 

U + x 2 1 + xyJ 


v l + y 2 1 + xy^ 


(l + x 2 ).(1 + xy) (l + y 2 ).(l + xy) 


<^> 


x(y-x) | y(x-y) 

(l + x 2 ).(1 + xy) (l + y 2 ).(l + xy) 


1) 

(l + + ).(, + /).(l + ^)- 

BDT cuoi nay dung do xy > 1. Vay ta co dpcm. Dang thuc xay ra khi va chi khi 
x-y hoac xy = 1. 
b) Su dung bat dang thuc: 


— + —>—, 
l + x 2 1 + y 2 1 + xy 


(xy>l). 


Ta co 


1 1 > 2 
l + a 3 + \ + b 3 + 
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1 I 1 > 2 

1 + c 3 \ + abc~ l + J^A 


1 + yj'Ja 3 b 3 .\labc 4 
Cong theo ve ba bat dang thiic tren ta co dpcm. 

Chu y. Bat dang thiic nay dupe ap dung kha pho bien trong mot so bai toan cue tri. 
Mot so dang tuong tu bat dang thiic tren nhu sau 

1 + x 2 1 + y 2 1 + xy ' 

1 1 > 2 

Vl + x 2 yjl + y 2 V 1 + */ 

1 | 1 < _2_ 

Vl + x 2 \jl + y 2 yfr+xy' 

Mjf: 1 , 2 

1 + x 3 1 + y 3 

1 1 „ 2 


-,(-!< xy<i). 
: ,{xy>l). 
=,(-!< xy<l). 

y 

c) Sii dung ket qua bai toan tren ta co : 


l + Jx i y' 



~^>P = (\ + xyz)\ 


1 

1 + x 3 


Cong theo ve cac bat dang thiic tren ta suy ra 
1 1 1 < 3 

1 + x 3 1 + y 3 1 + z 3 l + xyz 
Dang thiic xay ra khi va chi khi x = y = z 
Vay gia tri Ion nhat cua P = 3 . 

Vi du 3. Chiing minh rang voi moi so thuc x,y ta co 

^l + h + jfj 

4 

Lori giai 


1 

1+k 3 


1 

1 + z 3 


(l + x 2 )(l + y 2 )>- 


Chiiy: -(l + x 2 )(l + y 2 \ = l + (x + y) 2 +^^- — — + ^ X —^->l + (x + y) 2 . 


3 
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Bat dang thuc duac chung minh. Dang thuc xay ra khi va chi khi x = y - ± —=■. 

V2 


Vi du 4. Chung minh rang vod moi so thuc a,b khong am thoa man a,h< 1; 

4 (!z£z* 

V 2-a-b 


, 3 , (l-2a)(l-26) fi-a-b) 2 

a + b>~, taco --^>4 -I 

2 (l-«)(l-6) 

Ldi giai 

Bat dang thuc da cho tuong duong vod: 

(a-bf(2a + 2b-3) 
(l-a)(l-b)(2-a-bf 
Bat dang thuc luon dung va ta co dpcm. 

Bai tap tuong tu 


(l + 2a)(l + 2b) > (1 + a + ZA 
(l-a)(l-6) “ U -a-b) 


2) Ky thuat phan tick hang dang thiec 

Phan tich thanh tong cac binh phuong - y t ) 2 > 0 . 

/=l 

Vi du 1. Cho a,b,c la cac so thuc bat ky chung minh 

a) a 2 + b 2 +c 2 > ab +be+ ca. 

b) (ab + bc + ca ) 2 >3 abc[a + b + c). 

c) (a + b + cf b-cf + [c-a) 2 + [a - b) 2 ^>3[ab + be + ca). 

d) (a 2 + 2)(i 2 +2)(c 2 + 2)>3(a + Z7 + c) 2 . 

Ldi giai 

a) Bat dang thuc da cho tuong duong vod: 

2 a 2 + 2 b 2 + 2c 2 - 2ab - 2be -2ca>0 

<=> [a 2 - 2ab + b 2 j + [b 2 - 2be + c 2 j + (c 2 - 2 ca + a 2 j > 0. 

<=> [a-b) 2 +[b-c) 2 +[c-a) 2 >0 

Bat dang thuc cuoi dung. Dang thuc xay ra khi va chi khi a = b = c . 
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b) Thuc hien tuang tu cau a) dua ve bat dang thuc luon dung 

(i ab-bcf +{bc-caf + (ca-ab) 2 >0. 

c) Taco: 

1 2 1 2 1 2 

—(a + Z? + c) -—( b-c ) = —(2 a-b-c) +ab + bc + ca>ab + bc + ca. 

Tuong tu ta co: 

^-(a + Z> + c) 2 - ^-(c - a) 2 >ab + bc + ca 

^-(a + b + cf --^-(a-Z?) 2 >ab + bc + ca 

Cong lai theo ve ba bat dang thuc tren ta co dpcm. 

Dang thuc xay ra khi va chi khi a = b = c . 

d) Chu y dang thuc: 

( a 2 + 2 j^Z> 2 + 2^c 2 +2j-3(a + Z) + c) 2 

= ^{ c2 + 2 )[( a - b ) 2 + 2 ( ab - 1 ) 2 ] + ^( a c + bc ~ 2 ) 2 ■ 

=> (a 2 + 2)(Z> 2 + 2)(c 2 + 2) > 3(a + b + cf 
Ta co dieu phai chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Vi du 2. Cho x, y,z la cac so thuc thoa man dieu kien x 2 +y 2 +z 2 = 1. 

Chung minh rang 

a) —< xy + yz + zx < 1; 

b) (xy + yz + 2xzf -^-> -3. 

(x + y + z) -xy—yz + 2 

L&i giai 

a) Bat dang thuc ve trai tuong ducmg vdi: 

2(xy + yz + zx) + l>0<=>2(xy + yz + zx) + x 2 + y 2 +z 2 >0<=> (x + y + z) 2 >0. 
Bat dang thuc duoc chung minh. 

fx+y+z -0 , 1 1 

Dang thuc xay ra khi va chi khi < ' , chang han tai x = — j=,y = —>= 

|x 2 + y 2 + z 2 =l V2 V2 ' 

Bat dang thuc ve phai: 

1 - (xy + yz + zx) = x 2 + y 2 + z 2 - (xy + yz + zx) 

=> xy + yz + zx < 1 
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b) Chu y dieu kien ta rut gon ve trai va dua ve chung minh 
(xy + yz + 2xz) 2 - 


<=> (x + z) 2 + y 2 + y (x + z) > 0 <=>[ x + z + -y j + - y 2 > 0 


xy + yz + 2 zx + 3 
_ (xy + yz + 2zx + l) 3 
xy + yz + 2 zx + 3 
Vay ta chi can chung minh 

xy + yz + 2zx > -1 = -x 2 - y 1 - z 2 
1 

Bat dang there cuoi dung va ta co dpem. 

fy = 0 

Dang there xay ra khi va chi khi \x + z + —y = 0 => x'§£y=,y = O,z 0 * 1- . 

2 v2 \2 

[x 2 +y 2 +z 2 =1 

Vi du 3. Cho x,y,z la cac so there khong am. Chung minh: 

a) x 3 + y 3 + z 3 > 3xyz. 

b) * 3 +z3 >xyz+l\(*-y)(y-*)(‘~4 ■ 

c )x > + / +Z >-3 X y Z > 2 U±l- X f. 


L&i gidi 

a) Bat dang there da cho tuong duong voi: 

(x + y + z)^x 2 + y 2 +z 2 -xy-yz-zx)>0 

« '-( x + j + z)[(* - yf + (\y - z) 2 + (z - *) 2 ] i 0' 

Bat dang there dupe chung minh. Dang there xay ra khi va chi khi x-y = z. 

b) Bat dang there da cho tuong duong voi: 
i(, +# 4. Z )[(,-,) 2 + b- Z ) ! + (z-,) 2 ]>J(,-j)(y-z)(z-^ 

cz((z+r) + ( V + i) + (i + z)f( f-_z) 2 + f>' -r) 2 +(z- r) 2 j>9(x->■)(>'-z)(z- Z j 

Chu y x + y>|x-y|;y + z>|y-z|;z + x>|z-x| va ser dung bat dang there da 
chung minh dupe b cau a) ta co 
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(x + y) + (y + z) + (z + x)>\x-y\ + \y-z\ + \z-x\>3^l Hx^y)(y-z)(z-x)\ 

(x-y)S(>.-z) 2 + (z-^f>33/L = 4 2 (,v- ; ) 2 ( z ^) 2 | 

Nhan theo ve hai bat dang therV tren ta co dieu phai chung minh. Dang thuc xay 
ra khi va chi khi x = y = z. 

c) Theo cau a) ta co x 3 + y 3 + z 3 - 3 xyz > 0, do do nfiu y+ ^ Z - x < 0 bat dang there 
luon dung. 

+ Nguoc lai xet y + z - 2x > 0 <=> (y - x) + (z - x) > 0. 

Dat y = 2a + x,z-2b + x bat dang there trb thanh 
12x(a 2 -ab + b 2 ^j + 6(a + b)(a-b) 2 >0. 

Bat dang there dung vi a + b- ~~ - x > 0 . 

Dang there xay ra khi va chi khi a-b = c hoac b = c,a- 0 . 

Bai tap tiring ty 

Cho a,b la hai so thuc khac 0 thoa man dieu kien ab > — + — + 3 . 

a b 

Chung minh rang ab > ( 

Vv« yjb 

Vi du 4. Cho x,y,z la cac so there duong chung minh 

3(x 2 +xy + y 2 )(y 2 + yz + z 2 )(z 2 + zx + x 2 ) > (x + y + z) 2 (xy + yz + zx) 2 . 

Ldi giai 

Chuy x 2 +xy + y 2 = -^-(x + y) 2 + -^-(x-y) 2 =>x 2 + xy + y 2 >^-(x + y) 2 . 

y 2 +yz + z 2 >^(y + z) 2 ;z 2 +zx + x 2 >-^-(z + x) 2 

Do do (x 2 + xy + y 2 )(y 2 +yz + z 2 )(z 2 +zx + x 2 ) > — (x + y) 2 (y+ z) 2 (z + x) 2 . 

64 

Ta chi can chung minh 

[(x + y)(y + z)(z + x)] 2 >^[(x + y + z)(xy + yz + zx)f 
^(x + y)(y + z)(z + x)>^(x + y + z)(xy + yz + zx) 

<=> x(y - z) 2 + y(z - x) 2 + z(x - y) 2 > 0 

Bat dang there cuoi dung. Ta co dieu phai chung minh. 
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Vi du 5. Cho a,b,clacac sothuc duongthoamandieukien 0<a<b<c<\. 
Tim gia tri Ion nhat cua bieu thuc P - (4a + 4b^c ~(a + b)4c ■ 

L&i giai 

Ta co 

P-(4a + 4b}c-(a + b)4c = 4c(4ac + 4bc -a-bj < 4ac + 4bc -a-b 

&^ + Jb - a-b = -(^--) 2 +~P 


3) Ky thuat them b&t hang sd 

Viec cong hoac tru hai ve cua bat dang thuc cho mot so nao do lam luge bo di 
phan phuc tap cua bat dang thuc. 

Vi du 1. Cho x,y,z la cac so thuc khong am thoa man dieu kien x> y> z. Chung 
minh rang 

.tv + yz + zx ^ x+z r . 
y 2 +yz + z 2 T + z 

b) xy + yz + zx ^_ (x + z)(y + z) _. 

x 2 +xy + y 2 (x + z) 2 +(x + z)(y + z) + (y + zf 

Ldi giai 

a) Bat dang thuc da cho tuong duong vdi: 

xy + yz + zx > y 2 + yz + z 2 
x+z y+z 

2 2 
xy + yz + zx y + yz + z 

- y -~—t- y 

x+z y+z 

2 

—<=> z|~x(y+ z) -z(x + z)~| >0<=>z(xy-z 2 )>0 
x + z y + z LV ' > 

Bat dang thuc cuoi dung. Dang thuc xay ra khi va chi khi x = y = z hoac 
z = 0, x = y . 

b) Bat dang thuc da cho tuong duong vdi: 

(x + zf+(x + z)(y + z) + (y + zf ^ (x + z)(y + z) | 
x 2 +xy + y 2 xy + yz + zx 

3z(x + y + z) z 2 


x+xy + y xy + yz + zx 


z |^3(x + y + z) (xy + yz + zx) - z ^x 2 + xy + y 2 > 0 
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Bat dang thiic cuoi dung vi 

3(x + y + z)(xy + yz + zx)>3(x + y)[z(x + y)] = 3z(x + yf >z(x 2 +xy + y 2 ). 

Bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi z = 0. 

4) Ky tit u at bien ddi v&i bat dang thuc dura can 
+ Phep binh phuang hai ve dugc uu tien. 

+ Can chung minh + y[A^ +... + >b 1 +b 2 +... + b n . 

Ta co dl chung minh Ja^ = ^b 2 + c 2 >-Jb[ = . 

Roi cong lai theo ve cac bat dang thiic tren ta co dpcm. 

Vi du 1. Chiing minh voi mgi so thuc x,y cung dau va so thuc k, ta co 

Jk 2 +x+^k 2 +y >k + jk 2 +x + y . 

Lai giai 

Bat dang thiic da cho tuong duong voi 

k 2 + x + k 2 + y + 2^{k 2 + x){k 2 + y) > 2k 2 + x +y + 2k^k 2 + x +y 
» <Jk 4 + k 2 (x + y) + xy >kyjk 2 +x + y <=> xy >0 

Bat dang thiic cuoi dung ta co dpcm. Dang thiic xay ra khi va chi khi hoac x 
bang 0 hoac y bang 0. 

Bai 2. Chiing minh rang voi x,y la hai so thuc khong am thoa man x + y> 1, ta luon 
co Jx 2 +x + 4+yly 2 +y + 4<2 + yl(x + y) 2 +x + y + 4 . 

Ldi giai 

Bat dang thiic da cho tuong duong voi 


x 2 +y 2 +x + y + S + 2^x 2 +x + 4^y 2 +y + 4^j < 

4 + 4^(x + y) 2 + x +y + 4+(x +y) 2 + x + y + 4. 



<=>xy 4^(x + y) 2 +x + y + 4+x + y-l >0 (luon dung do x + y>l). 


Tong quat. Tuong tu ta co cac bat dang thiic cung dang sau 
+ Voi mgi so thuc khong am x,y ta luon co 
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Dang thuc xay ra khi va chi khi x = 0 hoac y = 0. 

+ Voi moi so thuc khong am ta luon co 

yjx 2 -x + l+^y 2 -y + l <1 + yj[x + y) 2 -x-y + l. 

Dang thiic xay ra khi va chi khi x = 0 hoac y = 0. 

+ Vl + a + Vl + b > l + yjl + a + b,(ab >0;a,b>-l;a + b> -1). 
5) Ky thuat dank gia phan thuc 


Vi du 1. Chung mi nh rang voi moi a,b,c duong ta co 

, a b c 

1 <-+-+-< 2 . 

a + b b + c a + c 


Taco: a + b <a + b + c = 
Tuong tu ta co : ^ ' 


Led gidi 
1 


a+b a+b+c a+b a+b+c 
b 


( 2 ), 


b + c a + b + c a + c a + b + c 

Cong v£ theo vc cac bdt dang thiic (1), (2), (3), ta dupe : 
a + b + c 
a + b b + c a + c 
a + c 


( 3 ) 


Ta co : a<a + b 
Tuong tu : - ^ 


a+b a+b+c 

a + b ( 5 ), 


>1 (*) 

( 4 ) 


c + b 


b + c a + b + c c + a a + b + c 

Cong ve theo vc cac bat dang thiic (4), (5), (6), ta dupe : 
a b 


( 6 ) 


a+b b+c a+c 
Tir (*) va (**), ta dupe : 1 < 


<2 (**) 


< 2 (dpcm) 


- = 3. 


a + b b + c a + c 
Vi du 2. Cho a,b,c la cac so thuc khong am thoa man dieu kien 
a +; ^_ 

1 + be 1 + ca l + ab 

_^ + ^ > 1 . 

’ 1 + a + bc 1 + b + ca 1 + c + ab 4 
Led gidi 


Chiing minh rang - 
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Ta can chung minh — ^ > — . 

\ + x 1 + y l + z 4 

Chu y —— > 


1 + jc l + x + y + z 

Ja>_ y _ 

l+y l+x+y+z 


l+z l+x+y+z 

Cong theo ve ba bat dang there tren ta co dieu phai chung minh. 

Dang there xay ra khi va chi khi co mot so bang 3 va hai so bang 0. 

Vi du 3. Cho a,b,c la cac so there khong am co tong bang 1. Chung minh 
1 + a 2 l + b 2 1 + c 1 7 

l + b 2 1 + c 1 + a 2 2 

Lai gidi 

Ta thay dau bang dat tai khi mot so bang 1 va hai so bang 0. 

Vay gia ser a - max ja,h,c}. Khi do ta manh dan danh gia 1 + b 2 > 1;1 + c 2 > 1. 


1 + c 2 >1=> 1 + ^ <l + fr 2 
1 + c 2 

, . 2 


<2 + a 2 +{b + cf -r- = 2 + a 2 + (l- af -+-r- 

1 + a 1+a 

Ta chi can chung minh 2 + a 2 + (l- a) 2 H -- < — . 

V ' 1 + a 2 2 

»(a-l)(4a 3 +3a-l)<0 

Bat dang there cuoi luon dung nen ta co dpem. Dang there xay ra khi va chi khi 
a = l,b = c = 0 hoac cac hoan vi. 

Chu y. Bang each tuong ter ta chung mi nh duoc ^ + U + ^ + ^ + ^ + C < —. 

1 + b k 1 + c k 1 + a k 2 


Voi k la s6 nguyen duong. 
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Vi du 4. Cho x,y,z la cac so thuc thoa man dieu kien x,y > -l;x + y + z-3. 

x 2 _y 2 -1 


Tim gia tri ldn nhat cua bieu thiic P - 


x 2 +y 2 + 4(xy + l) z 2 -4z + 5 


Loi giai 

Trade het danh gia hai mau so d hai phan thuc bang each thay z = 3— x - y . 
Ta chung minh x 2 + y 2 +4(xy +1) > z 2 - 4z + 5 

»x 2 +y 2 +4xy-(3-x-yf +4(3-jc-y)-l>0 
« 2(x + y) + 2xy + 2 > 0 <=> (x +1) (_y +1) > 0 
Bat dang thuc dung. 

2 +y 2 -1 _ (x + y) 2 -2xy-l 
z 2 - 4z + 5 z 2 - 4z + 5 

Chuy. xy >-l-x-y = z-4;x + y = 3-z. 


Vaytaco P<- 


Dau bang dat tai 


) 2 -2(z-4)-1 

z 2 -8z + 16 

- 2 -4z + 5 

z 2 - 4z + 5 

3 

z = — 

3 

x + y = - 

2 

x + y + z = 3<=>- 

5 

xy = -- o 

xy = z - 4 

3 


z = — 


l 2 


(2z-3) 2 


. 5 3 

x = -l,v = — ,z = — 
2 2 

5 3' 

x = —, y = — 1,2= — 
2 2 


6) Ay thuat danh gia bat dang thuc co cluea dau gia tri tuyet ddi 

Su dung hai bat dang thuc quen thuoc: |x| + |y| > |x + y|;|x| - |y| < |x - y|. 

Chu y. Tu duy dau tien la khu dau gia tri tuyet doi muon vay ta xet trudng hop. 
Vi du 1. Chung minh vdi moi so thuc a,b,c ta co 

\a\ + \b\ + \c\ + \a + b +-f?j> \a + b\ + \b + c\ + \c + a\. 


Loi giai 

Trong ba so a,b,c co it nhat hai so cung dau khong mat tinh tong quat gia su la a 
va b khi do \a\ + |d| = \a + b \. 

Vay ta chi can chung minh |c| + \a + b + c| > \b + c| + \c + a\ 

oc 2 +(a + b + cf +2|c(c + a + d)|>(a + c ) 2 +{b + cf +2|(a + c)(d + c)| 

<=> ad + |c(c + a + d)| > |(a + c)(Z> + c)| = \c(c +a + b) +ab\ 

Bat dang thuc cuoi luon dung (dpcm). 
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Vi du 2. Cho x,y,z la cac so thuc doi mot khong dong thdi bang 0. Chung minh 

Loti giai 

Taco |x 2 -y 2 |<|x 2 +y 2 |<=>(x 2 -y 2 ) 2 <(x 2 +y 2 ) 2 <=>4x 2 y 2 >0. 

I (x 2 -y 2 )(y 2 -z 2 )(z 2 -x 2 


Tit do suy ra 


x 2 +y 2 )(y 2 +z 2 )(z 2 +x 2 


~ -(, 2 + y 2 )(y 2 + z 2 )(z 2 +X 2 )- 

Bat dang thuc duoc chung minh. 

Vi du 3. Cho a,b,c la cac so thuc khong am chung minh 

3 yfabc + ja-Z?| + |Z»-c| + |c-a| >a + b + c. 

Loti giai 

Khong mat tinh tong quat gia su a>b>c. Khi do bat dang thuc tuong duong voi: 
3 yjabc + (a -b) + (b -c) + (c-a)> a + b + c 
<=> a-b-3c + 3y/abc > 0 <=> (a -b) + 3>l[c{^[ab -^/c 2 j> 0 
Bat dang thuc cuoi luon dung va ta co dpcm. 

Bai t . p tu ffng ttf 

Cho a,b,c la cac so thuc duong thoa man dieu kien 

3 yfabc + \a -b\ 4-|&-c| + |c-a| = 1. 

Chung minh rang a^fbc + b\[ca + c \fab < ^. 

Vi du 4. Cho x,y,z la cac so thuc chung minh 

|x-y| + |y-z| + |z^|> 2y]x 2 +y 2 +z 2 -xy-yz-zx . 

Lbi giai 

Khong mat tlnh tong quat gia su x > y > z. Bat dang thuc trb thanh 


(x-y) + (y-z) + (x-z)>2^(x-y) 2 +±{y-z) 2 +±(z-xf 
»2(x-z)>^ 2 [(x-y) 2 +(y-z) 2 +(z-x) 2 ] 
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«• 4(x-z) 2 > 2 [{x-yf +{y~zf + (z-x) 2 ] 
o(x-z) 2 >(x-yf +(y-zf 

^[(x-y) + (y-z)f>(x-yf +{y-zf ^2(x-y){y-z)>0 
Bat dang thuc cuoi luon dung ta co dpcm. 

Vi du 5. Cho n s6 thuc x l ,x 2 ,...,x n (voi n> 3). Chung minh 


x{x 1 ,x 2 ,...,x n }> 


r 1 +x 2 +... + x„ < |x 1 -x 2 | + |x 2 -x 3 | + ... + |x„_ 1 -x„| + |x, 


Lai giai 

Chu y. Vod hai so thuc x,y bat ky ta luon co 
min{x, y) < x,y < max {x,y}va max{x,y} = 
, x + y + |x-y| 

Sudung max\x,y\ - - : — 1 -— taduoc: 


x + y + |x-y| 


x 1 +x 2 +... + x„ | |xi — x 2 1 + |x 2 — x 3 1 +... + \x n _i — x n | + |x„ — x t | 
n 2n 

Xi+x 2 + |xi-x 2 | x 2 + x 3 + |x 2 - x 3 1 x n +x l + \x n -Xj| 
2« 2n 2 n 

m ax {x t , x 2 } + m ax {x 2 , x 3 } +... + m ax { x n _ x , x n } + m ax { x n , x x } 


<max{x l ,x 2 ,...,x n } 


Bai toan duoc chung minh. Dau bang dat tai chang han x l = x 2 =... = x„ . 
7) Ky thuat dat an phu 

Vod bat dang thuc doi xung hai bien ta co the dat u = a + b;v = ab. 

Vod phan thuc ta co de dat cac mau so la cac bien mod. 

Vi du 1. Chung minh rang vod moi a,b duong, ta co 

flVjfl 2 +b 2 -2}>(a + b)(ab-\). 


L&i giai 

Dat a + b - 2u, ab - v 2 , v > 0. Khi do bat dang thiic tuong duong voi: 
a 2 b 2 (a 2 + b 2 - 2) > (a + b)(ab - 1) 

<=>a 2 Z? 2 |^(a + Z)) 2 -2ab-2^>(a + b)( < ab-\) 
o v 4 (4 m 2 - 2v 2 - 2) > 2 m( v 2 -1) 

O 2v 4 m 2 - (v 2 - 1 )m - v 4 (v 2 +1) > 0 
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Dieu nay chung to u > 


v 2 -l + ^(v 2 -l) 2 +8v 8 (v 2 +1) 


_a + b ^ 

2 

^ v 2 -1 + ^(v 2 -1) 2 + 8v 8 (v 2 +1) 


Mat khac u - pU— > yfab = v do do ta chi can chung minh: 


• (v -1) (v + l)(v + v +1) > 0 


> 0 . 


Bat dang thuc cuoi dung. Dang thuc xay ra khi va chi khi a = b- 1. 
Vi du 2. Cho a,b,c la cac so thuc duong chung minh rang 

x 2_ z 2 ^ 2_ y 2 

y + z z + x x + y 

L&i giai 

Dat a-x + y,b = y + z,c = z + x khi do ve trai cuabat dang thuc la 
(a-b)c + (b-c)a + {c-a)b _ab + bc + ca a b c 


■i(J 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z. 
Vi du 3. Cho a,b,c la cac so thuc ducmg thoa man dieu kien a + b + c = 3. 

4 4 4 ^ a b c 


Chung minh rang 


(a + bf (. b+cf (c + af b + c c + a a + b 

Ldi giai 


a + b-x 


[a=3-y 


b + c = y do a,5,c>0 va a+i + c = 3 nen x,y,z>0 va <b-3-z . 

c + a = z [c = 3 - x 

' ■> 4 4 4 3—v 3-x 3 — z 

Khi do bat dang thuc tro thanh: — + — + — > — ■+-■+-. 

x 3 y J z J y x z 

<7-¥Hyy)iy¥y 

(x + l)(x-2) 2 (y + l)(y-2) 2 (z + l)(z-2) 2 

x 3 y 3 z 3 

Bat dang thuc cuoi luon dung, tu do ta co dpcm. 


> 0 . 
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8) Ky thuat sir dung phep the 

Tu bai toan co dieu kien tu hai bien tro len ta rut mot bien theo cac bien con lai 
roi thay vao bat dang thuc can chung minh. 

+ Dang nay toan neu co can ket hop danh gia mot so la max hoac mot so la min. 
Vi du 1. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca- 1. 


Chung minh rang a + b + c + 


>2. 


Leri giai 

Khong mat tinh t6ng quat gia su c>b> a. 

Thay c = -—— ta phai chung minh a + b + -—— 
a+b a+b 


3(a +b) 
ab{2-5ab) + 3(a + Z?-1) 2 >0 


9) Ky thuat danh gia theo cap 

Ap dung voi dang tich bat dang thuc dang tich. 

Vi du 1. Cho a,b,c la cac so thuc thuoc khoang (0;l). Chung minh rang 

[a-a 2 ^j(b-b 2 ^c-c 2 ^>(a-bc)(b-ca)(c-ab). 

Leri giai 

Khong mat tinh tong quat gia su a>b>c. Khi do do a,b,c e (0;l) =^> 

N6u c-ab< 0 bat dang thuc luon dung. 

Neu c-ab> 0 khi do ta chung minh \fbc (l - a) > ^j(b - ac)(c - ab) . 

Thatvay yfbc (l - a) > b - ac ) (c - ab) <^>bc(\-af >{b - ac)[c - ab). 
<^>bc(a 2 -2a + \)>bc-ab 2 -ac 2 +a 2 bc<^> a(b-cf >0(luondung). 

\jac(l-b) > J(a-bc)(c-ab) 

Tuongtutaco: \ _. 

| yfab (l - c) > yj[a-bc)[b -ca) 

Nhan theo ve 3 bat dang thuc tren ta co dieu phai chung minh. 

Dang thuc xay ra khi va chi khi a = b = c . 

Vi du 2. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 1. Chung 
minh rang 8 a 2 b 2 c 2 >(a-bc)(b-ca)(c-ab ). 


ja-bc>0 
\b-ca> 0 
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Ldi giai 

Khongmat tinh tong quat gia sir a>b>ck\\\ do do a,b,ce{ 0;l) => 

Neu c-ab< 0 bat dang thuc luon dung. 

Neu c-ab> 0 khi do ta chung minh lab > (a- bc) (b-ca) . 

That vay 2 ab > ^J(a-bc)(b-ca) <=> 4 a 2 b 2 >(a- -ca). 
o 4a 2 b 2 >ab-a 2 c-b 2 c + abc 2 o4 a 2 b 2 +c[a 2 + b 2 ^-ab[c 2 + l)>0 
o4 a 2 b 2 +c(a-b ) 2 +ab^2c-c 2 -l)>0o4 a 2 b 2 + c(a-b) 2 -ab(c-lf >0 


\a-bc> 0 
\b-ca>0 


<=> ab^4ab - (a + b) 2 J + c(a - b) 2 > 0 <=> (c - ab)(a - bf > 0 (luon dung). 


Tuang tu ta co 2bc > ^(b-ca)(c - ab);lea > ^j(c-ab)(a-bc). 

Nhan theo ve 3 bat dang thuc tren ta co ngay dieu phai chung minh. Dang thuc 


xay ra khi va chi khi a - b = c = 


10). Ky thuat su dung tinh thudn nhdt 

Dua bat dang thuc ve dang dong bac se de xu ly hon(xem them chuong 3). 
Vi du 1. Cho a,b,c la cac so thuc thoa man dieu kien a 2 + b 2 + c 2 - 3 . 

Chung minh rang a 3 (b + c) + b 3 (c + a) + c 3 (a + b) < 6. 


Ldi giai 

Bat dang thuc da cho tuang duang voi: 

a 3 (b + c) + b 3 (c + a) + c 3 (a + b) < ^ a 2 + b 2 + c 2 j 
<=> 2^a 4 + b 4 + c 4 j + 4^a 2 6 2 +b 2 c 2 +c 2 a 2 'j>3ab^a 2 +b 2 ^ + lbc{b 2 + c 2 ) + 3ca(c 2 +a 2 j 
Bat dang thuc tren la tong cua ba bat dang thuc co dang: 
a 4 +b 4 +4 a 2 b 2 - 3>ab{a 2 +b 2 ^-[a-bf +ab(a-b) 2 

= (a-bf [a 2 -ab + b 2 ^> 0 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a - b - c = 1 . 
11) Bien ddi ham luomggiac 

Vi du 1. Chung minh voi moi so thuc x ta co cos(sinx) > sin(cosx) . 

Ldi giai 


Bat dang thuc da cho tuang duang voi: sinfy-sinxl-sin(cosx) > 0 
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--sinx-cosx 


Bat dang thuc cuoi luon dung do 


|sinx-cosx| = V2 sin[ x- — j < V2;|sinx + cosx| = V 2 sinf x + — j < V 2 . 


— -V2 --sinx-cosx — + V2 

Vi vay 0 < -< —-< —-issi—; 

2 2 2 2 

— -V2 --sinx-cosx —+ V 2 

0 < —- <2 - <2 - 

2 2 2 2 

Bat dang thuc duoc chung minh. 


B. BAI TOAN CHON LOC 

Bai 1. Cho x,y,z la cac so thuc duong thoa man dieu kien x < y < z. 

Chung minh rang y\ — + — ] + —(x + z) < f — + — |(x + z). 

\x zj y \x z) 

L&i giai 

_ _ (x + z) 2 y(x + z) x + z 

BBT tuong duong voi: 2- ’- + - 

xz xz y 


<=>_y(x + z)>y 2 +zx<=>y 2 -y(z + x) + zx<0<=>(_y-x)(_y-z)<0 
Bat dang thuc cuoi dung vi 0 < x < y < z. 

Ta co dieu phai chung minh. Dang thuc xay ra khi va chi khi x = y = z. 

Bai 2. Cho x,y,z la cac so thuc duong thoa man dieu kien x> y> z. Chung minh 
x(x 2 +y 2 ) | y(z 2 +x 2 ) | z(y 2 +z 2 ) ^^ 2 | ^ | _ 2 . 
x + y z + x y + z 


Ldi giai 

Bat dang thuc da cho tuong ducmg voi: 

*y(y-x) \ 

x + y ' 

_ xy(x- y)(y-z) | yz(x - y)(y - z) 

(x + y)(x + z) (x + z)(y + z) 

Ta co dieu phai chung minh. 


1 x + z x + y 




y+z x+z 
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Bai 3. Cho x,y,z la cac so thuc thuoc doan [0;l]. Tim gia tri Ion nhat cua bieu 
thiic P = 2[x i +y 3 + z 3 J-(x 2 y + y 2 z + z 2 x). 


Ldi giai 

Ta co x,y,z e [0;l] => x 3 < x 2 < x; y 3 < y 2 < y;z 3 < z 2 < z. 
Tvr do suy ra 2 ^jc 3 + y 3 + z 3 j < x 2 + x + y 2 + y + z 2 + z. 


Ta chung minh ; 


2 + y 2 + z 2 - [x 2 y + y 2 z + z 2 xj < 3 . 


<=>x 2 (l-y) + y 2 (l-z) + z 2 (l-x) + x + y + z-3<0 
O' (x 2 -l)(l-jy) + (jy 2 -l)(l-z) + (z 2 -l)(l-x) < 0- 
Bat dang thiic cuoi dung do 

(x 2 -l)(l-y)<0;(y 2 -l)(l-z)<0;(z 2 -l)(l-x)<0 

Vay gia tri Ion nhat cua P bang 3 xay ra khi x = y = z = 1. 

Bai 4. Chung minh rang voi moi so thuc khong am a,b,c ta co 

a 4 +b 4 +c 4 +abc(a + b + c)> 2{a 2 b 2 + b 2 c 2 + c 2 a 2 ). 


L&i giai 

Khong mat tinh tong quat gia su a>b>c. Khi do c 2 (c - a)(c-b) > 0 va 
a 2 (a-b)(a-c) + b 2 (b-c)(b-a) = (a-b)[a 2 (a-c)-b 2 (6-c)J 
>(a-b)^a 2 (b-c)-b 2 (b-c )J 
= (a-b)(b-c)[a 2 -Z? 2 j> 0 

Bat dang thuc dupe chung minh. Dang thiic xay ra khi va chi khi a - b = c . 
Nhan xet. Day la mot trudng hop rieng cua bat dang thiic Schur. Voi a,b,c la cac 
s6 thuc khong am va k > 0 ta luon co 

a k (a- b)(a-c) + b k [b - c)[b - a) + c k [c - a)[c - b)> 0. 

Bai 5. Cho a,b,c> 0 thoa man dieu kien a + b + c = 1. 


Tim gia tri Ion nhat cua bieu thiic P = 





Ldi giai 

Chuyen moi bieu thiic trong can ve cung bac hai ta co : 
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(■ b-cf , x (b- 
-— -a(a + b + c) + -— 


2 ,, x (b + cf-Abc ( b + cf , ( b + cY 

= a + a(b + c) + - --= \a + - -bc<\a + -I 


Suyra ^a + 


(b-c) 2 


J 

1 4 ~ ' 2 ’ 


-Ll< c+ ^t± 

4 2 


Cong theo ve 3 bat dang thuc tren ta dugc : 


P=\\a + 


, ( b ~ c ) 


+ \\b + 


(c-a)_ 


, ( a ~ b ) 


<2(a + b + c) = 2. 


Vay gia tri Ion nhat cua P bang 2 dat tai a - b - 0, c-\ hoac cac hoan vi. 
Nhan xet. Ta co the tong quat thanh bai toan nhu sau : 

Cho a,b,c,k la cac so thuc khong am thoa man a + b + c = k. Chung minh rang 


ka + 


( b ~ c ) 


+ Jkb + 


(c-a]_ 


+ \\kc + 


( a ~ b ) 


<2 k. 


Bai 6. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 1. 
Chung minh rang yja + (b-c) 2 + yjb + (c-a ) 2 + ^c + (a-b f > V3. 
Lai giai 

Khong mat tinh t6ng quat gia su a>b> c khi do : 

Su dung bat dang thuc Mincopsi ta co : 

■\Ja + (b-c) 2 +-Jb + (c-a) 2 + y]c + (a-b) 2 > 


+ Yb +Yc) + \_(a-b) + (b-c) + (c-a)f 
- J(y/a + y/b + y/c'j + 4(a-c) 2 . 

Bat dang thuc dugc chung minh neu ta chung minh dugc bat dang thuc sau dung. 

( \la+yfb + yfc ) + 4(a - c) 2 > 3(a + b + c) 

O 4(fl - cf > (yfc - yfbf + ( y[b - yTc) 2 + [fc ~ Jaf . 
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Ta co : 

[(&-£) + (jb- r c j\ 2 =(r-rf + (r-rf + 2(r-r)(r~r) 
>(r-rf + (r-rf 
^(r-rf >(r~rf+{rb-rcf 
sn ym (r~rf +(r~r) 2 +(r~rf < 2 (r-rf. 

Mat khac : 

4 (a-cf -2(Vc-Va) -2(y[a-\[c j ^Va+Vcj -lj 

-2 (Va-Vc) [^2(a + c)-l + 4VacJ 
-2{4a-4c^ |^2a + c + c-l + 4-\/acJ 
>2 [4a-4c^ |^a + Z> + c + c-l + 4VacJ 
-2 (Va-Vc) |^c + 4VacJ>0 

Bai toan dugc chung minh. Dang thiic xay ra khi va chi khi a-b-c = -^hoac 
a = l,b = c = 0va cac hoan vi. 

Bai 7. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 3. 

Chung minh rdng 2 {a 2 b 2 + b 2 c 2 +c 2 a 2 ) + 3 < 3(a 2 +b 2 +c 2 j . 

Lai giai 

Khong mat tinh tong quat gia su a = min {a, 6, c} => a < 1. 

Ta co 2 [a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 3 - 3 (a 2 + b 2 + c 2 ) < 0 
« (2a 2 - 3)(i 2 + c 2 ) + 2 b 2 c 2 + 3 - 3a 2 < 0 
^(2a 2 -3)(Z> + c) 2 +2Z)V + 2(3-2a 2 )z?c + 3-3a 2 <0 
o P = (2a 2 - 3)(3 - a) 2 + 2 b 2 c 2 + 2(3 - 2a 2 )z?c + 3 - 3a 2 < 0. 

Taco . Vi a<l^>3-2a 2 >0dodo 
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P< 2a -3 (3-aV+ 2. 


M 


= ^(a-l) 2 (3a 2 -14a-l)<0 

Vi 3a 2 -14a -1 = 3a(a - l) -1 la -1 < 0, V« e (0;l]. 

Bai toan dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 8. Cho cac so thuc a,b,ce [0;l] thoa man a + b + c - ^ . 

Tim gia tri Ion nhat va gia tri nho nhat cua bieu thiic P = cos [a 1 +b 2 + c 2 j. 

Lai giai 

Do a,b,c e[0;l]nen 0<a 2 +b 2 +c 2 <a + b + c-^<^-. 

Vay P Ion nhat( nho nhat) khi a 2 +b 2 + c 2 nho nhat (lbn nhat) 

Tim gia tri nho nhat cua a 2 +b 2 +c 2 . 

Taco a 2 +b 2 +c 2 >^(a + b + c) 2 =^. SuyraGTLNcua Pbang cos-^ ; xay 


Tim gia tri Ion nhat cua a 1 +b 2 +c . 

Gia su a<b<c^> a + b + c = — <3c=>c> — . 

2 2 


„ 5 


Vay a 2 +b 2 +c 2 =(a + b) -2ab + c 2 <(a + b) +c 2 =c 2 +^--cJ < — 

Do (c-l)(2c-l)<0 

Suy ra GTNN cuaP bang cos^- ; xay ra khi (a,b,c) = ^0,0,^- j hoac cac hoanvi. 

Bai 9. (TSDH Kh6i D 2008) Cho x,y la cac s6 thuc khong am. 

(x-y)(l-xy) 


Tim gia tri lbn nhat, gia tri nh o nhat cua bieu thuc P = - 


(x + i) (y + 1) 


Lai giai 


(x-y)(l-xy) _{x + xy j-(y+yx j _ jc(j/ + 1) -y(jc + l) 


(x + 1) (y + l) (x + 1) (y + l) 


(x + 1) (y + l) (x + 1) (y + 1) 
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Voi x,y> 0 taco : 0<—;0<———- < —. 

(* + l) 4 (J + I) 4 

Suy ra gia tri Ion nhat cua P bang — dat tai x = 1, y - 0 va gia tri nho nhat cua 


Cach 2 : Ta co danh gia thong qua tri tuyet doi nhu sau : 

| {x-y){l-xy) \ j{x + y){\ + xy)\ ^ (x + y + 1 + xy) 2 _ 1 


1% 


(1 + xf (1 + yf | _ (1 + xf (l + y 2 ) ” 4(1 + xf (l + yf 4 ’ 

Do do < P < —. Ta co kdt qua tuong tu. 

4 4 

Bai 10. Cho a, b, c > 0 la cac so doi mot khac nhau. Chung minh rang 
1 1 1 


(i ab + bc + ca)\ 


>4. 


U fl_6 ) ( b ~ c ) ( c ~ a ) 

L&i giai 

Gia su c - min {a, b,c) , khi do do a,b,c > 0 ta suy ra: ab + bc + ca>ab ; 

1 1 


- - - > — 

(a-c) 2 a 2 


Vay ta chi can chung minh : ab\ 


ab a b . n ab ( a-b) 

> - y + - + 4 > 0 «-^ + ^- ’—2 > 0 

(a-b) b a (a-b) ab 


(a-bf b 2 ~ 2 

ab 

(a-b) 


1 ab 

L-tf [ 

J(a-b) 2 

V ab 


Bai toan duoc chung minh. Xem them chuong 3. 

1 1 2 

Bai 11. Cho cac so thuc thoa man dieu kien a,b,c> 0 va — + — = — . 

a c b 


Tim gia tri nho nhat cua bieu thuc P = 


2a-b 2c-b 
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Ldi giai 

Ta co b- ^ aC thay vao bieu there cua P ta dugc : 
a + c 

lac 2 ac 

P = 2Ii±l + IIi^ = £±5£ + £±^ = 1+ 3('“ + «'|>4. 

2a 2 ac 2c 2 ac 2 a 2c 2yc a) 

a+c a+c 

(dung theo AM-GM). 

Vay gia tri nho nhat cua P bang 4 dat tai a = b = c . 

Bai 12 . Cho cac so there a,b,ce [l;3] thoa man dieu kien a + b + c = 6 . 

Tim gia tri Ion nhat cua bieu there P-a 2 +b 2 +c 2 . 

L&i giai 

Dat a = x + \;b = y + l;c = z + l;x,y,z e[0;2], 

Khido P = a 2 +b 2 +c 2 ={x + \f +{y + \f +{z + \f 

= x 2 + y 2 + z 2 + 2(x + y + z) + 3 

= [x + y + z) 2 -2[xy + yz + zx) + 2[x + y + z) + 3 

- -2(xy + yz + zx ) + 18 

Ter x,y,z e [0;2] => (2 -x)(2-y)(2 -z) > 0 

8 - 4(x + y + z) + 2{xy + yz + zx) - xyz > 0 

^-2{xy + yz + zx) = -4 - xyz < -4 do xyz>0 

Ter do suyra P<-2(xy + yz + zx) + 18<14 

Dang there xay ra khi va chi khi (a,b,c) = (l,2,3)hoac cac hoan vi 

Chu y. Dat a - x + \;b = y + \;c = z + \ de chung ta tan dung tich xyz > 0 

Bai 13 . Cho cac so there a,b,c& [0;l]. 

Chung minh rang —-— + —'— + —'— > 3 abc. 

2-a 2-b 2-c 

L&i giai 

Taco: (a-l) 2 >0=i>a(2-a)<l^>^— >a. 

Tuong tu ta co : —— b; 1 . 

2-b 2-c 

Cong theo ve cac bat dang there tren ta dugc: 
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—-— -+—-— -+—-— >a+b+c> 3y[abc > 3abc do abc < 1. 
2-a 2-b 2-c 

Dang thuc xay ra khi va chi khi a = b = c- 1. 

Bai 14. Cho cac so thuc a,b,c& [0;l] va a+b+c* 0. 


Chung minh rang 


1 


1 


1 


5 


ab + l bc +1 ca + 1 a + b + c 
Lifi giai 

Do bat dang thiic doi xung vdi ba bien nen khong mat tinh tong quat ta gia su 
1> a>b>c>0. 

c + a + b < a+b + c < \ + b + c + (\-b)(\-c) + bc _ 
ab + l be +1 ca + 1 be +1 be +1 

b b+c c+a 


Khi do 

Mat khac 


- = 2 


ab + l be +1 ca + 1 


f a+b l] 

, | 

(b + C ^ 

+ 1 

^ c + a X 

[ab + l J 

1 1 ! 

^Z?c + 1 J 

+ l 

vca + 1 J 


_ O-aX 1 -^) ( 1 ~ c )( 1 ~ a ) | 3^3 

ab + l be +1 ca + 1 

Cong theo ve cac bat dang thuc tren ta suy ra dieu phai chung minh. 
Dang thuc xay ra khi va chi khi a =b = \,c = 0 hoac cac hoan vi. 


Bai t . p ttfong tit 

Cho a,b,c la cac s6 thuc thuoc doan [0; 1] va a + b + c > 0. 

Tim gia tri nh d nhat cua bieu thuc P ---+ ^ + — C + Ca . 

a + b + c l + ab 1 +be l+ca 

Bai 15. Cho cac so thuc khong am a,b,c. Chung minh rang 

a 2 +b 2 +c 2 >4(a + Z? + c)(a-Z>)(Z?-c)(c-a). 

Loti giai 

Khong mat tinh tong quat ta gia su b nam giua a va c, ta xet hai trucmg hop 

- Ndu a>b> c^>VT>Q> VP ,\a.co dpem. 

- Neu c>b>a, khi do ve phai 

VP = 4(a + b + c)(a-b)(b-c)(c-a) =4 (a + b + c)(b-a)(c-b)(c-a) 

< [(a +Z> + c)(Z>-a) + (c-Z>)(c-a)] 2 

Ta chi can chung minh (a + b + c)(b - a) + (c -b)(c - a) < a 2 +b 2 +c 2 . 

That vay bat dang thuc nay tuong duong vdi : -a(2a + 2c - b) < 0, dung va ta 
co dpem. 
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C. BAI TAP REN LUYEN 

Bai 1. Chungminhrang voi moi so thuc khong amavabtaco 
(a + b)[a 2 + b 2 j > 8 ab[a + b)~ \2ab fab . 

Bai 2. Cho a,b,c la do dai ba canh mot tam giac thoa man ^a<b < c. Chung minh 
(i a + b + cf <9be . 

/„ x m x 2 cosa-2x + cosa . 4 

Bai 3. Cho a e (0;^),xe M ;y - ---. Chung mmh rang -1 < y < 1. 

x 2 -2xcosa + l 

Bai 4. Cho x,y,z la cac so thuc duong thoa man dieu kien x> y> z. 

, . , i x 2 y y 2 z z 1 x ^2 22 

Chung mmh rang —— + #— +-> x + y +z . 

z x y 


Bai 5. Cho a, b, c, d, e la cac so thuc. Chung minh cac bat dang thuc 
a 2 + b 2 + c 2 + d 2 + e 2 >a(b + c + d + e); 
a 2 +b 2 +c 2 +d 2 + \>a(b + c + d + \) 

Bai 6. Cho a,b,c la cac so thuc duong. Chung minh 

a 3 + b 3, + c 3 > a + b + c 

a 2 +ab + b 2 b 2 +bc + c 2 c 2 +ca + a 2 3 

Bai 7. Cho x,y la hai so thuc khong am khong dong thbi bang 0. Chung minh 


3x 2 + 2xy + 3y 2 
2 (x + y) 


>^2x 2 + 2y 2 . 


Bai 8. Cho x,y la 2 so thuc duong. Chung minh 


1 < 


(x + y)(x 3 +y 3 )^ 


9 

8 ' 


Bai 9. Chung minh voi moi so thuc a va b ta co — L - L < , , . 

l + \a + b\ l + |fl@| 

Dau bang xay ra khi nao? 

Bai 10. Cho a,b la cac so thuc va a khac 0. Chung minh a 2 +b 2 + — 3. 

a a 

Bai 11. Chung minh rang voi moi so thuc duong a,b,c ta co 

a 2 b 2 c 2 
— + — + — >a + b + c. 
b c a 

Bai 12. Chung minh rang voi moi so thuc a,b,c ta co 

a 4 +b 4 +c 4 >abc(a+b + c). 
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Bai 13. Cho a,b,c la do dai ba canh mot tam giac. Chung minh 
\ a + b + c b c a\^ 

\b c a a b c\ 

Bai 14. Cho a,b,c la do dai ba canh mot tam giac thoa man dieu kien a<b<c. 

Chung minh rang a 3 [b 2 -c 2 ) + Z? 3 (c 2 -a 2 ) + c 3 (a 2 -Z> 2 )<0. 

Bai 15. Cho a,b,c la do dai ba canh mot tam giac. Chung minh 
a(b-cf +b(c-af + c[a + b) 2 > a 3 +b 3 +c 3 . 

Bai 16. Cho a,b,c la do dai ba canh mot tam giac. Chung minh 
2 a 2 b 2 + 2 b 2 c 2 + 2c 2 a 2 -a 4 -b 4 -c 4 >0. 

Bai 17. Cho x,y,z la cac so thuc duong co tich bang 1 va z = min{x,y,z}. 

2x + 1 2y+ ly2z + lj 

Bai 18. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca- 1. 

. , 4 1 1 15 

Chung minh rang-H-1--> —. 

a+b b+c c+a 2 

Bai 19. Chung minh voi moi a,b,c la cac so thuc ta co 

a(a + b ) 3 +Z)(Z) + c) 3 + c(c + a) 3 >0. 

Bai 20. Cho a,b,c la do dai 3 canh mot tam giac. Chung minh 
b 


Chung minh rang - 


b) a 2 +b 2 +c 2 < 2(ab + bc + ca); 
. a b c 


W +c 3 


ilb 3 +a 3 


:2%4. 


Bai 21. Cho a,b la cac so thuc duong. Chung minh ? - _ 

V 2 a + b 

Bai 22. Chung minh rang voi moi so thuc x, y thoa man dieu kien x + y > -1, |xy| < 2. 

Taco x 3 +y 3 >-l. 

Bai 23. Cho a, b, c, d la cac s6 thuc. 

Chung minh rang ^ a 2 + b 2 j^c 2 + d 2 ) > (ac + bd) 2 . 

Bai 24. Cho a,b la 2 so thuc khong am. Chung minh rang ta luon co 
f a 2 + + —If Z> 2 + a + —1 > f 2a + —If 2Z> + — 1 . 
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Bai 25. Cho x, y,z e [0; 2] thoa man x + y + z = 3. 

Tim gia tri Ion nhat cua bieu thuc P = x 2 + y 2 + z 2 
Bai 26. Cho a,b,c la cac so thuc duong. Chung minh 


a) ,1 + 





c 3 +(a + Z?) 


Va 2 +8, 


a 3 +b 3 +c 3 
b 


Va 2 +8 be \lb 2 +8 ca a Jc 2 +8 ab 
ai 27. Cho a,b,c la cac so thuc doi mot phan biet. Chung minh 


( b-cf (c-af ( a-b ) 2 

Bai 28. Chung minh rang vdi ba so thuc a,b,c ta luon co 

( a 2 +l)(^ 2 + l)(c 2 +l)^(a^ + ^c + ca-l) 2 . 

Bai 29. Cho x,y,z la cac so thuc duong thoa man x = max{x,y,z}. 

, x +1 y + 1 z +1 x y z 

Chung mmh-h -- A -< — + — + — . 

y +1 z+1 x+l y z x 

Bai 30. Cho x,y la hai so thuc duong thoa man dieu kien x + 2y - 1. 

. , 1 1 ^ 25 

Chung mmh — + — > - 


x y 1 + 48xv 


Chung minh rang ab > I — 

y]a yjb 
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Bai 32. Cho a,b,c,d la cac so thuc thuoc doan [0; 2]. Chung minh 
a + b + c + d < Vl + ab + yjl + bc + Vl +ca + Vl + ad . 

Bai 33. Cho a, b, c la cac so thuc thuoc doan [0;2] va a + b + c = 3. 

Tim gia tri 1cm nhat va nh d nhat cua bieu thuc P - U + C . 

ab + bc + ca 

Bai 34. Cho a, b, c, d la cac so thuc thoa man dieu kien a 2 +b 2 +c 2 + d 2 -1 
Tim gia tri 1cm nhat cua bieu thuc 

P = a 3 (b + c + d) + b 3 (c + d + a) + c 3 (d + a + b) + d 3, (a + b + c). 
Bai 35. Cho a, b, c la cac so thuc thuoc doan [l; 3] thoa man dieu kien a 2 + b 2 + & 
Chung minh ^1 - — j ^2 + — j > -8 . 

Bai 36. Cho a,b,c la cac so thuc khong am. Chung minh rang 
a 2 +b 2 +c 2 + ab 2 +bc 2 +ca 2 + 9 >5 (a + b + c). 

Bai 37. Cho a, b, c la cac so thuc duong. Chung minh rang 

9(a 3 +Z? 3 +c 3 +abc}>%(a + b + c)[a 2 +b 2 +c 2 ). 

Bai 38. Cho a,b> 0 thoa man dieu kien a 2 + b 2 = 1. 


Chung minh rang — + — > 2yj2 + [ /—- /— 
a b 1 \ b \ a 


Bai 39. Cho a,b,c> 0 thoa man dieu kien a + b 1 + c - — . 

3 


Chung minh rang 


1 1 1 


1 


a b c abc 
Bai 40. Cho a, b la hai so thuc thoa man \u\,\b\ < 1, ta luon co 

1 - a 2 1 -b 2 \-ab 

Bai 41. Vod moi so thuc a,b > 1 ta luon co —^-— ■+—— + < —. 

a +1 b +1 ab +1 2 

Bai 42. Cho a, Z>,ce[0;l]. Chung minh rang a(l-Z>) + Z>(l-c) + c(l-a)<l 
Bai 43. Cho a,b,c> 0 thoa man a<b<c. 

Chung minh rang (a-Z? + c)f — - — + —1>1. 


= 14 . 
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Bai 44. Cho cac so thuc a,b,c thoa man dieu kien a + b + c = 1. 
Tim gia tri nh d nhat cua bieu thiic 

P-4a 2 +ab + b 2 + 4b 2 +bc + c 2 + 4c 2 +ca + a 2 . 


Bai 45. Cho a,b,c,d thuoc doan [l; 2] . Chung minh rang - 


la 2 +b 2 )lc 2 +d 2 ) 


(ac + bd ) 


Bai 46. Cho x,y,z la cac so thuc. Chung mi nh 


x 2 + y 2 + z 2 - xy - yz - zx > max 


3 (x-yY 3 {y-zY 3 (z-xf 
4 ’ 4 ’ 4 


Bai 47. Cho x,y,z la cac so thuc khong am. Chung minh 

x 3 +y 3 + z 3 -3xyz>^[x + y + z).max^[x-y) 2 ,[y-z) 2 + (z-x) 2 j 

Bai 48. Cho a,b,c la cac so thuc khong am. Chung minh 
a + b + c 


--yjabc < maxh Va - Vdj ;[4b-4c^ ;[4c-4a^ 


D. HUONG DAN GIAI - DAP SO 

Bai 1. Bat dang thuc tuong duong voi: [4a -4b^ |^(a + b)[4a + 4b ) - 6ab j > 0 . 
Chuy (a + b)[4a +4b j -6ab-(a-bf + 24ab[a + b-4ab^>0. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b . 

Bai 2. Ta co a<b=> (a + b + c) 2 < (2 b + cf. 

Vay ta chung minh (2b + cf < 9 be <=> 4 b 2 - 5 be + c 2 < 0 » (b - c)(4b - c) < 0. 
Bat dang thuc cuoi luon dung do b-c<0;4b-c>3b+a-c-(a + b-c)+2b>0. 
Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c 
Bai tap tuong tu 

Cho a,b,c la do dai ba canh mot tam giac ta co 4 a 2 b 2 >[a 2 +b 2 -c 2 ^) 

^ „ 2 (x-l) 2 sin 2 a 

Bai 3. Ta co 1 - y - —---- — ^ 0 => -1 < y < 1 . 

(x 2 -2xcosa + lj 

x 2 (y-z) < y 2 (z-x) < z 2 (x-y) ^ n 


Bai 4. Bat dang thuc tuong ducmg voi 
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\ ^ _x 2 (y-z)^x 2 (y-z) 

y >z=>— -->—--- 

, z y 

Theo gia thiet ta co < 

y 2 (z-x) y 2 (z-x) 

x>y>z^^-^ 

l X y 

Suy ra 

x 2 (y-z) | y 2 (z-x) < z 2 (x-y) ^ x 2 (y-z) + y 2 (z-*) + z 2 (x-y) 
z X y y 

_ (x-y)(x-z)(y-z) ^ o 

y 

Ta co dieu phai chung minh. Dang thuc xay ra khi va chi khi x = y = z. 

Bai 5. Bat dang thuc tuong ducmg voi 

4a 2 +4b 2 +4c 2 +4d 2 +4e 2 >4a(b + c + d + e) 

« [a 2 - 4ab + 4b 2 ) + [a 2 - 4ac + 4c 2 ) + (a 2 - 4ad + 4d 2 ) + [a 2 - 4ae + 4e 2 j > 0 
<=> (a - 2 bf + (a - 2c) 2 + (« - 2d) 2 + (a - 2e) 2 > 0. 

Bat dang thuc luon dung. Dang thuc xay ra khi va chi khi a = 2b = 2c = 2d = 2e. 
Bat dang thu hai la trudng hop rieng khi e -1 

x ^ 2x — y ’ 

Bai 6. Ta chung minh — - — >-— vdi moi so thuc duong x va y. 

x +xy + y 3 

That vay bat dang thuc tuong duong voi: (x + yj(x-y j 2 > 0 (luon dung). 

Ap dung bat dang thuc tren ta co 



a 3 

>2 ci-b 

7 

+ ab + b 2 

3 ’ 


b 3 

2b - c 

~b 2 

+ bc + c 2 

3 ’ 


c 3 

> 2 c-a 

7 

+ ca + a 2 

3 


Cong theo ve ba bat dang thuc tren ta co dieu phai chung minh. Dang thuc xay 
ra khi va chi khi a = b=c . 

Bai tap tuong tir 

Cho n la so nguyen duong Ion hon hoac bang 2 va cac so thuc x 1 ,x 2 ,...,x n co 
tich bang 1. Chung minh 
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f x ' +x ) > n(n-\) 

I +xfXj+X 6 j 3 


Bai 7. Bat dang thuc da cho tuong ducmg vai: 

2 

> 2x 2 + 2y 2 


3x + 2 xy + 3 y* 

2 {x + y) 

<=> [3>x 2 + 2xy + 3y 2 J -8(x 2 + y 2 j(x + y) 2 >0 <=> (x-y) 4 >0 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y. 

Bai 8. Bat dang thuc ve trai tucmg duong vai: > q . 

( X 2 + y 2 ) 

Dau bang xay ra khi va chi khi x = y . 

, , , (x 2 -4 xy + y 2 ) 

Bat dang thuc ve phai tuong duong vai: --> 0. 


Dang thuc xay ra khi va chi khi x = (2 + V3 )y. 

Bai 9. Bien doi tuong duong bat dang thuc da cho ve dang luon dung 
\a\ + |Z>| > \a + b\. Dang thuc xay ra khi va chi khi ab> 0 . 

Chu y. Thuc chat bat dang thuc xuat phat tu tinh dong bien tren khoang 

f-h+ooicuahamso y= X . 

K y x+1 

Bai tap tuong tvr 

. , . ■ , , , 2014 + la + Z?| 2014 + |a| + |2>| 

Chung mmh vai moi so thuc a va b ta co -— 1 - L < —— , ——. 

|a +*| + 2015 |a| + |6| + 2015 

Bai 10. Bat dang thuc tuong duong vai \b + — ] +a 2 +—^-73 >0 
V 2a ) 4a 1 


1 


2a‘ 


d?L 


4 a 1 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi 

JI. 

2 a V 4 

Bai 11 . Bat dang thuc chinh la phan rut gon cua bat dang thuc sau 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


(a-bf | (b-cf | (c-af 
b c a 

Dang thiic xay ra khi va chi khi a = b = c . 

Bai 12. Bat dang thiic da cho chinh la phan rut gon cua bat dang thiic sau 



Dang thiic xay ra khi va chi khi a = b = c . 

Bai 13. Chu y dang thiic 

a + b + c b c a a 2 -b 2 + b 2 -c 2 + c 2 -a 2 
b c a a b c ab be ca 

c[a 2 -b 2 ^ + a[b 2 -c 2 ) + c(a 2 -Z> 2 ) 
abc 

(a -c)(a - b)(c-b ) 
abc 

| abc | abc 

Bat dang thiic dupe chiing minh. 

Bai 14. Chii y neu coi ve trai la mot da thiic bac ba cua a thi ta co 2 hai nghiem 
a-b, a-c. Vi vay ta phan tich dupe ve trai duoi dang 
(a - b)(a - c)(b - c)(ab + be + ca) . 

Rorang vdi a<b<c=>(a-b)(a-c)(b-c)(ab + bc + ca)< 0 . 

Bat dang thiic dupe chiing minh. 

Bai 15. Bat dang thiic da cho tuong duong voi 

a^(Zi-c) 2 - a 2 J + Z?|^(c-a) 2 -b 2 J + c|^(a +bf -c 2 J > 0 

<^> (a + b-c)(b + c-a)(c + a-b) >0 

Bat dang thiic cuoi luon dung va ta co dpem. 

Bai 16. Goi P la bieu thiic ve trai ta co dang thiic sau 

P = (a + b + c)(a + b - c)(b + c - a)(c + a - b) >0. 

Bat dang thiic dupe chiing minh. 

Bai 17. Quy dong nit gon bat dang thiic tuong duong vod : 
l + 2x + 2y> 2xz 2 +2z 2 + z 
<=> 1 - z + 2(l-z) 2 (x + y) > 0 
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Bat dang thiic cuoi dung do vay ta co dpcm. Dang thiic xay ra khi va chi khi 
x = y = z = 1. 

Bai 18. Sii dung bat dang thiic a + b + c+ ^ 2 va quy dong nit gon bat dang 
thiic can chiing minh 

2(a + i)(a + c) + 2(ZH-c)(Zi + a) + 2(c + a)(c + Z))>5(a + Zi)(ZH-c)(c + a) 

<z>2 (a + b + c) 2 + 5abc + 2>5(a + b + c ) 

Sii dung 5abc > 6 - 3 (a + Z> + c) ta dupe 

2 (a + b + c) 2 + 5abc + 2 - 5(a + b + c)>2(a + b + cf +8-8(a + Z> + c) 

= 2(a + Zh-c-2) 2 > 0 

Bat dang thiic dupe chiing minh. Dang thiic xay ra khi va chi khi a = b = \,c-0 
hoac cac hoan vi. 

{ 2 a = x + y-z 
2b = y + z-x. 

2c = z + x-y 

Bat dang thiic trb thanh 

x 3 (x + y-z) + y 3 (_y + z-x) + z 3 (z + x-y)>0 
<=> x 4 + y 4 + z 4 + x 3 y + y 3 z + z 3 x - xy 3 - yz 3 - zx 3 > 0 

Bai 20. a) Ta co 

a 2 a 2 a 


b + c 

b+c+b+c 

< - 

a + b + c 

b 

2b 

2b 

c + a 

c+a+c+a 

a + b + c 

c 

2c 

2c 

<- 


a+b a+b+a+b a+b+c 

Cong theo ve 3 bat dang thiic tren ta co dieu phai chiing minh. 

b) Ta co 

0 <a <b + ca 2 < a(b + c) 

0 <b<c + a=>b 2 <b(c +a). 

0 <c<a + b^c 2 <c(a + b) 

Cong theo ve ba bat dang thiic tren ta co dieu phai chiing minh. 

c) Ta co 
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a 3 + b 3 =(a + bf -3 ab[a + b)>[a + b) 3 + bf .(a + b) ~'~{ a + &) 3 



Tuong tu roi cong theo ve 3 bat dang thuc tren ta co dieu phai chung minh. 
Bai 21. Bat dang thuc da cho tuong duong vai: 

Bai 22. Bat dang thiic da cho tuong duong voi 
x 3 +y 3 +l-3xy + 3(xy + 2)>0 
<=>(x + y + \)[x 2 +y 2 + l-x-y-xy) + 3(xy + 2)>0 

«i(x + j + l)((x-^) 2 +(x-l) 2 +(j-l) 2 ) + 3(xj + 2)>0 
Bat dang thuc cuoi luon dung theo gia thiet ta co dpcm. 

Bai 23. Ta co ^ a 2 +b 2 ^{c 2 +d 2 j = (ac + bd) 2 + [ad-be) 2 > (ac + bd ) 2 . 
Dang thuc xay ra khi va chi khi ad-be. 

Bai24.Taco: >0;[^-£) >0 ^ a 2 + ^>a;b 2 +^>b . 

Suy ra: 

( a2 + * + 1)[* 2+a+ 1) & (“ + * + i)( Q+ * + |)=(“- , -* + || 



Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a-b = - 
Bai 25. Theo gia thiet ta co : 

x(x-2) + _y(_y-2) + z(z-2) <0 <=> x 2 +y 2 +z 2 < 2(x + y + z) -6 . 


Bai 26. a) Dat x = - 


- > 0. Ta can chung minh 
=> (x 2 + 2 ) >4(x 3 +l) 


«x 4 -4x 3 +4x 2 >0<=>x 2 (x-2) 2 >0 
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Bat dang thiic cuoi dung suy ra dpcm. 

Dang thiic xay ra khi va chi khi b + c = 2a. 

b)Ap dung cau a) ta co 


a 

* a 

\ja 3 +(b + c) 3 

a 2 +b 2 +c 2 

rif 

\ b2 

\| b 3 + (c + a) 3 

a 2 +b 2 +c 2 

I cf 


}c 3 +(i + b) 3 

~ a 2 +b 2 +c 2 ‘ 


Cong theo ve ba bat dang thiic tren ta co dieu phai chiing minh. Dang thiic xay 
ra khi va cm khi a = b = c . 

a) Bat dang thiic tuong duong voi: 

a(a + b + cf > 4a 2 ( b + c) 

<=> a\(^a + b + cf -4a(Z> + c)J>0<=>a(a-Z)-c) 2 >0 

Bat dang thiic luon dung. Dang thiic xay ra khi va chi khi a- 0 hoac a = b + c. 

b) Ap dung cau c) ta co 
2 a _ j~b > 2b _ j~c > 2c 

a + b + c\c + a a + b + c\ a + b a + b + c 
Cong theo ve ba bat dang thiic tren ta co dpcm. Voi a,b,c thi dang thiic khong 
xay ra. 

c) Bat dang thiic tuong duong voi: 

(a ,a +b m +c m ) 1 -a m =(6 4 ' 3 +c 4/3 )(2o 4/3 +i, 4 ' 3 +c 4 ' 3 ) 
>2(bcf\4a v3 (bc)' 13 

(« 4 ' 3 + i 4 ' 3 + c v3 f>a m + 8 bc.a m = „ 2 ' 3 (a 2 + Sbc) 

=> m » ° 4 ' 3 _ 

V7^“o 4,3 + 4 4 ' 3 + c 4 ' 3 

Bat dang thiic cuoi dung theo AM - GM. 

d) Ap dung chiing minh d cau e) xay dung ba bat dang thiic cung dang roi cong lai 

ta co dieu phai chiing minh. 

Bai 27. Chii y hang dang thiic 

be ca ab 



(a-d)(a-c) ( b-c)(b-a ) ( c-a)(c-b ) 
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l b-c c-a a-bj 


(. b-c ) (c-a) ( a-b ) 

Bai 28. Chu y dang thuc : 

[a 2 +l)(& 2 + l)(c 2 +1 ^-{a + b + c-ab-bc-caf + [ab + be + ca - l) 2 . 

Bai 29. Bat dang thuc tuong duong voi: 

[x-z)[x-y) / + J w +1 . +(y-zf / + fw 1 ,^ 0 (luon dung) do 

'xy[x+l)[y + l) yz[y + l)[z + l) 

x-z>0,x-y>0. 

Bat dang thuc dugc chung minh dang thuc dat tai x = y = z . 

Nhan xet. Neu de tinh y ta co the khao sat ham f(t) = + llA + ijtf. Luc nay 

t + b t+c t + a 

ve trai bat dang thuc thay so 1 boi mot so duong bat ky bat dang thuc van dung. 

Bai 30. Thay x = 1 - 2 y vao bat dang thuc can chung minh dua ve chung minh. 
11 25 


1-2 y y 1 + 48(1-2 y)y : 


(l2y 2 -7y + l) > 0 (luon dung). 


Bai toan dugc chung minh. Dang thuc xay ra tai x = y - hoac x — y = ^. 


Bai 31. Dat x = \[ab, y = -—j=,z - -—f* => xyz = 1. 

Ta T 

Theo gia thiet ta co x 3 + y 3 + z 3 > 3 = 3xyz 
<=>(x + y + z)(x 2 +y 2 +z 2 - xy-yz-zx)> 0. 


Do x 2 +y 2 + z 2 -xy-yz-zx = ^[x-yf +^[y-zf +^[z-xf > 0 . 




Do do x + y + z>0<=>x>-y-z<=>a6 

Bat dang thuc dugc chung minh. 

Bai 32. Xuat phat tir \a-b\ < 2,Va,b e [0;2] ta dugc: 

[a-b) 2 <4<=>a 2 +b 2 <4 + 2 ab. 

=> (a + b) 2 < 4 + 2 ab + 2 ab - 4(l + ab) => a + Z) < 2\jl + ab . 

Tuong tu ta co: b + c < 2yj\ + bc] c + d < 2^Jl + cd ;d +a< 2-v/l + da . 
Cong theo ve 4 bat dang thuc tren ta co ngay dieu phai chung minh. 




Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


, (a + b + c ) -2 (ab + bc + ca) 9 

Bai 33. Ta co: P = ^-2-1- L = ---2. 

ab + bc + ca ab + be + ca 

Ser dung bat dang there ca ban ta co: ab + be + ca < ^(a + b + cf = 3 suy ra 
9 

P >--2 = 1. 

3 

Vay gia tri nb d nhat cua P bang 1 dat tai a = b = c = 1. 

De tim gia tri Ion nhat cua P ta tim gia tri nh d nh at cua ab + bc + ca. 

Vi a,b,ce[ 0;2]nen 

(a - 2){b - 2)(c - 2) < 0 <=> abc -2(ab + bc + ca) + 4(a + Z> + c)-8<0. 

abc + 4(a + b + c)-S 4 + abc „ „ 9 . 5 

oab + bc + ca> -^- L -=-> 2 => P < — 2 = -. 


Bai 34. Viet lai bieu there P dudi dang: 

P-ab[a 2 + b 2 ^) + bc[b 2 + c 2 j + cd\c 2 + d 2 ^+da{d 2 + a 2 j + ac[a 2 + c 2 ^+bd(b 2 + d 2 ^. 
De y: 

Ap dung vao bai toan suy ra 

3 ^a 2 +b 2 +c 2 +d 2 j ( a-bf + (b-c) 4 + {c-d) 4 +(d-a) 4 + [a-cf +{b-d ) 4 


3 (a 2 +b 2 +c 2 +d 2 ) 


Vay gia tri Ion nh at cua P bang ^ dat tai a-b-c = d = ^. 

Tong quat. Cho n so there khong am x 1 ,x 2 ,...,x n thoa man man x 1 +x 2 +... + x n =1. 


Tim gia tri Ion nhat cua bieu thiic P = ^ x 2 

\<i* j<n 

Bai 35. Dat ve trai bat dang there la P. Khi do 
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ac - lab -be [a 2 +b 2 +c 2 + 2ac - 2ab - 2 Z?cj - 2 ab -14 
a 2 ~ 2 a 2 

2 a a a a a 

Mat khac a,b,c&[ l;3]nen -->-3,-^>-7 => P>-3-7 + 2 = -8 . 
a a 1 

Bat dang thuc duoc chiing minh. Dang thuc xay ra khi va chi khi a = 1, b = 3, 
c = 2. 

Bai 36. Nhan xet. Du doan dau bang cua bat dang thuc dat tai a = b = c=\ nen ta 
datanphu a = x + l,6 = yM,c = z + l,(x,y,z>M)duavechungminhbatdang thuc: 

(x + l) 2 +{y + lf + (z + l) 2 +(x + l)(y+ l) 2 +(y+ l)(z + l) 2 +(z + l)(x + l) 2 +9 

>5(x + y + z + 3). 

Khai trien va rut gon ta duoc: 

2^x 2 + y 1 + z 2 j + 2(x_y + yz + zx) + xy 2 + yz 2 + zx 2 > 0 . 

<=> (x + y + z) 2 + x 2 (z +1) + y 2 (x +1) + z 2 (y +1) > 0 (luon dung). 

Bai toan duoc chung minh. 

Dang thuc xay ra khi va chi khi x = y = z = 0<=>a = Z> = c = l. 

Bai 37. Bat dang thuc da cho tuong duong voi: 

5 (a 3 +Z) 3 +c 3 ^ + 9abc> 4[ab(a + b) + bc(b + c) + ca(c + . 

Theo bat dang thuc AM-GM ta co: a 3 + b 3 + c 3 > 3 abc . 

Suyra 5^a 3 + Z> 3 +c 3 j + 9aZ?c>4^a 3 +b 3 +c 3 +2>abc ^. 

Tadi chung minh: a 3 +b 3 +c 3 +3 abc > ab[a + b) + bc[c + a) + ca[a + b ). 

a(a-b)(a-c) + b(b-c){b-a) + c(c-a)(c-b)> 0. 

Khong mat tinh tong quat ta gia su a>b>c khi do: c(c - d){c—b) > 0 va 
a(a-b)(a-c) + b(b-c)(b-a) = (a-b)[a(a-c)-b(b-c )] 

= (a-b)[a 2 -b 2 +c(b-a)^ = (a-b) 2 (a + b-c)>0 
Suyra a(a - b)(a - c) + b(b - c)(b - a) + c(c - a)(c - b)> 0. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 
Bai 38. Bat dang thiic can chung minh tuong duong voi 
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a b b a 

oa + b + (a + bf-\>2yf2^ 

<=> (l-V2 jt 2 + t + ^2-2> 0 (*) ; vdi t = a + be( 1; V2] 


( a + b ) -1 
2 


(Vi (a + Z?) 2 - a 2 +b 2 + 2ab > a 2 +b 2 = l=>a+d>l 


Va (a + bf <2(a 2 +b 2 } = 2=> a + b£ M 

Suy ra t e (l; V2 J). Bfit dang thuc (*) luon dung vdi t e (l; V2] . 

Bai 39. Do a,b,c> 0 nen bat dang there tuong duong vdi: bc + ca-ab< 1 
Ta co : (a + b-cf >0=^> be + ca -ab < ^-(a 2 + d 2 +c 2 ) = ^<l (luon dung). 

Bai toan duoc chung minh. 

^ , 1 1 2 


Ta chung minh 

< 1 - ab o 1 - a 2 - b 2 + a 2 b 2 < 1 - 2ab + a 2 b 2 o {a - bf > 0 


(luon dung). 

Bai 41. Quy dong rut gon dua ve bat dang thuc: (ab-\)(a-\)(b-\)>0 (luon 
dung do a,b> 1). 

Bai 42. Bat dang thuc can chung minh tuong duong vdi: 
a + b + c-(ab + bc + ca) < 1 
Xuat phat tir gia thiet ta co : 

(l - a) (l - d)(l - c) > 0 <=>1 - (a + b + c) + (ab + be + ca) - abc > 0 
(a + b + c)-(ab + bc + ca.)<\ - abc <\ 

Dang thuc xay ra khi va chi khi a = b = 0,c = \ hoac cac hoan vi. 

Bai 43. Bat dang thuc can chung minh tuong duong vdi 

111 1 111 1 

-+ ->-<=>- + -> — +- 

abc a-b+c a c b a-b+c 

a+c a+c 1 1 

«•->—-r<=>->—-r 

ac b(a-b + c) ac b(a-b + c) 
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ob(a-b + c)>acoa(b-c)-b(b-c)>Oo(a-b)(b-c)>0 
Bat dang thuc cuoi luon dung do a < b < c. Ta co dpcm. 

Bai 44. Ta co a 2 +ab + b 2 = ~( a +bf +^-(a-Z?) 2 > ^-(a + bf. 

=>\la 2 +ab + b 2 >^-\a + b\ >^-[a + b). 

Tuong tu ta co : \lb 2 +bc + c 2 > ^-\b + c\ > + c) ; 

Vc 2 +ac + a 2 >—\c + a\>— (c + a). 

2 1 1 2 V 1 

Cong theo ve ba bat dang thuc tren ta duoc : P > ^3 (a + b + c) = \[3 . 


3/ 

Bai 46. Gia su —- — = max- 

4 


Sjx-y) 2 3 (y-z) 2 3 (z-x) 2 
4 ’ 4 ’ 4 




Ta chung minh x 1 + y l + z l - xy - yz - zx > 

0 4x 2 + 4 y 1 + 4z 2 - 4 xy - 4yz - 4zx > 3x 2 + 3y 2 - 6xy . 

<=> x 2 + y 2 + 4z 2 + 2 xy - 4 yz - 4 zx > 0 <=> (x + y - 2 zf > 0 (luon dung). 
Bai toan duoc chung minh. 

Bai 47. Taco: x 3 +y 3 +z 3 -3 xyz = (x + y + z)[x 2 + y 2 + z 2 -xy-yz-zxj 
Bai toan dua ve chung mi nh 

3jj-zf 3(z-4 


4 4 4 

Day chinh la ket qua bai toan tren va ta co dieu phai chung minh. 


CHU de 2: KY THUAT CHUNG MINH PHAN CHUNG 

A. NOI DUNG PHlTGNG PHAP 

Gia su can chung minh bat dang thuc nao do dung, ta gia su bat dang thuc do 
la sai va ket hop voi dieu kien gia thiet chi ra dieu vo ly. Dieu vo ly co the la trai 
voi gia thiet hoac trai voi mot dieu dung. Tu do suy ra bat dang thuc can chung 
minh la dung. 
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B. BAI TAP MAU 

Bai 1. Chung minh rang it nh at mot trong cac bat dang thuc sau la dung 
a 2 +b 2 > 2bc; b 2 +c 2 > 2ca; c 2 + a 2 > 2ab. 

Ldi giai 

\a 2 +b 2 <2bc 

Gia su tat ca cac bat dang thuc tren deu sai khi do \b 2 +c 2 < 2ca . 

I c 2 + a 2 < 2ab 

Cong theo ve 3 bat dang thuc tren ta dupe 2^a 2 +b 2 + c 1 'j<2(ab + be + ca) 
<=>(a 2 -2 ab + b 2 ^ + [b 2 -2Z>c + c 2 ) + (c 2 -2ca + a 2 )<0 

<o(a-bf +{b-cf +{c-af <0 (mauthuan). 

Vi vay dieu phan chung la sai nen khang dinh de bai dung (dpcm). 

Bai 2. Cho a,b,c la cac so thuc thuoc khoang (0;l). Chung minh it nhat mot trong 

cac bat dang thuc sau la dung a(\-b) <^-;Z?(l-c)< ^-;c(l-«)<^-. 


Ldi giai 


Gia su tat ca cac bat dang thuc tren deu sai khi do 


a {\-b)>- 
b(\-c)>^. 
c(\-a)> — 


Nhan theo ve ba bat dang thuc tren ta dupe a(\ - a)b(\-b)c(\ - c)> 


Chu y.0<a(l-a)<| 
0<Z>(1-Z>)<( 
0<c(l-c)<| 


. 2 ) 

b + l-b'} 


c+i-cy 

, 2 J 


Nhan theo ve ba bat dang thuc tren ta dupe 

a(\-a)b(\-b)c(\-c)<-^, dan toi mau thuan vdi (1). 
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Vay dieu phan chung la sai do do It nh at mot trong cac bat dang thuc da cho la 
dung (dpcm). 

Bai tap tuong tu 

Cho a,b,c la cac so thuc thuoc khoang (0;l). Chung mi nh It nhat mot trong cac 
bat dang thuc sau la sai 

Bai 3. (HOMC 2007) Cho p = abed la mot so nguyen to co bon chu so. 

Chung mi nh rang phuong trinh ox 3 + bx 2 + cx + d - 0 khong co nghiem huu ty. 
Led giai 

Gia su phuong trinh co nghiem huu ty thi nghiem nay phai am gia su nghiem do 
la x 0 =-—e = l.Khi do 

-a^Y+b^-c— + d = 0o-ap 3 +bp 2 a-cpq 2 +dq 3 =0=>{ ? . 

q q q { d -P 

Do do p,q la cac so tu nhien co mot chu so va vi p,q la nghiem cua phuong trinh 
nen f(x) = ax i +bx 2 +cx + d =(qx + p)[ex 2 + fx + gj,e,f,g eN*. 

Ta co abed = f(10) = (I0q + p)(l00e +10f+ g) = qp.e/g trai voi gia thiet 
abed la mot so nguyen to. 

Vay dieu phan chung la sai ta co dieu phai chung minh. 

Bai tap tuong tu* 

(HOMC 2007) Cho p = abc la mot so nguyen to co ba chu so. 

Chung mi nh rang phuong trinh ax 2 +bx + c- 0 khong co nghiem huu ty. 

Bai 4. Gia su j\ (x) = x 2 + a x x + b x ; f 2 (x) = x 2 + a 2 x + b 2 la hai tam thuc bac hai voi 
he so nguyen co nghiem chung la a. Chung minh rang neu a khong la so nguyen thi 
tam thuc bac hai sau luon co nghiem thuc /(x) = x 2 + ( a x + a 2 ) x + b x + b 2 . 

Led giai 

Ta chung mi nh a khong the la so huu ty that vay gia su a-—,p,qe Z,( p,q) = 1. 
Do a la nghiem cua 

2 

/i(x)=> a 2 +a x a + l\ =0 <3>^-=-+a l — + b l =0o p 2 +a l pq + b l q 2 =0 . 

q l q 




Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


fl(x),f 2 (x) = 


>{a x -a 2 )a = b 2 -^(1). 


Suy ra p => => (p,g) = # = 1 => a e Z trai vod gia thiet a khong la so nguyen. 

Vi vay a khong la so huu ty. 

Do a la nghiem chung cua 

\a 2 +a l a + b l = 0 = 

[a 2 + a 2 a + b 2 - 0 

Do a khong la so huu ty nen (1) <=> a x = a 2 ;b l = b 2 . 

Khi do /j(x) = x 2 +a l x + b l ;f(x) = x 2 + 2a 1 x + 2b 1 . 

Do /j(x) co nghiem nen a 2 -4b } >0 khi do f(x) co 

A'-a 2 - 2b x -^ - 4hj) + ^a\ >0. 

Dieu do chung do f(x) co nghiem ta co dpcm. 

Bai 5. Cho a,b,c la cac so thuc duong thoa man dieu kien — + — + — = 3. 

a b c 

Chung minh rang \Ja + b + yjb + c + yjc + a > 3a/2 . 

Lai giai 


a+b b+c 

Dat x = . - ,y = J -,z = , 

V 2 V 2 \ 


><b = x 2 +y 2 -z' 
\c = z 2 +y 2 -x' 

Ta can chung minh x + y + z> 3 voi dieu kien 

1 1 1 


= 3 . 

x^+y^-z^ y^+z^-x* z^+x^-y^ 

That vay gia sir x + y + z< 0. Khi do sir dung bat dang thiic AM - GM cho ba 
so duong ta co 

1 1 I 3 


z +x -y 


fly +z -x Jlz +x -y \<x y z‘ 


222 J x + y + z\ 


Suyra — - - \ - y + ~—\ -^ + —- \ - T > 3 mau thuln vod gia thidt. 

x 2 +y z -z 1 y 1 + z 1 -x 1 z 1 +x 1 -y 

Vay dieu phan chung la sai va ta co dieu phai chung minh. 
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Ta cung xet bai toan quen thuoc sau trich tur de thi IMO 2001 

Bai 6.( IMO 2001) Cho a,b,c la cac so thuc duong. Chung minh rang: 


\la 2 +8 be yjb 2 +8 ac Vc 2 +8 ba 


Lai giai 


Va 2 + 8 


yjb 2 +8, 




=,(x;y;ze(0;l)) 


Deyrang: — =-y;-— = 


8Z>c 1 - x 2 ’ 8 ac 1 - y 2 ’ 8 ba 1 - z 2 


Suyra ITI =< ir7 x C7 )< ir? ) ' 

Ta can chung minh x + y + z>l voi x,y,ze( 0;1) va 


(1 - x 2 )(l - / )(1 - z 2 ) = 512(xyz) 2 (1). 

Gia su nguoc lai x + y + z< 1. 

Theo bat dang thuc AM - GM ta co: 

(l-x 2 )(l-y 2 )(l-z 2 )>[(x + y + z) 2 -x 2 -\[(x + y + z) 2 -y 2 ][(x + y + z) 2 -z 2 ] 
= (x + x + y + z)(y + z)(jc + y + z + y)(z + x)(z + z + x + y)(x + y) 
i i % f. j. j. 

> 4(x 2 yz) 4 .2(yz) 2 ,4(y 2 zx) 4 ,2(xz) 2 ,4(z 2 xy) 4 .2(xy) 2 = 512(xyz) 2 
Dieu nay mau thuan voi (1). 

Vay dieu phan chung la sai va ta co dieu phai chung minh. 

Bai tap tuo ng tu 

Cho a,b,c la cac so thuc ducmg co tich bang 1. Chung minh 



Bai 7. Cho a,b,c la cac so thuc duong thoa dieu kien a + b + c + abc = 4. 
Chung minh rang: a + b + c> ab + be + ca . 

L&i giai 

Gia su nguoc lai co a + b + c < ab + be + ac . 

Su dung bat dang thuc Schur bac 3 ta co(Xem chuong 4). 

> 4 {ab + bc + ac)-{a + b + c ) 2 

a + b + c 

>(a+b + c)[4 ~{a + b + c)\- abc(a + b + c ) 

=> a + b + c< 3. 

Khi do abc < 1 4 = abc + a + b + c< 4. Mau thuan. 
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Suy ra bat dang thuc dau dung. 

Tit bat dang thuc nay ta chimg mi nh dupe mot bat dang thuc kho sau 
Cho a,b,c la cac so thuc duong va k so thuc thoa man dieu kien 

4k 2 + 2k -1 > 0 ta luon co {k + ¥&M—1 > fk + -1 . 

I b + c A c + a){ a + b) ^ 2) 


C. BAI TAP REN LUYEN 

Bai 1. Chimg minh rang neu a + b- led thi it nhat mot trong cac bat dang thuc 
sau la dung c 2 >a;d 2 >b. 

Bai 2. Chimg minh rang it nhat mot trong ba bat dang thuc sau la dung 

7 (b + cY ,7 7 (c + a) 2 7 7 (a+b) 2 

a 2 +b 2 >-- —;b 2 +c 2 - —;c 2 +a 2 >- - 


Bai 3. Cho a,b,c la cac so thuc thuoc khoang (0;2). Chimg minh rang it nhat mot 
trong cac bat dang thuc sau la sai a (2 - b) > Y,b(2 - c) > l;c (2 - a) > 1 . 

Bai 4. Cho a,b,c la cac so thuc thoa man a + b + c > 0;ab + be + ca > 0;abc > 0. 
Chimg minh rang a > 0 ,b > 0,c > 0 . 

Bai 5. Chimg minh rang neu a ] a 2 > 2(b } +Z? 2 )thi it nhat mot trong hai phuong 
trinh sau co nghiem x 2 + a x x + b { = 0 ; x 2 + a 2 x + b 2 - 0 . 

Bai 6 . Cho abc + 0. Chimg minh it nhat mot trong ba phucmg trinh sau co nghiem 
ax 2 + 2bx + c- 0;bx 2 + 2cx + a= 0;cx 2 +2ax + b = 0. 

Bai 7. Cho f(x) = x 2 + ax + b. Chimg minh rang vdi moi gia tri cua a va b thi it 
nhat mot trong ba so 


Jy'(O), /'(l), /(—1) I bn hon hoac bing ^ . 

Bai 8. Cho a,b,c la cac so thuc thoa man dieu kien 

1 . a + b + c = - 2 ; a 2 + b 2 + c 2 = 2 . 

r 4 

2. Chimg minh rang ca ba so a,b,c deu thuoc doan ;0 


Bai 9. Cho a,b,c la cac sb thuc thoa man diiu kien a 2 + b 2 + ab + be + ca < 0 . 
Chimg minh rang a 2 +b 2 <c 2 . 

Bai 10. Cho a,b,c la cac so thuc doi mot khac nhau chimg minh rang it nhat mot 
trong ba bat dang thuc sau la sai 

9 ab >(a + b + cf ;9 be >(a + b + cf ;9 ca >(a + b + cf . 
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= >1 


Bai 11. Cho a,b,c,d la cac so thuc duong chung minh It nhat mot trong cac bat 
dang thuc sau la sai a + b<c+d; [a + b)(c + d) < ab + cd; (a + b)cd <{c + d)ab . 
Bai 12. Cho a,b,c la cac so thuc duong co tlch bang 1. Chung minh rang: 
111 
■\J 1 + 8 a v 1 + 8/? -Jl + 8c 
Bai 13. Cho a,b,c,d la cac so thuc chung minh. Chung minh rang: 

min {a - b 2 ;b - c 2 ;c - d 2 ;d - a 2 } < — 

4 

Bai 14. (USAMO 2000 ) Cho a,b,c la cac s6 thuc duong. 

Chung minh rang: 

^ + 3 + C ~^ abc ~ mcvc{(yfa-^) 2 ;(Jb-^) 2 ;(Jc-Ja) 2 } 

Bai 15. Cho a,b,c la cac so thuc duong va k so thuc thoa man dieu kien 
4k 2 + 2k - 1 > 0 ta luon co {k + —— Y k + —— If k + —^—1 > f k + — 1 . 

I b + c A e + aX a + b) ^ l) 


D. HIT6NG DAN GIAI - DAP SO 

Bai 1. Gia su ca hai bat dang thuc deu sai khi do 

c 2 < a ; 
d 2 <b 

Cong theo ve hai bat dang thuc tren ta duoc 

c 2 +d 2 < a + b - 2 cd (c - df < 0 vo ly. 

Vay dieu phan chung la sai ta co dieu phai chung minh. 

Bai tap tuo ng tu - 

Cho a,b,c,d la cac so thuc thoa man dieu kien ac >2(b + d). Chung minh rang 

it nhat mot trong cac bat dang thuc sau la sai a 2 < 4b;c 2 < 4d . 

Bai 2. Gia su tat ca cac bat dang thuc tren deu sai khi do 

> + ‘) 2 . 


a 2 +b 2 < 
b 2 +c 2 < 
c 2 + a 2 < 


2 

(c + af 

2 

X a+b f 


Cong theo ve ba bat dang thuc tren ta duoc 
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2(a 2 i b 2 | c 2y { a + b f + ( b + c ?+{ c + a ) 2 

<=> 2^a 2 + b 2 +c 2 j< 2(ab + be + ca) (vo ly). 

<=> ( a-b ) 2 + {b-cf +(c-a) 2 <0 

Dieu phan chiing la sai do do ta co dieu phai chiing minh. 

Bai 3. Gia sii tat ca cac bat dang thiic tren la dung khi do 

a(2-b)>\;b(2-c)>l;c(2-a)>\. 

Nhan theo ve ba bat dang thuc tren ta duoc a(2 - a)b(2 -b)c(2 -c)> \ (1). 

Chu y. 

0<a(2-a) = -(a-l) 2 +1<1 
0 < b(2 -b) = -(b - \) 2 +1<1 . 

0<c(2-c) = -(c-1) 2 +1<1 

Nhan theo ve ba bat dang thiic tren ta duoc a(2 - a)b(2 -b)c(2 -c) <\ mau 
thuan vdi (1). 

Vay dieu phan chung la sai(dpcm). 

Bai 4. Gia su ton tai mot so nho hon hoac bang 0 gia su la a khi do do abc > 0 nen 
a<0;bc<0. 

Khi do ab + bc + ca -a(b + c) + bc >0^>a(b + c)>-bo0^>b + c<0. 

Suy ra a + b + c< 0 mau thuan vod gia thiet. Vay dieu phan chung la sai(dpcm). 

[ a} - 4i. < 0 

Bai 5. Gia su ca hai phuong trinh deu vo nghiem khi do ■< 

\a\ -4b 2 < 0 

Cong theo vfi hai bat dang thiic tren ta duoc 4(b 1 +b 2 )> a 2 + aj. 

Mat khac a 2 +a\> 2a x a 2 > 4{b\ + b 2 ). 

Suy ra 4{b x + b 2 ) > 4{t\ + b 2 ) vo ly. 

Vay dieu phan chung la sai ta co dieu phai chiing minh. 

Bai 6. Gia sii ca ba phuong trinh deu vo nghiem khi do 

I A'j =b 2 -ac< 0 
A' 2 =c 2 — ab <0. 

A' 3 =a 2 -bc <0 


Cong theo vd ba bat dang thiic tren ta duoc a 2 +b 2 +c 2 - ab-be-ca< 0 
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•»^(a-&) 2 +^(b-cf + ^(c-af <0(vo ly). 

Vay dieu phan chung la sai ta co dpcm. 

Bai 7. Gia sir khong co s6 nao trong ba s6 1/(0)1,1/(l|U/(-l)| Ion hon hoac bang 


— khi do 
2 


i/(°)I=h4 

|/(l)| = |a + Z> + l|<^ 


/( _l)_., /+ /, + 1 |< ' |_2<_ a + Z ,<_i (3) 


( 1 ) 

2 2 W 

3 1 

-—< a + b <— (2). 

2 2 


Cong theo ve cua (2) va (3) ta dupe 


1 


Vay dieu phan chung la sai ta co dpcm. 

Bai 8. Gia su ton tai mot so khong thuoc doan jta co the gia su la a khi do 


\b + c--2-a 


b + c = -2 - a 


\b 2 +c 2 = 2-a 2 [(/ + c) -2bc -2-a 


b + c = -2 - a 
bc-[a + 1) 2 


Chu y. ( b + cf > Abe => (-2 - a) 2 > 4 (a + 1) 2 o 3 a 2 +4«<0o-j<fl< Omau thuan. 

Vay dieu phan chung la sai ta co dieu phai chung minh. 

Bai 9. Gia su ngupc lai a 2 +b 2 > c 2 khi do 

2^a 2 +b 2 +ab + bc + caj>a 2 +b 2 +c 2 +2(ab + bc + ca) = (a + b + cf >0 

(mau thuan voi gia thiet). 

Vay dieu phan chung la sai ta co dpcm. 

Bai 10. Gia sir tat ca cac bat dang thuc tren la dung cong theo ve ba bat dang thuc 
tadupc 9 (ab + bc + ca )>3(a + b + cf 

o(a + b + c) 2 - 3[ab + bc + ca)<0 

<=> ^-(a -bf +^{b-cf +^(c-af <0 <=> a-b = c 

Dieu nay mau thuan voi gia thiet ba so a,b,c doi mot phan biet. 

Vay dieu phan chung la sai va bai toan dupe chung minh. 

Bai 11. Gia sir tat ca cac bat dang thuc la dung khi do 
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a+b<c + d (1) 

(a + b)(c + d)<ab + cd (2). 

(a + b)cd <[c + d)ab (3) 

Nhan theo ve cua (1) va (2) ta dugc 

(a + bf (c + d) < (c + d)(ab + cd) (a + bf < ab + cd 

=3>cd >a 2 +ab + b 2 = (a-bf +3ab>3ab^>cd >3ab (4) 

Nhan theo ve cua (2) va (3) ta co 

(a + bf cd(c + d)<(c + d)ab (ab + cd ) 

=>(a + b) 2 cd <(ab + cd)ab^>ab(ab + cd)>4abcd . 

=> ab + cd > 4cd =^>cd > 3ab (5) 

Tvr (4) va (5) ta co dieu mau thuan. 

Vay phan chung la sai va ta co dpcm. 


Bai 12. Bat x= . = —; v - , 

Vl + 8a Vl + 8 b 


l + 8c 
1 -/ . 


De thay 0 < x, y,z < 1 va a — - :b = 

8x 8/ 


l~z l 

8z 2 


Do abc=1 nen ta co 8 3 x 2 y 2 z 2 = (1 - x 2 )(1 - y 2 )(1 - z 2 ). 

Theo de bai ta can chung minh x + y + z> 1. 

Gia su nguoc lai x + y + z< 1 . 

Ta co: 

l-x 2 >(x + y + z) 2 -x 2 =(z + y)[{x + y) + (x + z)] > 2 (y + z)yj(x + y){x + z > 0. 

Thiet lap tuong tu vod hai bieu thiic con lai ta co 

1-y 2 >2(x + z)yl(y + z)(y + x) >0 

1-z 2 > 2(y + x)j(x + z)(z + y) > 0 

Nhan lai theo ve ba bat dang thiic tren ta co: 

8 3 x 2 y 2 z 2 = (1 - x 2 )(1 - y :2 )(1 ■- z 2 ) > 8(x + z) 2 (y + x) 2 (z + y) 2 
=> 8xyz > (x + y)(z + x)(y + z) 

Dieu nay mau thuan do theo bat dang thuc AM - GM ta co 
(x + y)(z + x)(y + z)> 8xyz. 

Do do ta co dieu phai chung minh. 

Bai 13. Gia su min {a -b 2 ;b - c 2 ;c - d 2 ;d -a 2 } > —. 

1 ’ 4 
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Suyra a + b + c + d-(a 2 +b 2 +c 2 +d 2 )> 1. 
Mat khac: 


a +b+c+ d 2 
v 2 ^ 


Suy ra a + b + c + d - ( a 2 + b 2 + c 2 + d 2 ) < 1 nen dieu gia su la sai. 
Suy ra dieu can chung minh. 

Bai 14. Gia su ngugc lai 

a + 3 + C ~^ a ^ c >m<x,: |(Va-Vi) 2 ;(^-Vc) 2 ;(Vc-Va) 2 j 

Suy ra a + b + c- 3y/abc > 2 (a + b + c- yfab - 4bc -\[ca). 

<=> 2 yfab + l4bc + 2 4ca > a + b + c + 3 Ijabc 
Doi bien lai x 3 + y 3 + z 3 + 3xyz < 2y](xy) 3 + 2sjiyzf + 2^/(zx) 3 . 
Nhung theo bat dang thuc Schur ta co: 
x 3 +y 3 + z 3 + 3xyz > xy(x + y) + yz(y + z) + zx(z + x) 

>2^yf +2^zf +2^xf 


Suy ra mau thuan, vay gia su sai, suy ra dieu can chung minh. 

T _ 2 a 2b 2c . 

Bai 15. Dat x =- ,y =-, z =- =>xy + yz + zx + xyz = 4. 

b + c c + a a + b 

Ta co xyz < 1 ;x + y + z > xy + yz + zx. 

Bat dang thuc trb thanh: ( 2k + x)(2 k + y)( 2k + z) > (2 k + 1) 3 
<=> 4k 2 (x + y+ z) + 2&(xy + yz + zx) + xyz > 12k 2 + 6A: + 1. 

Taco Ak 2 [x + y + z) + 2k[xy + yz + zx) + xyz 

> 4k 2 (xy + yz + zx) + 2k(xy + yz + zx) + xyz 
— (4k 2 + 2&)(xy + yz + zx) + xyz = ^4A- 2 + 2&)(4-xyz) + xyz 
= 1 6k 2 + 8 k - xyz ( 4k 2 + 2k - 1) 

> \6k 2 + U - 4k 2 - 2k +1 = 12£ 2 + 6k +1 
Bat dang thuc duoc chung minh. 

Dang thuc xay ra khi va chi khi a = b = c 
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CHU DE 3: KY THUAT QUYNAP TOANHOC 


A. NOI DUNG PHlTGNG PHAP 

Gia ser ta can chung minh bat dang there A(n) > 0 vdi A(n) la mot bieu there co 
chua so nguyen derong n vdi n > n 0 . 

Ta there hien chung minh bang quy nap nhu sau 

A Chung minh bat dang there dung vdi gia tri dau tien cua n la n () . 

'A Gia ser bat dang there dung voi n = k> n () trie A(k) > 0. 

'A Sau do chung minh A(k +1) > 0 dera vao A(k) > 0. 

A Ket luan bat dang there dung. 

B. BAI TAP MAU 

Vi du 1. Cho n la so nguyen duong n > 5. Chung minh rang 2" > n 2 . 

Loti giai 

+ Vod n = 5; 2 5 = 32 > 5 2 = 25. Vay bdt dang there dung voi n - 5. 

+ Gia su bat dang there dung vod n-k> 5 tiic 2 k >k 2 . 

Khido 

2 k+x = 2.2 k > 2k 2 = (k + if + k 2 - 2k -1 = (k + \f + k(k - 5) + 3k -1 > (k + if. 
Vay bat dang there dung vdi n-k + l. 

Theo nguyen ly quy nap ta co dieu phai chung minh. 

Bai tap tuo ng ter 

Cho n la so nguyen duong ldn hon 1. Chung minh n n >{n + 1)” 1 . 

Bai 2. Cho a,b la cac so there khong am va n la so nguyen duong. Chung minh rang 
a n +b n ( a + bX 
2 ' 


Lai giai 

+ Vdi n -1 bat dang thuc trd thanh dang there. 

¥)‘ 


Gia ser bat dang there dung vdi n-k> 1 trie - 


Ta can chung minh - 



Chuy 
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i ' -i ti k +b k u + b a k + b k k + \ i k+\ i k i k 

Vay ta chung mmh->-.-<=> a k 1 + b k 1 > ab k + ba k 

2 2 2 

<=> a[a k -b k ^ + b k (b - a)> 0 o (a - b)[a k -b k ^> 0 
Bat dang thiic cuoi luon dung. 

Vay theo nguyen ly quy nap ta co dieu phai chung. Dang thiic xay ra khi va chi 
khi a = b . 

Tong quat vod n so thuc khong am va m la mot so nguyen duong ta co 
a” + a™ +... + a™ > (a 1 +a 2 +... + a n Y l 

n n J 

Bai 3. Cho so nguyen duong M > 3. Gia su X|,x 2 ,...,x 2014 la cac s6 nguyen duong 

sao cho xj.x 2 .x 2014 = M. Tim gia tri Ion nMt cua bieu thiic: 

^ = x 1 3 +x|+... + x| 014 . 

Lai giai 

Ta chung minh vod n la so nguyen duong x 1 ,x 2 ,...,x„ thoa man dieu kien 
XjX 2 ...x„ =M thi x 3 + x 2 + ... + X 3 <(x ] x 2 ...x„) 3 + «-l . 

Va bai toan chinh la trudng hop rieng khi n bang 2014. 

+ Vod n bang 1 bat dang thiic chinh la hang dang thiic. 

+ Vod n bang 2 ta co (x 3 - lj^x| -1 j > 0 =^> x 3 + x\ < 1 + x 3 x|. 

Vay bat dang thiic dung voi n bang 1,2. 

+ Gia sir bat dang thiic dung vod n - k >2 tiic 
Xj 5 + xf +... + 4 < {x x x 2 ...x k ) 3 + k -1 (1). 

Ta can chiing minh x 3 + xf + ... + xf +1 < (x 1 x 2 ...x fc+1 f + k . 

Do (1) nen ta chi can chiing minh x| +1 +(x 1 x 2 ...x yt ) 3 < 1 + {x\X 2 ...x k x k+] ) 3 

«■ ( 4 + 1 _1 )(( x iX 2 —x^) 3 -l) > 0 

Bat dang thiic cuoi dung. 

Theo nguyen ly quy nap ta co dieu phai chiing minh. 

Vay gia tri Ion nhat cua S bang A/ 3 + 2013 dat tai mot so bang M va 2013 so 
bang 1. 

Bai 4. Cho n la so nguyen duong x k >\,k-\,n. Chiing minh rang 

11 1 n 

-1-1-... H-^- , = . 

1 + Xj l + x 2 l + x„ 1 + 'yx 1 x 2 ...x„ 
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Loi giai 

Voi n -1 bat dang thiic tro thanh dang thiic. 
Gia sii bat dang thiic dung voi n - k > 1, tiic 
11 1 k 


_ 1 | | 1 _ 

1 + Xj l + x 2 \ + x k \ + ^x : 

+ Ta can chiing minh 

11 11, 


( 1 ). 


Chiiy 


1 + Xi l + x 2 \ + x k 1 + X* +1 \ + k ^x x x 2 ...x k+x ' 

Do (1) nen ta chi can chung minh 

k 1 ^ k+l 

- 1 — i., : " f ‘ -—- , = 

1 + */x 1 x 2 ...x k 1 + X k+X 1 + k+l] Xl x 2 ...x k+ 

1 k-l k 


- ( 2 ). 


1 X k +l \ + k ^x x x 2 ...x k+l 


l + \j(xix 2 . 


k-\ 2k \ + ^x x x 2 ...x k l + k ^ Xl X 2 ...X k+l 
l + \l(x l x 2 ...x k )k + ixfct 

Cong theo ve hai bat dang thiic tren ta co (2). Tiic bat dang thiic dung voi 
n = k + 1. 

Vay theo nguyen ly quy nap ta co dieu phai chiing minh. Dang thiic xay ra khi 
va chi khi Xj — x 2 =... = x n . 

Bai 5. (VMO 2011) Chiing minh rang voi moi so thuc duong x va so nguyen 


x n \x n+l +1) 

duong n ta co —---: 

x" +1 

Dang thiic xay ra khi nao? 


f) 


+ Voi n -1 bat dang thiic tro thanh 


Loi giai 

/x+lV *(* 2+1 ) 

V 2 J x + 1 


«(x + l) 4 -8x(x 2 + l)>0<=>(x-l) 4 >0. 
Vay bat dang thiic dung voi n- 1. 


Gia sii bat dang thiic dung voi n = k tiic - 
Ta can chiing minh 
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x“+l “l 2 J ' 

Do (1) nen ta chi can chung minh 

**(***' +1 ) > 

l 2 J x k +l ~ x k+l +l 

^ (x +1 f x k (x k+1 + 1) 2 - 4(x k + 1) x k+l (x k+2 + 1) > 0 . 

<=> (x -1) 2 [x k+x -1^ 2 > 0 

Bat dang there luon dung. Vay theo nguyen ly quy nap ta co dieu phai chung minh. 

Dang there xay ra khi va chi khi x = 1. 

De ket thiic toi trinh bay ldi giai cherng minh bat dang there AM - GM bang 
quy nap. 

Bai 6. (BDT AM - GM ) Cho ai, a 2 , ..., a n la cac so there khong am. 

Chung minh rang ta luon co a x + a 2 + ... +a n > n^a ] a 2 ...a n 

L&i giai 

Co so quy nap voi n = 1, 2 duoc kiem tra de dang. 

Gia sur bat dang there da duoc chung minh cho n so. 

Xet n+1 so khong am ai, a 2 , ..., a n +i. Dat aia 2 ...a n +i = A n+1 . Neu tat ca cac so 
bang nhau thi bat dang there dung. 

Trong trudng hop nguoc lai, phai ton tai hai so a;, aj sao cho ai < A < a,. 

Khong mat tinh tong quat, co the gia set a n < A < a n +i. 

Khi do ta co (a n - A)(a n+ i - A) < 0, suy ra a n + a n +i > a n a n+ i/A + A. 

Ter do taco aj + a 2 + ...+ a n + a n+1 > aj + ... + a„_y + a n a n+I /A + A(l) 

Bay gid ap dung bat dang there Cauchy cho n so a/ + ... + a,,./ + a n a n+1 /A ta 

duoc a x + a 2 +... + a n _ x + a n > n"ja 1 a 2 ...a„_ 1 a ”^ +1 - = n A . 

Ket hop voi (1) ta co dieu phai chung minh. 

C. BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la do dai ba canh mot tam giac vuong co c la canh huyen. Chung 
minh a 2 " + b 2n < c 2n voi moi so nguyen duong n. 

Bai 2. Cho n so there khong am x l5 x 2 ,...,x„ thoa man dieu kien 
2(x 1 +x 2 +... + x„)<1. 
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Chung minh rang (l - x 1 )(l - x 2 )...(l - x n ) > . 

Bai 3. Chung minh rang vod n so nguyen duong phan biet ta co 
a\ +a\ + ... + a\ >(% +a 2 +... + a n f. 

Bai 4. Cho x 1} x 2 , ..x n la cac so thuc thuoc [0, 1], Chung minh rang 
x,(l-x 2 ) +x 2 (l-x 3 ) + ... +x n (l-x t ) <[n/2] 

Bai 5. Cho n > 2 va xi, x 2 , ..x n la n so nguyen phan biet. 

Chung minh rang (xi-x 2 ) 2 + (x 2 -x 3 ) 2 + ... + (x n - Xi) 2 > 4n - 6 
Bai 6. Chung minh rang voi Xi > x 2 > ... > x n > 0 ta co bat dang thuc 


Bai 7. Chung minh rang neu a 2 , ..a n la cac so nguyen duong phan biet thi ta 
co bat dang thuc ^ (a/ + af ) > 2 (^ af 1 . 


Bai 8. (Bat dang thuc Mc-Lauflin) Voi moi so thuc ai, a 2 , ..a 2n va bi, b 2 , ..b 2n 
ta co bat dang thuc J]a 2 k Yb\ -[ - a 2 k-\ b 2 k)\ ^|Z a /A 1 • 

k =1 k =1 \k =1 ) U=1 ) 

D. HlTOiNG DAN GIAI - DAP SO 

Bai 1. Vod n = 1 bat dang thuc trd thanh dang thuc. 

Gia su bat dang thuc dung vod n = k > 1 tuc a 2k + h 2k < c 2k (1). 

Ta can chung mi nh a 2 ^ k+ ^ +b 2 ^ k+1 ^ < c 2 ^ k+ ^ . 

Chu y do co (1) nen ta chi can chung minh c 2 [a 2k + b 2k j > a 2 ^ k+l ^ + b 2 ^ k+l ' > 
o (a 2 + b 2 ){a 2k + b 2k )> a 2 ^ + b 2 ^ « a 2 b 2k + b 2 a 2k > 0. 

Bat dang thuc. Vay theo nguyen ly quy nap ta co dieu phai chung minh. 

CH u DE 4: KY THUATMIENGIA TRI 

A. Cl(jl THIEU 

Phuong phap nay kha co ban va thudng dupe su dung trong cac bai toan tim 
cue tri vod cac bat dang thuc co dang: a < f (x) < b voi xe D. 
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Nguyen tac chung la dua ve tim dieu kien de phuang trinh m- /(x) co nghiem 
tren D. 

Trong trudng hop co nhieu bien ta can dua ve phuong trinh vod mot bien hoac 
dua ve he phuong trinh neu co. 


B. NOI DUNG PHUONG PHAP 

1) Tim mien gia tri bang each xet dieu kien co nghiem ciia phuong trinh 
bac hai 

Mot phuong trinh bac hai co dang: Ax 2 +Bx + C- 0 voi A * 0 . 

Dieu kien de phuong trinh co nghiem la: A = B 2 - 4AC > 0 . 

Vi vay can tim gia tri ldn nhat va gia tri nho nhat cua mot bieu thuc 
m =f(x,y,z). 

Ta bien doi tuong duong m de dua ve mot phuong trinh bac cua x hoac y hoac 
cua z. 

Khi do su dung dieu kien co nghiem ta tim duoc Max va Min cua m. 

, , fx-y + z = 3 

Vi du 1. Cho x,y,z la cac so thuc thoa man dieu kien \ 

[x +y +z = 5 


Tim gia tri Ion nhat va nho nhat cua bieu thuc P = 


x + y-2 


L&i giai 

Trong bieu thuc cua P co z khac so vod x va y do vay ta tim each rut x + y theo 
z va dua ve phuong trinh bac hai doi voi z. Viec tim Max va Min cua P ta chan 
bang dieu kien co nghiem cua phuong trinh bac hai doi vod z. 

Taco (z + 2)P = x + _y-2=>[(z + 2)P + 2] 2 =(x + _y) 2 . 


Chuy 

Jx-y=3-z 

| x 2 + j ; 2 =5 _ z 2 


jx-y=3-z 

y-(x + y) 2 + l -(x-yf=5-z 2 


(x + y) 2 = -3 z 2 + 6z +1. 


Vi vay 

[(z + 2)P + 2] 2 =-3z 2 +6z + l 

<=> (z + 2) 2 P 2 +4(z + 2)P + 3z 2 - 6z + 3 = 0 

^ (P 2 +3)z 2 +(4P 2 +4P-6)z + 4P 2 + 8P + 3 = 0 (1) 

Ta co (1) la phuong trinh bac hai doi vod z dieu kien co nghiem la 
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A' = (2P 2 + 2P- 3) 2 -(P 2 + 3)(4 P 2 + 8P + 3) > 0 

<=> 23P 2 + 36P < 0 <=> < P < 0 

23 

+ Voi x-2,y =0,z = 1 taco P bang 0. Vay gia tri Ionnhat cuaP bang 0. 

+ Voi x = ,y = -^,z = thi P bang -36/23. Vay gia tri nb b nhat cua P bang 

36 
23 ’ 

Bai tap tirong tu 


Cho x,y,z la cac so thuc thoa man dieu kien 

Tim gia tri Ion nhat va nho nhat cua bieu thuc P = 

_ x 3-2>/3 3 + 2>£ 

Dap so: -< P <-. 

3 3 


x-y+z =3 
x 2 +y 2 +z 2 =5 
x + y-l 
z + 2 


2) Ky thuat sir dung dilu kien co nghiem cua phirong trinh lirong giac 

Phuong trinh dang: As\nx + B cos x = C 

co nghiem khi va chi khi A 2 + B 2 > C 2 . 

, i .a., . , 2 cosx + 2sinx + 3 

Vi du 1. Chung mmh rang voi moi so thuc x ta co — <- ; - r < 2 . 


11 2cosx-sinx + 4 


Leri giai 


__ cosx + 2sinx + 3 , . 

Dat y = -=>y(2cosx-sinx + 4) = cosx + 2sinx-l-3 . 

2cosx-sinx + 4 

•»(2y-l)cosx-(y + 2)sinx = 3-4_y (1). 


Dieu kien de (1) co nghiem la (2y -l) 2 +(y + 2) 2 > (3-4 y) 2 
<=>11 y 2 - 24 y + 4<0<=>^<y<2 

Bai toan dugc chung minh. 

3) Ky thuat dilu kien co nghiem ciia phirong trinh - he phnong trinh 

Thay vi tim true tiep Max va Min cua bieu thuc ta dua ve tim dieu kien co 
nghiem cua he phuong trinh. 

Vi du 1. Cho x,y la hai so thuc thoa man dieu kien 
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r . u , ■ , i 3 - -^5 2 2 .3 + ^ 

Chung mmh rang —-— < x + y < —-—. 

L&i giai 

Dat m - x 2 + y 2 . Ta can tim Max va Min cua m. 

Thay vi di chung minh true tiep ta tim dieu kien de he phuong trinh sau co 

[m-x 2 +y 2 
nghiem < 


x +y +x - 3 y + 2x y +1 = 0 
m = x 2 +y 2 

(x 2 +y 2 f -3^x 2 + y 2 ) + 4x 2 +1 = 0 

[ 2 _ m 2 -3>m + l 


W-3m + l + 4x =0 2 m 1 +m +1 

y =—T— 


Dieu kien de he phuong trinh co nghiem la 
f m 2 -3m + l 


4 

\m 2 + m + 1 ^ 


, 3 - V5 3 +V5 

>-< m <-. 

2 2 


„ 3-V5 2 2 ^3 + V5 

3 2 y 2 

Bai tap tuong ty 

Cho x,y la cac so thuc thoa man dieu kien x, y > 1; 4x 2 y 2 - x 2 - y 2 = 18xy -16. 
Tim gia tri Ion nhat va gia tri nho nhat cua bieu thuc 

2 x+y 


Pm■ 


\]x 2 +x + y 2 +y + 5+ x + y 
Dap sd: P min = 16(VT7-4);P max = 64(^37-6). 

Vi du 2. Cho x,y la cac so thuc thay doi thoa man dieu kien 
x + y ^ 2 = \j2x +1 + y]2y + 1 . 
Tim gia tri lou nhat cua bieu thuc P = (x - y ) 2 . 
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u = \j2x + \ 
v = ^2y + \ 


(u,v>0) = 


Loi giai 

u 2 -1 
2 

v 2 -l 

2 


Dieu kien bai toan trd thanh U -— -2 = w + v » w 2 + v 2 -6 = 2(w + v) 

<=> (u + vf - 2(u + v) - 2 uv -6 = 0. 


(--1 V -1 

~2 ~T 


_ (u - vf (m + v) 2 _ [( M + v ) 2 - 4uv ] ( u + v f 
4 “ 4 

f(w + v) 2 -2(w + v)-2wv-6 = 0 (1) 
Vay ta co he phuomg trinh [( M + v ) 2 _ 4mv ] (m + v) 2 

P=L--(2) 


Tir (1) ta co 2 uv - (u + v) 2 -2(w + v) - 6 < ^-(w + v) 2 

=> (m + v) 2 - 4(m + v) -12 < 0 -2 < u + v < 6 . 

Chu y w + v = ^2{x + y) + 2 + 2y[{2x +1) (2_y +1) > ^2(x + y) + 2 > . 

Vi vay ta co t = w + v e [^V6;6j . 

[{u + vf -2|"(m + v) 2 -2(w + v)-6~|](w + v) 2 

Khido P = i^- 

4 

|^-(m + v) 2 +4(m + v) + 12J(m + v) 2 t 2 (-t 2 +4t + 12j 

_ - - ~ 

t 2 (-t 2 +4t + l2) 

Xet ham so /( t ) = — --- - lien tuc tren doan |^v6;6j ta co 

f'(t) = t(-t 2 + 3t + 6 ); f\t) = 0 < > t= 3+ ^ . 
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Taco /(V6) = 9 + 676; /f*±^1 j( 69 + U ^) 


;/(6) = o. 


Vi vay P max = / max = / 


Dau bang xay ra khi va chi khi 


(+ 


3(69 + 11^3) 


3 + ^ 


x+y-2= 


3 + V33 


7 + V33 


STT + ^TI = 2±25| 


14 + 2^33-V414 + 66V33 14 + 2V33 + V414 + 66V33 

8 ' 8 

14 + 2V33+V414 + 66V33 14+ 2V33-V414 + 66^33 

x =---,y =--- 


Vay gia tri Ion nhat cua P bang 


3(69 + 11^33) 


Vi du 3. (TSDH Khoi A 2006) Cho x,y la 2 so thuc va x + 0, y + 0 thoa man dieu 
kien xy(x + y) = x 2 + y 2 - xy . 

Tim gia tri Ion nhat cua bieu there 4 - ~y + ■ 


Nhan thay x, y doi xung nen dat: 


Lori giai 

x + y = u 
x.y = v 


1 1 _x +y _u(u -3>v) _u 


Vi w 2 > 4v => w 2 >-<#:+- 

u + 3 u + 3 w + 3 


M>1 

< -3 


Chu y de tim Max cua A ta chi can xet voi 11+ ^ > 0 nen ta chi can chung mi nh 


Max cua A bang 16 vay : u + ^ < 4 v 6i u > 1 hoac u < -3. 
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Tren moi khoang (-oo; -3 ) va [l; +oo) do do f(u) < f(l); Vw > 1. 

Con 0 < f(-3) < f(u) <1, V u > -3. 

Vay gia tri Ion nhat cua A bang 16. 

C. BAI TAP REN LUYEN 

„,. „ . -x, , 1 2 sin x + cos x +1 „ 

Bai 1. Chung mmh rang voi moi so thuc x ta co — <-< 2. 

2 sinjt-2cosx + 3 

Bai 2. Chung minh rang voi moi so thuc x va y ta co 

f cos3x + ysin3x + lY < 3 y 2 + 2 + 2-^3y 2 +1 
V cos3x + 2 J 9 

Bai 3. Chung mi nh rang voi moi so thuc x,y thoa man dieu kien 

2 


y 4 2 


nu ' • . i 5 — V5 2 2^5 + V5 

Chung minh rang —-— < x + y < —-—. 

Bai 4. Cho x,y la cac so thuc thoa man dieu kien x 2 + xy + y 2 < 3. 
Chung minh rang -4-v/3 - 3<x 2 -xy-3y 2 <4y/l-3. 


x+y+z =3 
x 2 + y 2 + z 2 = 5 ' 
x-y + 3 


Bai 5. Cho x,y,z la cac so thuc thoa man dieu kien 

Tim gia tri Ion nhat, gia tri nho nhat cua bieu thuc P - 

Bai 6. Cho x,y la hai so thuc thay doi thoa man dieu kien V2x + 3 + jy + 3 = 4. 
Tim gia tri Ion nhat va gia tri nh d nhat cua bieu thuc P = \jx + 2 + -yJy + 9 . 


z + 2 


D. HUONG DAN GlAl - DAP SO 

2sinx + cosx + l 
Bai 1. Dat y = - 


(2-y)sinx + (2y + l)cosx = 3y-1. 


sinx-2cosx + 3 

Dieu kien de phuong trinh co nghiem la: (2 - y ) 2 + (2y + 1) 2 > (3y -1) 2 


Bai toan duoc chung minh. 
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Bai 2. Bat m = + 1 , m _ l)cos3x sjn3x = , _ 2m . 

cos3x + 2 v ’ 

Dieu kien de phuang trinh co nghiem la (m - 1) 2 + y 2 > (l - 2m) 2 

2 2 1 — a/3 V 2 +1 1 + J3/+1 

3 3 

c , , 1 + J3/ + 1 2 JI + J3/+1T 3/ + 2 + 2J3/+1 

Suy ra |m| <-^y--=^m 2 <-^-y-I =—-^- 

Bai toan duoc chung minh. 

m 2 -5m+5 


Bai 3. Tim dugc: 


Dieu kien de he phuang trinh co nghiem la: 
f -5m+ 5 

4 «m 2 -5m + 5<0»^^<m<^^. 


Bai toan duoc chung minh. 

Bai 4. Neu y = 0 bat dang thiic luon dung. 


- xy - 3y _t -t - 3 


Xet vdi y^0datm=- 

x+xy + y t +t +1 

Suy ra m{t 2 + t + lj = t 2 -t-3 <=> (m-l)t 2 + (m + l)t + m + 3 = 0. 

Dieu kien de phuang trinh co nghiem la A = (m +1) 2 - 4(m - l)(m + 3) > 0 

<=> 3m 2 -6m-13<0<=> ~ 3 ~ 4 ^ <m< ~ 3 + 4 ^ 

3 3 

Chu y do 0 < x 2 + xy + y 2 < 3 => -4^3 - 3 < x 2 - xy - 3 y 2 < 4^3 - 3. 

Bai toan duoc chung minh. 

fx + y = 5 

Bai 5. Chu y z ^ -2 vi nguoc lai ta co < vo nghiem. 

[x + y = 1 

Khido (z + 2)P = x-y + 3o(z + 2)P-3 = x-y. 

Tvr he dieu kien ta co 
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x+y=3-z . , , 

2 2 2 ~ \2 If N 2 - 2 = > (* _ > ; ) = “ 3z +6z + 1 - 

2 +/=5-z 2 + +-(*->) =5-z 2 

Khi do [(z + 2)P-3] 2 =-3z 2 +6z + l 

«(z + 2) 2 P 2 -6 (z + 2)P + 3z 2 -6z + 8 = 0 
o (P 2 + 3)z 2 + (4P 2 - 6P - 6)z + 4P 2 - \2P + 8 = 0 
Dieu kien phuong trinh co nghiem la 

(4P 2 - 3P - 3) 2 - (P 2 + 3)(4P 2 - 12P + 8) > 0 

<=> 23P 2 -54P + 15<0 <^> 27 ~ <P< + 


Vi vay P mm ^ 27 ^ -p = 

mm 23 max 23 

Bai 6. Thuc hien tuong tu bai tap mau: P ma 


23 23 

27 + 8^6 


Wjo 

2 mm 2 


CHU DE 5 : KY THUAT SUDUNG NGUYEN LYDIRICLE 


BAI TAP MAU 

Bai 1. Cho x,y,z la cac so thuc duong thoa man dieu kien x+y+z+l= 4 xyz . 
Chung minh rang xy + yz + zx>x + y + z . 

L&i giai 

Theo nguyen ly Dirichlet ton tai 2 trong 3 so (x-1), (y - 1), (z -1) cung dau, 
khong mat tinh t6ng quat giasu (x-l)(y -l) > 0 xy >x+y-L 

=> xy + yz + zx > x + y -1 + yz + zx . 

Vaytacanchungminh x + y- l + yz + zx>x + _y + z-»z(x + y-l)>l. 

Theo gia thiet ta co z = x + y + 3 
4xy -1 

Vay ta chung minh 

X + y + \ (x + y-\)>lo(x + y) 2 -l>4xy-l<=>(x-y) 2 >0. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z = 1. 
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Bai tap tiro'ng tu* 

Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c + abc = 4. 
Chung minh rang a + b + c> ab + be + ca . 


Bai 2. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 3. 

Chung minh rSng (l - a + a 2 ^{\-b + b 2 ^{\-c + c 2 ) > 1. 

Lai giai 

Trong ba so 1 - a, 1 - b va 1 - c luon ton tai hai so cung dau khong mat tinh tong 
quat gia su hai s6 do la \ -b\h l-c suyra (l-Z?)(l-c)>0. 

Khi&6 i^-b + b 2 ^{\-c + c 2 ^ = {b 2 -b^{c 2 -c^ + b 2 +c 2 -b-c + \ 

= bc(b-\)(c-\) + b 2 +c 2 -b-c + l 
>b 2 +c 2 -b-c + l>^(b + cf-(b + c) + l 

= -( 3 -a) -(3 -a) + 1 =--- 

Vi vay bat dang thuc duoc chung minh neu ta chung minh duoc 
(l-a + a 2 ^ + ^ > 1 <=> (a-l) 2 (a 2 -3a + 3j > 0 (luon dung). 

Dang thuc xay ra khi va chi khi a = b = c - 1. 

Nhan xet. Ngoai ra bai toan co the giai bang ky thuat don bien xem chuong 4. 

Bai 3. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
x + y + z + 2 xyz = 1. 

Tim gia tri Ion nhat cua bieu thuc P-xy + yz + zx- 2xyz. 

Ldi giai 

Trong 3 so (2 jc -1), (2 y - 1), (2z -1) luon ton tai hai so cung dau, khong mat tinh 
tong quat gia su (2x - l)(2y -1) > 0 => 2 {x + y) - 4xy < 1 => z(x + y) - 2xyz < ^. 

Chuy \-z 2 =2xyz + x 2 +y 2 >2xy + 2xyz = 2xy(z + l)^>xy 


Vi vay P< 


l — z 

~Y~ 


2 


2 ' 
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Bai tap tiro'ng tu* 

Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 +b 2 +c 2 + abc = 4 . 
Chung minh rang ab + bc + ca- abc < 2 . 

Bai 4. Cho x,y,z la cac so thuc duong co tlch bang 1. 

j 1 1 1 2 

Chung minh rang- - + -y +- - + - -—-—-— >1. 

(x + lf (y + lf (z + l) (x + l)(y + l)(z + l) 

Loi giai 

Trong ba so (x - 1), (y - 1), (z -1) luon co hai so cung dau, khong mat tlnh tong 
quat gia sir (x - l)(y -1) > 0 xy +1 > x + y => 2{xy +1) > (x +1 )(y +1). 

Su dung bat dang thuc--—- +--—— > —-—. 

(x + 1) 2 {y + \f 1 + xy 

Chung minh xem chucmg 3. 

Suyra VT>—^— + -+ -- l - -- = — +-^—+ — z — = 1. 

\ + xy (z + l) (l + xy)(l + z) 1 + z (z + l) (l + z) 2 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z = 1. 


Bai 5. Cho a,b,c la cac so thuc khong am. Chung minh 

abc + 2 + -J =|^(a -l) 2 + (b -l) 2 +(c -l) 2 J > a + b + c . 

Loi giai 

Luon ton tai hai trong ba so (a -1), (b - 1), (c -1) cung dau, khong mat tinh tong 
quat gia su (a-l)(Z?-l)>0=> ab>a + b-l. 

Khi do ta chi can chung minh 

c(a + 6-l) + 2 + -J=|^(a-l) 2 +(Z?-l) 2 + (c-l) 2 J>a + Z? + c 
«(«-l) 2 +(*-l) 2 +(c- 1) 2 >+2( 0 + *-2)( C -l) 

Su dung bat dang thuc C -S va bat dang thuc AM - GM ta co 


(a-1) +(6-1) +(c-l) 


a + 6-2)(c-l)| > V2(a + 6-2)(c-l) 


Bai 6. Cho a,b,c la cac so thuc khong am chung minh 

a 2 +b 2 +c 2 + 2abc + \>2(ab + bc + ca). 
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Leri giai 

Bai toan da dugc trinh bay trong chu de Ky thuat su dung tam thuc bac hai. 
Duoi day la lbi giai tiep can theo nguyen ly Dircihlet. 

Luon ton tai 2 trong 3 so (a-l),(6-l),(c-l) cung dau, khong mat ti nb tong 
quat ta gia su (a -1 )(b - 1) > 0 => 2c(a -1 )(b - 1) > 0 <=> 2 abc >2(ac + bc-c). 
Vay ta chi can chung minh 
a 2 +b 2 +c 2 + \ + 2[ac + bc-c)>2^ab + bc + ca) 

<=>(a-Z?) 2 +(c-l) 2 >0 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b - c = 1. 

Bai toan tmmg ty 

Cho a,b,c la cac so thuc khong am chung minh 

a 2 +b 2 +c 2 + a 2 b 2 c 2 +2>2 (ab + bc + ca). 

Bai 7. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 +b 2 + c 2 + abc = 4. 
Chung minh rang abc <ab + bc + ca< abc + 2 . 

Lbi giai 

Bat dang thuc ve trai dcm gian bbi trong 3 so co it nhat mot so khong vugt qua 1 
gia su la c khi do ab + bc + ca-abc = ab(\-c) + c(a + b)> 0 . 

Dang thuc xay ra chang han tai a = 2, b = c = 0 . 

Ta chung minh bat dang thuc ve phai: 

Trong ba so (a - 1), (b - 1), (c -1) luon co hai so cung dau, khong mat tinh tong 
quat gia su (a-l)(b-l)>0^> ab>a + b-l^> abc>c(a+b-l). 

Vay ta chung mi nh c(a + b - \) + 2> ab + bc + ca ab <2-c. 

Chu y 4 - (a 2 + b 2 ) + c 2 + abc > 2 ab + c 2 + abc => ab<2-c. 

Bat dang thuc dugc chung minh. 

Bai 8. Cho a,b,c la cac so thuc duong co tich bang 1. 

Chung minh rang--—- +--—- + '—- +---> 1. 

(1 + a) (1 + b) (1 + c) a + b + c + l 

Lbi giai 

Theo nguyen ly Dirichlet thi 2 trong 3 so (a-\),(b- l),(c -1) cung dau, khong 

, , c + \ 
mat tinh tong quat ta gia su [a - 1) (b - 1) > 0 => 1 + ab =- >a + b. 



1 + ab c +1 




A. BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la cac so thuc thoa man dieu kien 
1 1 1 _ 1 
a 2 + 8 4b 2 +8 9c 2 +8 3' 

Tim gia tri Ion nhat va gia tri nho nhat cua bieu thuc P = a + 2b + 2>c. 

B. Hir6NG DAN GIAI - DAP SO 

Bai 1. Be don gian dat x = a,y- 2b, z = 3c ta co —^^— + —--— = —. 

x 2 +8 y 2 +8 z 2 +8 3 

Ta can Max va Min cua P = x + y + z. 

Theo gia thiet ket hop sir dung bat dang thuc AM - GM ta co 
1 1 1 l _1 

x 2 +8 6 y 2 + 8 6 z 2 +8 

y 2 +2 z 2 + 2 ^1 j y 2 + 2 z 2 +2~ 

6(y 2 +8) + 6(z 2 +8) ” 3 \ / +8 'z 2 +8 
Tuong tu ta co 

1 ^ 1 l x 2 +2 z 2 + 2 ' 1 ^1 j y 2 + 2 x 2 +2 

y 2 + 8 3 v x 2 + 8 z 2 + 8 ’ z 2 + 8 3)Jy 2 +8x 2 +8 

Nhan theo ve ba bat dang thuc tren ta duoc: 

(x 2 + 2)(/+2)(z 2 +2)<27(1). 

Matkhac (x 2 + 2^y 2 + 2^z 2 + 2j>3(x + y + z) 2 (2). 

That vay bat dang thirc da cho tuong duong voi: 

x 2 y 2 z 2 + 2^x 2 _y 2 + y 2 z 2 + z 2 x 2 J + 8 > 6(xy + yz + zx). 

Trong ba s6 (x 2 -l),(y 2 - l),(z 2 -l)luon co hai so cimg dau, khong mat tinh 
tong quat gia sir 

(x 2 -1) (y 2 -1) > 0 => x 2 y 2 > x 2 + y 2 -1 => x 2 y 2 z 2 >z 2 [x 2 +y 2 - 1). 
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Do do ta chi can chung minh 

z 2 [x 2 +y 2 -1 J + x 2 +y 2 +z 2 +2 [x 2 y 2 +y 2 z 2 +z 2 x 2 j + 8> 6(xy + yz + zx) 
o(x-y) 2 + 3(yz-l) 2 + 2(x_y-l) 2 + 3(xz-l) 2 >0 
Bat dang there cuoi dung suy ra dieu phai chung minh. 

Ket hop (1) va (2) ta co 

(x + y + zf <9<^-3<x + y + z<3. 


Vay gia tri nho nhat cua P bang -3 dat tai 
Gia tri ldn nhat cua P bang 3 dat tai a = 1, 



l 

3 ' 


CH u DE 6: KYTHUATSUDUNG TAMTHUCBACHAI 


Cac tinh chat ve nghiem va dau cua tam there bac hai co mot ung dung het siic 
sau rong trong giai toan. Duoi day toi trinh bay mot ring dung cua tam there bac hai 
trong chung minh bat dang there. Bat dang there tiep can bang phuong phap nay co 
the noi la rat ter nhien. 

A. NOl dung phiTOng phAp 

Xet tam there bac hai /(x) = ax 2 + bx + c . 


Dinh ly 1. Neu a > 0 thi f(x) dat gia tri nho nhat tai x 0 = —— va gia tri nho nhat 

2 a 


f Oo) = - 


b 2 - 4 ac 
4 a 


Dinh ly 2. Neu a < 0 thi f(x) dat gia tri Ion nhat tai x 0 = —— va gia tri Ion nhat 

2 a 


/(A- 0 ) = — 


Dinh ly 3. Neu A = b z - 4ac > 0 thi f(x) luon co nghiem. 
fa > 0 


Dinh ly 4. Neu 


A = b 1 - 4 ac < 0 


thi /(x) > 0 voi moi x. 


, \a< 0 

Dinh ly 5. Neu < thi /(x) < 0 voi moi x. 

[A = Z?-4ac<0 
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B. BAI TAP MAU 

Bai 1. Chung minh rang voi x,y,z la cac so thuc co tong bang 1 ta co 
(3x + 4y + 5zf > 44 (xy + yz + zx). 

L&i giai 

Thay z- \-x—y bat dang thiic trb thanh: 

(3x + 4y + 5 - 5x - 5y ) 2 > 44 xy + 44(x + y )(l - x - y) 

» 48x 2 +16x (3y - 4) + 45y 2 - 54y + 25 > 0 

Ve trai la tam thuc bac hai cua x vod he so cua x 2 duong va co 

A’ x = 64(3 y - 4) 2 - 48(45y 2 - 54y + 25) = -176(3y -1) 2 < 0 . 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi 

1 1 1 

x = — ,y = — ,z = —. 

2 3 6 

Cach 2: Bat dang thuc da cho tuong duong voi: 

9x 2 + 16y 2 + 25z 2 > 20xy + Ayz + 14zx . 

Su dung bat dang thuc AM - GM ta co 

^(4x 2 + 9y 2 ) > 2.^4x 2 .9 y 2 > 20xy 
—(4x 2 + 36z 2 ) > 2.— V4x 2 .36z 2 > 14xz 

12 V J 12 

y 2 + 4z 2 > 2\jy 2 Az 2 > Ayz 

Cong theo ve ba bat dang thuc tren ta co dpcm. Nhu vay khong can gia thiet bai 
toan ba so co tong bang l(Xem them chu de ky thuat tham so hoa - Chuong 2). 

Bai 2. Chung minh rang voi moi so thuc a va b ta luon co 
3(l-a + a 2 )(l-Z? + Z) 2 )>2(l-aZ) + a 2 Z) 2 ). 

Lai giai 

Viet lai bat dang thuc dudi dang: 

(a 2 - 3a + 3)d 2 - (3a 2 - 5a + 3)d + 3a 2 - 3a +1 > 0. 

Ve trai la tam thuc bac hai cua b co a 2 - 3a + 3 > 0, Va e M va 
A b =(3a 2 -5a + 3) 2 -4(a 2 -3a + 3)(3a 2 -3a + l) = -(a 2 -3a + l) 2 <0,VaeM 
Do do ve trai luon khong am. Bai toan duoc chung minh. 
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fa 2 - 3a+ 1 = 0 

Dang there xay rakhi va chi khi \^ 3 a 1 -5a+ 3 <=> a-b- ^~ ^ . 

2(a 2 -3a + 3) 

Bai tap tuo’ng tvr 

Chung minh rang vdi moi so thuc a,b,c,d ta co 

3(a 2 - ab + b 2 )(c 2 - cd + d 2 ) > 2(cV - abed + b 2 d 2 ). 

Ta cung xet mot s6 bai toan cung dang sau day 
Bai 2.1. Cho a,b,c la cac so thuc khong am. Chung minh rang 
3(l-a + a 2 )(l-i + Z) 2 )(l-c + c 2 )>l + aZ7C + a 2 Z) 2 c 2 . 

Lai giai 

Taco 2(l-a + a 2 )(l-Z7 + Z7 2 ) = l + aV+(a-Z7) 2 +(l-a) 2 (l-Z7) 2 . 

Suyra 2^1-a + a 2 ^l-Z> + Z? 2 j>l + a 2 Z> 2 . 

Do ta chi can chung minh bat dang thuc sau 
3 (l + a 2 b 2 ) (l^- c + c 2 ) > 2 (l + abc + a 2 b 2 c 2 ). 

»(3 + a V)c 2 - (3 + 2ab + 3a 2 b 2 )c +1 + 3a V > 0. 

Coi ve trai la tam thuc bac hai cua c co he so cua c 2 duong va 

A = (3 + 2 ab + 3a 2 b 2 ) 2 - 4(3 + a 2 b 2 )(l + 3 a 2 b 2 ) = -3(l - ab) 4 < 0. 

Do do ve trai luon khong am. 

Bai toan duoc chung minh dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 2.2. Cho x vay la hai so thuc khong cung duong ta luon co 

^(x 2 -x + l )(y 2 -y + 1 l)> x 2 y 2 -xy + 1. 

Lai giai 

Theo gia thiet trong hai so luon co mot so khong duong khong mat tinh tong 
quat ta gia su y < 0 khi do viet lai bat dang thuc dudi dang: 

(y-2) 2 x 2 -(4y 2 -7y + 4)x + (l-2y) 2 >0. 

Coi ve trai la tam thuc bac hai cua x ta co 

A = (Ay 2 - ly + 4^ - 4(y - I'f (l - 2y f = y(24y 2 - 5 \y + 24) < 0, Vy < 0 . 
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x-0,y- 


Md rong bdi todn cho 3 bien ta co ket qua 

Cho x,_y,z la cac so thuc khong cung duong ta luon co 

4[x 2 -x + l )( y 2 — + 1)(^ 2 -z + l)>l -xyz + x 2 y 2 z 2 . 

Bai 3. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 +b 2 +c 2 = 2. 
Chung minh rang: 1 + 2abc >ab + bc + ac. 

Ldi giai 


#• 


Gia su c - max{a,6,c} => c > 

Khi do dat S = a + b,P = ab theo gia thiet bai toan ta co 

S 2 -2P + c 2 =2^P= S +C ~ 2 . 

2 

Ta can chung minh 1 + 2c. ^ + ^^ -— + c.S 

&(2c-\)S 2 -2cS + 2c 3 -c 2 -4c + 4>0 
Ve trai la tam thuc bac hai voi he so duong do vay ta chi can chung minh 
A' s =c 2 -(2c-1)(2c 3 -c 2 -4c + 4)<0 
^4(c-l) 2 (c 2 +c-l)>0 


Bat dang thuc cuoi luon dung do c ■ 


4 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = \,c = 0 
hoac cac hoan vi. 

Bai tap tirong tir 

Cho a, b, c la cac so thuc duong thoa man dieu kien 
{a + 1)(Z> + l)(c +1) = 1 + 4abc. 

Chung minh rang: a + b + c< 1 + abc. 

Bai 4. Cho a,b,c la cac so thuc khong am thay doi thoa man dieu kien 
a + b + c- 1. 

Timgiatri lonnhat cuabieuthuc P = a(b-c) 4 +b(c-a ) 4 +c(a-bf. 
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Led giai 

Khong mat tinh tong quat gia sii a>b> c, khi do 

P-a(b-c ) 4 +Z?(c-a) 4 + c(a-&) 4 <a(b + c) 4 +ba 4 + ca 4 
= a(b + c) 4 + a 4 (b + c) = a(b + c^(b + cf + a 3 J 
- a(b + c^[a + b + cf -3a(d + c)(a + d + c)J 
= a(Z? + c)(l-3a(Z? + c)) = -3[a(Z> + c)] 2 + a(b + c) 

= _ 3 U +c) _i|\_L<± 

v ' 6 10 10 


Vay gia tri Ion nhat cua P bang ^dat tai a = ^ ,b = - ^ ,c = 0 hoac 
cac hoan vi. 

Chu y. Ta co bat dang thiic manh hon nhu sau 

a(b + c ) 4 +Z?(c + a) 4 + c[a + b ) 4 <-^(a + b + c) 4 

Bai 5. Cho cac so thuc thay doi x,y,z thoa man dieu kien 

x 2 +y 2 +z 2 +—xy = 3. 

25 y 

Tim gia tri nhd nhat cua bieu thiic 

P = -(x 2 + y 2 ) + -z 2 +xy- ^10 (xy + yz + zx). 

5 6 


Lei giai 

Nhan xet. Trade het ta chua quan tam den dieu kien cua x,y,z ma de y den tinh 
chat doi xiing cua xvay trong dieu kien cung nhu bieu thiic cua P nen ta sii dung 

danh gia: x 2 +y 2 > . 

Sir dung bat dang thiic AM-GM ta dugc: 

P > ^z(x + yf +1 z 2 + xy - yjlO(xy + yz + zx) 

1U o 

>2^(x + yf 5 -z 2 + xy-j\0(xy + yz + zx) 

= |(jc + y)z\ + xy- sj\ 0(xy + yz + zx) > xy + yz + zx- + yz + zx) 

Mot danh gia de nhan ra la dua ve tam thiic bac 2: 
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xy + yz + zx-^j\0(xy + yz + zx) = ^Jxy + yz + zx - j 


2 2 


Dang there xay ra khi va chi khi 
5 


x = y 

■2 ul „2 


5 5 _ _ IT 

‘ J34 , ' > ’ J34’ Z Vl7 

5 5 IT 

3 Vn 


[z(x+}.)>0 

Vay gia tri nho nhat cua P bang -—dat tai — p=,y = — r=,z = -3, /— hoac 
2 ' ' y/34 ^ V34 V17 ' 

- 5 - 5 f2" 

X ~^34 ,y ~^34’ Z ~ll7- 

Bai 6. Cho x,y,z la cac so there thoa man dieu kien x 2 + y 2 + z 2 = 3 . 

Tim gia tri Ion nhat va gia tri nho nhat cua bieu thuc P = xy + yz + 2yz. 

L&i giai 

Ta tim gia tri nho nhat cua P 

Xuat phat tir bat dang thuc co ban: 


(x + y + zf >0 


x + y +z 
2 


Suy ra P- (xy + yz + zx) + zx>-— + zx> ^ 

Dang thuc xay ra khi va chi khi 


x + y + z = 0 


3 x^+z 1 ^ 3 x +y +z l 
~2 2 


x +y +z =3 


x +z _x +y +z 


,2 2 , 2 


x ‘S ,y ‘ o,z= ~S 

IJ [3 

Vay gia tri nho nhat cua P bang -3 dat tai x = - J—, y = 0,z = . — hoac 

Cach 2: Viet lai bieu thuc P duoi dang 

P + 3 = (x + z) 2 +y(x + z) + y 2 »(x + z) 2 +y(x + z) + y 2 -P-3 = 0 (1). 
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Coi (1) la phuong trinh bac 2 voi an la (x + z) ta co dieu kien co nghiem cua 
phuong trinh la A^ x+Z ^ = y 1 -4^y 2 - P - 3 j > 0 <=> P > -3 + —— > -3 . 


T = 0 


Dang thuc xay rakhi vachikhi j x + z = -^ = 0 <=> 


‘=S’ y = o ’*=£ 


[x + y + z =3 

Ta co ket qua tuong tu each tren. 

Tim gia tri Ion nhSt cua P 

Tatimsothuc k > 0 nho nhat sao cho P-xy + yz + 2zx < k(x 2 +y 2 +z 2 J dung 
voi moi x,y,z va x 2 + y 2 + z 2 . Khi do gia tri Ion nhat cua P bang 3k. 

Viet lai bat dang thuc tren duoi dang: ky 2 - y (jc + z) + kx 2 + kz 2 - 2 xz > 0 . 

Day la mot tam thuc bac hai voi he so cua y 2 duong nen ta chi can tim k sao 
cho A y < 0. 

Tuc 

(x + z) 2 -4 k(kx 2 +kz 2 -2xzj<0<=>|l-4A: 2 ^x 2 + z 2 j + 2xz(l + 4&)<0,Vx,z. 
Day la mot bat dang thuc doi xung voi x va z nen ta chon x = z = 1. 

Suyra l-4k z + l + 4k<0^2k z -2&-l>0»| 


2 

1 + V3 ‘ 
2 


3(l+^) 

Vay A; = ———=>P< —- 

2 2 


Dang thuc xay ra khi va chi khi x = z- 


|3 + V3 |3-V3 


Nhan xet. Ngoai lbi giai bang tam thuc bac hai nhu tren ta co the sur dung ky thuat 
tham so hoa hoac su dung C -S. 


Bai 7. Cho a,b,c la cac so thuc thuoc doan 


an —;3 . Chut 

’ [3 J 


Chung minh 


a b c 7 

- 1 - 1 -> — . 

a+b b+c c+a 5 
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Ldi giai 

Khongmat tinh tong quat gia six a- max {a,b,c}. 

Bat dang thiic da cho tuong duong voi 

(: 3a-2b)c 2 -^2 a 2 -ab-3b 2 ^c + 3a 2 b-2ab 2 >0. 

Vi 3a - 2b > 0 ta chi can chiing minh 

(2a 2 -ab- 3b 2 ) 2 - 4(3a - 2b) (3 a 2 b - 2ab 2 ) < 0 
<^(a-b)(a-9b)(Aa 2 +b 2) j<0 
Bat dang there cuoi dung do a - > 0; a - 9Z> < 3 - 9.^ = 0. 

Bat dang there duoc chung minh. Dang thiic xay ra khi a - 3, b c = \ . 

Nhan xet. Bang each tuong ter ta chung minh duoc 
a + b + c < 8 
a+b b+c c+a 5 

Ngoai ra co the dua ve xet tinh don dieu cua ham so (Xem chuong 3). 

Bai tap tuong ter 

(TSDH Kh6i A 2011) Cho cac so x,y,z e [l;4] thoa man dieu kien 

x>y,x>z. 

Tim gia tri nho nhat cua bieu thiic P = ——— + — + Z . 

2x+3 y y+z z+x 

HD: Chiing minh P min = ^. 

Bai 8. Cho a,b,c la cac so there khong am. 

Chiing minh rdng a 2 +b 2 +c 2 + 2abc +1 > 2 (ab + bc + ca). 

L&i giai 

Viet lai bat dang thiic dudi dang: a 2 +2{be-b-c)a + {b-cf +1 > 0. 

Coi ve trai bat dang thiic tren la tam thiic bac hai cua a ta duoc: 

A' a - {bc-b-cf -{b-cf -1 -bc(b-2)(c-2)- \. 

TH1: Neu be - b - c > 0 ta co ngay dieu phai chiing minh. 

TH2: Neu bc-b-c< 0 <=> (d-l)(c-l) <lta xet hai kha nang sau: 

Kha nang 1. Neu (/) - 2)(c -2) < 0 => A' a < -1 ta co ngay dieu phai chiing minh. 
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Kha nang 2. Neu (Z?-2)(c-2) > 0 <=> ’ vi (&-l)(c-l) < lnen b,c < 2 

\b,c< 2 

khi do su dung bat dang thuc AM-GM ta duoc: 

A' a =6(2-fr).c(2-c)-l< ^ + 2 ——“j -1 = 0,ta co dieu phai 
chung minh. 

Chu y. Xem them lbi giai bang Nguyen ly Dirichlet trong chu de tuong ung. 

Bai tap tmmg ty 

Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 +b 2 +c 2 - 2abc -1 > 0 . 
Chung minh rang \a-b\ + \b—c\ + \c-a\>yla 2 +b 2 +c 2 -2abc- \. 

Bai 9. Cho x,y,z la cac so thuc thoa man dieu kien x + y + z = xy + yz + zx. 

Chung minh rdng X +—^— + —^— 

x 2 +l y 2 +1 z 2 +l 2 

L bi giai 

Theogiathiettaco: z(x + y-l) = x + y-xy. 

+ Neu x + y = l^>J X ^ ,vonghiem. 

[xy = l 

+ Vayx + ^lvaz = I + ^ . 

x + y-1 


Vay ta can chung minh - 


x + y-xy 
x + y-1 


2 +l (. 


x + y-xy 
x + y-l 


_2x 2y 2(x + y-xy)(x + y-l) 

— + - ~ - 

x 2 +l y 2 +1 (x + y-xy) +(x + y-1) 

„ G+i ) 2 , G + i ) 2 ^ G-i ) 2 

+ +1 /+1 (x+y-xyf +(x + y-lf 

Chu y theo bat dang thuc C-S ta co 



]_ 

2 


^ [(^ +1 )( 1 -^) + (^ +1 )( 1 -^)] 2 _ 4 { xy-rf _ 

“ (x 2 +l)(l-y) 2 +(y 2 +l)(l-x) 2 (x 2 +l)(l-y) 2 +(y 2 +l)(l-x) 2 
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Vay ta chi can chung minh 

4(x + y-xyf + 4(x + y-l) 2 >(x 2 + l)(l-y) 2 + (y 2 + l)(l-x) 2 
»(y 2 -3y + 3)x 2 -(3y 2 -8y + 3)x + 3/-3y + l = 0 
Ve trai bat dang thuc la tam thuc bac hai cua x voi he so cua x 2 duong va co 
A x = (3y 2 - 8y + 3) 2 - 4(y 2 - 3y + 3)(3y 2 - 3y +1) = -3 (y 2 - 1) 2 < 0. 

Dieu do chung to bat dang thuc dung. Dang thuc xay ra khi va chi khi 
x = y = -l,z = 1 hoac cac hoan vi. 

Bai 10. Cho a,b,c la cac so thuc thoa man dieu kien a+b+c=2wk 
a 3 +b 3 +c 3 -3abc = 2. 

Tim gia tri Ion nhat cua bieu thuc P = max{a,b,c} -min{a,b,c} . 


L&i giai 

Khong mat tlnh tong quat gia sua = max{a,b,c},c = min{a,Z?,c} => P - a-c . 
Taco: 2 = a 3 +b 3 +c 3 -3 abc = [a + b + c)^a 2 +b 2 + c 2 -ab-bc-caj. 

=^> 2 = ^(a + b + c)|^(a -b) 2 +(b-cf + (c-a) 2 J 
<=>(a-Z>) 2 +(b-cf +(c-a) 2 = 2 
Suyra: P 1 + (a-b) 2 +{b-cf =2. 

0 P 2 +[(a-c) + (c-b)] 2 +(b-cf =2 
o P 2 +(a-c) 2 +2(b-c) 2 -2(a-c)(b-c) = 2. 

0 P 2 -P(b-c) + (b-cf -1 = 0 

Coi dang thuc tren la phuong trinh bac 2 voi an la (b - c). Be phuong trinh nay 
co nghiemtaphai co A b _ c = P 2 -4^P 2 -l)>0<=>.P 2 <^=>P<-J=. 


Dang thuc xay ra khi va chi khi 


2 

a-c = —j= 

V3 

( /,_6 ) 2_ ^ _6 ) + 3 = 0 ^ 

a+b+c =0 

a>b>c 


2 + V3 


h-1 

3 


_ 2-V3 

3 
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A lA , 2 . . 2 + V3 , 2 2-V3, . 

Vay gia tn 1cm nhat cua r bang —^ a at tai a- - ,b = —,c = -hoac 

' V3 ' ' 3 3’ 3 

cac hoan vi. 

Cach 2: Khong mat tinh tong quat gia siia = max{a,b,c],c = min [a, b, c} => P - a -c. 
Ta co 

a 2 +b 2 +c 2 -ab-bc-ca = 1 »[a + b + cf -3[ab + bc + ca)-\ 

<^> ab + bc + ca -1 

Suy ra: P 2 = (a-c) 2 =(a + c ) 2 -4ac -(l-bf - 4[l- b(a + c)] 

= (2-bf -4 + 4b(2-b) = -3b 2 +4b = -3(b-~] + -<- 


Dang thuc xay ra khi va chi khi 


b J- 

3 


a + b + c = 2 


3) 3 3 

2 + V3 


3 


_ 2-V3 

3 


Cach 3: Khong mat tinh tong quat gia sir c - min {a,b,c). 

Dat a- x + c,b = y + c,[x,y> 0). 

Ta co: a 2 +b 2 +c 2 -ab-bc-ca - 1 suy ra 

<=> (x + c ) 2 +(y+ c) 2 +c 2 -c(x + c)-c(y+ c)-(x + c)(y+ c) = 1. 


ox 2 -xy + y =1=> 


Suy ra P- max{x,y) < -j=. 



| + 3/ =1 | 

l 2 J 

4 j 

[(H 

\ 3x 2 

+ —= 1 

1 4 1 


~>l3 
„ 2 ' 


C. BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la do dai 3 canh mot tam giac va x,y,z la cac so thuc thay 
doi thoa man ax + by + cz = 0. Chung minh xy+yz + zx< 0. 


Bai 2. Cho x,y,z la cac so thuc thoa man dieu kien 


{x 2 +2y 2 +3z 
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Tim gia tri Ion nhat cua x. 

Bai 3. Cho x,y la hai so there thoa man dieu kien x 2 + xy + y 2 - 6(x + y) +11 = 0. 

Tim gia tri ldn nhat, gia tri nh d nhat cua bieu there P = y + 2x. 

Bai 4. Cho x,y,z la cac so thuc khong am co tong bang 1. Tim gia tri ldn nhat cua 
bieu there P = 9xy +10 vz +1 lzx. 


Bai 5. Cho hai so there duong x,y thoa man dieu kien x 2 y = 1. Chung minh rang 
x^x 2 +y 2 + x 2 >2. 


Bai 6. Cho n so there a 1 ,a 2 ,...,a n thupc doan [0;1], Chung minh 
(l + aj +a 2 +~. + a n f >4^a 2 +a 2 +... + a 2 y 
Bai 7. Tim tat ca cac so nguyen duong n sao cho vdi moi so there x ] ,x 2 ,..,x n ta co 
x 2 +x 2 +... + x 2 >(x 1 +x 2 +... + )x n . 

Bai 8. Chung minh vdi moi so there x,y,z va a,b,c la do dai ba canh mot tam giac ta 
co a(x-y)(x-z) + d(y-z)(y-z) + c(z-x)(z-y)>0. 

Bai 9. (Vasile-Cirtoaje) Chung minh vdi moi so there a,b,c ta co 
(a* + b 2 +c*f>3(a 3 b + b 3 c + c 3 a). 

Bai 10. Cho a,b,c la cac so there duong co tong bang 3. Chung minh 
9 

a + ab + 2abc < —. 

2 

Bai 11. Cho a,b,c la cac so there khong am. Chung minh rang 

a 2 +b 2 +c 2 +2abc + 3>(\ + a)(\ + b)(\ + c). 

Bai 12. Cho a,b,c la cac so there khong am. Chung minh 
2(a 2 +b 2 +c 2 ) + abc + %>5(a + b + c). 

Bai 13. Cho a,b,c la cac so there khong am. Chung minh 
(a 2 + 2)(b 2 + 2)(c 2 + 2) > 9(ab + be + ca). 

Bai 14. Cho tam giac co ba goc A,B,C chung minh vdi moi so there x ta co 
1 + ^-x 2 >cosy4 + x(cosS + cosC). 

Bai 15. Chung minh rang vdi moi so there x va y ta co 

x 2 ^1 + sin 2 y j + 2x(siny + cosy) +1 + cos 2 y > 0. 




Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Bai 16. Chung minh rang vai moi so thuc x va y ta luon co 
(x + yf -xy + \>j3(x + y). 

Bai 17. Chung minh rang vai moi so thuc x,y,z va ba goc A,B,C cua mot 
tarn giac ta co x 2 + y 2 + z 2 > 2 xy cos C + 2 yz cos A + 2zx cos B . 

Bai 18. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
xyz + x + y + z = 4. 

Chung minh rang x +y + z>xy + yz + zx. 

Bai 19. Cho | 0<a -^- c chrmgminh 
[x,y,z>0 

( i \f x y (a + c) 2 , \2 

ac{xa + yb + zc)\— + — + -\<- - —(x + y + z) . 

V a b c) Aac 

Bai 20. Cho a,b,c,d la cac so thuc thoa man dieu kien 

Chung minh rang ac + bd + cd < ^ + . 

4 

Bai 21. (TSDH Kh6i A 2011) Cho cac so x,y,z e [l;4] thoa man dieu kien 

x > y,x > z . Tim gia tri nho nhat cua bieu thuc P = ——— + —— + Z . 

2x+3 y y+z z+x 

Bai 22. Cho a,b,c,d la cac so thuc thoa man b>c>d. Chung minh 
(a + b + c + d ) 2 >8 (ac + bd). 

Bai 23. Cho a,b,c,d,p,q la cac so thuc thoa man dieu kien 
p 1 +q 2 -a 2 -b 2 -c 2 -d 2 >0. 

Chung minh [p 2 -a 2 -b 2 ^q 2 -c 2 -d 2 ^<[pq-ac-bd ) 2 . 

Bai 24. Cho a,b,c la do dai ba canh mot tarn giac va p,q,r la ba so thuc thay 
doi thoa man dieu kien p + q + r - 0. Chung minh a 2 qr + b 2 rp + c 2 pq < 0. 
Bai 25. Chung minh rang vdi moi so thuc a,b ta co |a 2 + 2 ^{b 2 + 2 j > 3 [ab + a + b ). 
D. HIONC, DAN GIAI - DAP SO 

Bai 1. Tvr gia thiet ta co: z = _ ax + by y -^ ^ dang thuc can chung mi nh dudi 
c 

dang: xy - ° X + ^ (x + y) < 0 <=> ax 2 - y(a + b-c)x + by 2 >0. 
c 


\a 2 +b 2 =1 
[c + d =3 
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Coi ve trai bat dang thuc tren la tam thuc bac hai cua x ta dugc: 

A x = y 2 (a + b-cf - 4aby 2 = y 2 |^(a + b - cf - 4ab^ 

- y 2 j^(a — Z ?) 2 +c 2 -2c(a + Z?)J < y 2 \c 2 +c 2 -2c(a + Z?)J = 2 cy 2 [c-a-b) < 0 
Ta co dieu phai chung minh. 

Bai 2. Thay z = l-x-y vao phuong trinh thvr hai ta dugc 
x 2 + 2y 2 + 3(l-x-y ) 2 - 4 = 0 
<=> 5y 2 + 6 (x-l)y + 4x 2 - 6 x-l = 0 
^A' j; =9(x-l) 2 -5(4x 2 -6x-l)>0 

»11x 2 -12x-14<0»- 


6-/190 6+ 190 

-<x <—7 - 

11 V11 


6 + Vl90_ 15-3^190 _ 10-2V190 

11 ^ y ~ 55 ’ Z_ 55 

6 + V190 




Vay gia tri ldn nhat cua x bang 
Bai 3. Rut y = P-2x thay vao dieu kien bai toan ta dugc: 

x 2 +x(P- 2 x) + (P- 2 x ) 2 - 6 (x + P- 2 x) + ll = 0 
«3x 2 -(3P-6)x + P 2 -6P + 5 = 0 
^A x =(3P-6) 2 -12(p 2 -6P + 5)>0 
<^>P 2 - Y2P + 8 < 0 <=> 6 - 2V7 < P < 6 + 2V7 
Vay P min = 6 - 2 V7; P min = 6 + 2 V7. 

Bai 4. Thay z = 1 - x - y vao bieu thuc cua P va rut ggn ta dugc 
llx 2 +(l2y-ll)x + 10y 2 -10y + J P = 0 
=> A x = (I2y -11) 2 - 44(lOy 2 - lOy + pJ > 0 

74f 2 22 121^1 74f Ilf 195 195 

==>PS- 7it 7 -T, y -™ru{ y -v) + IS-1S 


, 7 „ _ 195 / x l ij u jci 

Vay P max = — o (x;y;z) = — 


25 11 21 \ 


Bai 5. Ggi P la bieu thuc v 6 trai ta co y = ~j suy ra 



Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 

P = x 2 +^Jx 4 + -^-<=>P-x 2 =^x 4 +-^~ 

=> P 2 - 2Px + x 4 = x 4 + \ <=> 2Px 4 - P 2 x 2 +1 = 0 
=> A^ 2 = P 4 - 8P > 0 <=> p(p 2 -8j>0=>P>2 
Khi x = A=,y = 2 thi P bang 2. Vay Min cua P bang 2. 

V 2 

Bai 6. Xet tam thuc bac hai 

f (x) = x 2 — (l + + a 2 +... + a n )x + ^ a 2 + a 2 +... + a 2 j. 

Ta co 

/(0) = aj 2 + a 2 +... + a 2 >0;/(l) = a 1 (a 1 -l) + a 2 (a 2 -1 ) + ... + a n (a n -l)<0. 

Suy ra /(0)./(1)<0=>3 x 0 e [0; l] sao cho /(x 0 ) = 0 tuc f(x) co nghiem. 

Vi vay A > 0 <=>(l + a x + a 2 +... + a n ) 2 > 4 {a 2 + a 2 +... + a 2 j. 

Bai 7. Bat dang thuc dung voi moi so thuc nen dung voi 

Khi do bat dang thuc trb thanh («-l) + 2 2 >2(n-l)<=>n<5^>l<n<5. 

Ta chung minh voi n=l,2,3,4,5 la cac gia tri can tim. 

Xet tam thuc bac hai f{x n ) = x 2 -(x, +x 2 + ... + x„_ 1 )x„ +x 2 +x 2 + ... + x 2 _!. 

Taco A Xn =(xj +x 2 + ... + x„_ 1 ) 2 -4^x 2 +x 2 + ... + x 2 _j j. 

Do n<5 va theo bat dang thuc C-S ta co 

4^xf + xf +... + x 2 _ 1 )>(«-l)(x 1 2 +xf +... + x 2 _j) 

>(xj +x 2 + ... + x„_ 1 ) 2 
=>A % <0^/(x„)>0 

Dieu do chung to bat dang thuc luon dung voi n- 1,5 . Vay n=l,2,3,4,5 la tat ca 
cac gia tri can tim. 

Bai 8. Ve trai viet lai thanh tam thuc bac hai cua x ta duoc 

ax 2 -(ay + az + by -bz + cz -cy)x + {ayz + by 2 -byz + cz 2 -cyzj. 

Ta co A = (ay + az + by - bz + cz - cyf - 4 a (ayz + by 2 - byz + cz 2 - cyzj. 

= (a 2 +b 2 +c 2 -2ab-2bc-2ca^(y-z) 2 
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Chiiy a 2 +b 2 +c 2 <2(ab + bc + ca)=> A<0=>n. 

Bai 9. Dat b-a + x;c = a + y. Bat dang thiic duoc viet lai dudi dang: 

(x 2 -xy + y 2 Ja 2 -[x?-5x 2 y + 4xy 2 + y 3 )a + x 4 -3x 3 y + 2x 2 y 2 + y 4 > 0 . 
Ve trai la tam thiic bac hai cua a co he so cua a 2 khong am. 

Chii y x 2 - xy + y 2 = 0 » jc = y = 0 => bit dang thiic luon dung. 

Vdi x 2 -xy + y 2 >0 khi do 

A a = (x 3 -5x 2 y + 4xy 2 +y 3 j -4(x 2 -xy + y 2 )(x 4 -3x 3 y + 2x 2 y 2 +y 4 j 

= -3(x 3 -x 2 y-2xy 2 +y 3 ) 2 <0 

Dieu do chiing to bat dang thiic luon dung(dpcm). 

Bai 10. Thay b = 3- a-c va dua ve chiingminh 

/(a) = (2c + l)a 2 +(2c 2 -5c-4)a + !>0. 

Chu y A a = (2c 2 - 5c - 4) 2 - 18(2c +1) = (2c -1) 2 [c(c - 4) - 2] < 0, Vc e [0;3]. 
Dieu do chiing to bat dang thiic luon dung. 

Dang thiic xay ra khi va chi khi a = ^,b = l,c = ^. 

Bai 11. Bat dang thiic tuong duong vdi: 

a 2 + b 2 + c 2 + 2 abc + 3 > 1 + a + b + c + ab + bc + ca + abc . 

<=> a 2 +a(bc-b-c-\) + b 2 +c 2 -bc-b-c + 2>0. 

<=>a 2 + a(bc - b - c - \) + (b - cf +bc-b-c + 2>0. 

Coi ve trai bat dang thiic tren la tam thiic bac hai cua a ta duoc: 

A a ~{bc-b-c-\f -4^(d-c) 2 +bc-b-c + 2^ 

= b 2 c 2 -2b 2 c-2be 2 -3 b 2 - 3c 2 +4bc + 6b + 6c-l. 

=b 2 [c 2 -2c-3j-2(c 2 -2c-3jd-3c 2 + 6c-7 
Lai coi day la tam thiic bac hai cua b ta duoc: 

A \ = (c 2 - 2c - 3) 2 - (c 2 - 2c - 3)(-3c 2 + 6c - 7 ) 

= (c 2 -2c-3)(c 2 -2c-3 + 3c 2 -6c + 7) 

= 4(c 2 -2c-3)(c-1) 2 =4(c-1) 2 (c + 1)(c-3) 
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TH1: Neu be-b-c -1 > 0 ta co ngay dieu phai chung minh. 

TH2: Neu be -b - c-1 < 0 <=> {b -l)(c-l) < 2 ta xet hai kha nang 

Kha nang 1. Neu c< 3 => c 2 -2c-3 < 0, A' b <0 =^> A a < Ota co ngay dieu phai 
chung minh. 

2 

Kha nang 2. Neu c>3^>6-l<-< 1 <=> b < 2luc nay ta lai coi A la tam 

c-1 

thuc bac hai cua c va thuc hien tuong tu tren ta co ngay A ' c < 0 A a < 0 ta co 
ngay dieu phai chung minh. 

Bai 12. Viet lai bat dang thuc duoi dang: 

2a 2 +a(bc-5) + 2b 2 + 2c 2 -5b-5c + S>0. 

Coi ve trai cua bat dang thuc la tam thuc bac hai cua a ta duoc: 

A a = (be - 5) 2 -8(2 b 2 + 2c 2 - 5b - 5c + 8) 

= b 2 c 2 - 1 6b 2 - 16c 2 - 106c + 406 + 40c - 39 . 

= 6 2 (c 2 -16)-106(c-4)-16c 2 +40c-39 

Ta co: 2 b 2 + 2 c 2 - 56 - 5c + 8 > 0, V6,c (xet tam thuc bac hai voi b hoac c). 

TH1: Neu 6c > 5 ta co ngay dieu phai chung minh. 

TH2: Neu be <5 lai coi A a la tam thuc bac hai cua b ta duoc: 

A' b =25(c-4) 2 -{c 2 -16)(-16c 2 +40c-39) 

= 8(2c 4 - 5c 3 - 24c 2 + 55c - 28) = 8(c -1) 2 (c - 4)(2c + 7) 

Kha nang 1. Neu c<4=>c 2 -16<0,A' fe <0^> A a <0ta co ngay dieu phai 
chung minh. 

Kha nang 2. Neuc>4=>6< — < — <4 luc nay coi A la tam thuc bac hai cua c 
c 4 

va thuc hien tuong tu tren ta co A ' c < 0 => A a < 0 ta co dieu phai chung minh. 
Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi a = b = c = \. 

Bai 13. Ta can chung minh: (a 2 + 2^[b 2 +2^[c 2 + 2^-9(ab+ bc +ca)>0. 

«4(^ + 4 2 +C 2 ) + 2(< J 2 4 2 + l) + 2(iV + l) + 

2 (c 2 a 2 + 1) + a 2 b 2 c 2 +1 - 9(a6 + be + ca) > 0. 
Sii dung bat dang thuc AM-GM ta duoc: 

2(a 2 6 2 +1) + 2(6 2 c 2 +1) + 2 ( c 2 a 2 +1) + a 2 b 2 c 2 + 2 > 4a6 + 46c + 4ca + 2abc +1. 
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Ta can di cherng minh. 

d(a 2 +b 2 + c 2 ^ + 4ab + 4bc + 4ca + 2abc + l-9[ab + bc + ca) > 0. 

<=>3 (a 2 +b 2 +c 2 -ab-bc-ca^ + ^a 2 +b 2 + c 2 + 2aZ>c + l-2(aZ> + Z?c + ca)J>0 
(luon dung) do 

a 2 +b 2 +c 2 -ab-bc-ca> Ova a 2 +b 2 +c 2 + 2abc + \-2(ab + bc + ca)>0 . 
Dang there xay ra khi va chi khi a = b = c-1 . 

Bai tap tirong tir 

Cho a,b,c la cac so there khong am. Chung minh 

abc + ?>(a 2 +b 2 +c 2 y\\>l(a + b + c). 

Bai 14. Viet lai bat dang there deroi dang 

x 2 -2x(cosS + cosC) + 2(l-cosy4)>0. 

Ta co A\ = (cos B + cosC) 2 -2(l-cosy4) = 4sin 2 y^cos 2 ^ ^ ^ - lj < 0 . 

Do do bat dang there deroc cherng minh. 

Bai 15. Chu y 

A' x =(siny+ cosy) 2 -(l + sin 2 + cos 2 y) = -(l-sinycosy) 2 <0. 

Bai 16. Chuy A x = -Uj3y-\} <0^>dpcm. 

Bai 17. Chuy A' x = -(ysinC-zcos5) 2 <0. 

Dang there xay ra khi va chi khi x - —— = Z . 

sin A sin B sinC 

Bai 18. Khong mat tinh tong quat gia ser z = min{je,j/,z} => z < 1. Khi do 
4-yz 

x =---. 

y + z+yz 

Ta can cherng minh ——+ y + z > (y + z ).——+ yz 

y + z + yz y + z + yz 

<=> (l + z-z 2 )y 2 +{z 2 +z-4jy + (z-2) 2 >0 

=[z 2 +z-4^ -4^1 + z-z 2 j(z-2) 2 = z(z-l) 2 (5z-8)<0 
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Bai toan dirge chung minh. Bang thuc xay ra khi va chi khi x = y = z = 1 

hoac x = y = 2,z = 0 hoac cac hoan vi.(xem them ky thuat phan chung). 

Bai 19. Dat / (x) = x 2 - (a + c)x + ac- 0 co 2 nghiem a,c 

Ma: a < h < c => f(b)<0ob 2 -(a + c)b + ac< 0 

<3>b + — <a + coyb + ac— <(a + c)y 
b b 

=> xa + ac—\ + (yb + ac—) + {zc + ac—) <(a + c)x + (a + c)y + (a + c)z 
V a) b c 

xa +yb +zc + ac\ — + — + — <(, a + c)(x + y + z) 
ya b c J 

Theo bat dang thuc AM - GM ta co 

=> 2 (xa + yb + zc)ac\ — + — + — <(a + c)(x + y + z) 

\ ya b c) 

<=>4 (xa + yb + zc)ac\ —+—+—< (a + c) 2 (x + y + z) 2 
ya b c) 

o(xa + yb + zc)acf— + — + —!< --—fe- y + z) 2 (dpcm) 

V a b c) Aac 

Bai 20. Thay d = 3 - c vao bieu thuc ve trai duoc tam thuc bac hai cua c 
/(c) = ac + b(3 -c) + c(3 -c) = -c 2 -c(b -a-3) + 3b 
< ^ 3 + a-fr j = I2b + (a-b + 3f 

Ta chi can chung minh 

\2b + (a — b + 2>) 9 + 641 , x nr 

-^- — < —-— <=> 6(a + b)-2ab < 6v2 -1 

<=> 6(a + Z>) -|^(a + Z>) 2 -lj < 641 — 1 

o [a +b - 41\[a + b + 641) > 0 

Bat dang thuc cuoi dung do \a + b\< ^2^a 2 +b 2 ) = 42 . 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi 

> 1 .3 

a=b-—;=,c = d =— . 

41 2 
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Bai 21. Ta chung minh 

+^+^>51 

2x + 3y y + z z + x 33 

o (3 lx- 3y)z 2 + (96 y 2 - 35x 2 - Sxyjz + 3 lx 2 y - 3xy 2 > 0 

Ve trai la tam thuc bac hai cua z vcri he so cua z 2 dirong nen ta chi can 
chung minh 

(96 y 2 - 35x 2 - 5xyf - 4(3 lx - 3y)(3\x 2 y - 3xy 2 ) < 0 
o (x - y) (x - Ay) (l 125x 2 + 2631 xy + 2304 y 2 ) < 0 
Bat dang thuc cuoi dung do x - y > 0;x - Ay < 0. 

Nhan xet. Vcri each lam nay ta chi can gia thiet bai toan la x > y . 

Bai 22. Viet lai bat dang thuc ducri dang: 

a 2 + 2(b + d-3c)a + (b + c + df -Sbd>0. 

Ve trai la tam thuc bac hai cua a dat gia tri nho nhat tai 3 c-b-d gia tri nho 
nhat nay bang 

P min ~(3c-b-d) 2 -2{3c-b-df + (b + c + df -Sbd 
= (b + c + df -(3c-b-df -Sbd 

= 8(b + d-c)c-8bd = -8[c 2 -(b + d)c + bd'] = -8(c-b)(c-d)>0 
Bat dang thuc duoc chung minh. 

Bai 23. Vi p 2 +q 2 -a 2 -b 2 -c 2 -d 2 =(p 2 -a 2 -b 2 } + (q 2 -c 2 -d 2 }> Onen 
ton tai it nhat mot trong hai so p 2 - a 2 -b 2 , q 2 -c 2 -d 2 duong. Khong mat 
tinh tong quat ta gia sit p 2 - a 2 -b 2 > 0. 

Xet tam thuc bac hai 

/(x) = (/-a 2 -Z> 2 )x 2 -2 (pq-ac-bd)x + (q 2 -c 2 -d 2 f 

Taco: p 2 .f(q) = -{aq- pcf -{bq- pdf < Onen /(x) luon co nghiem. 

Suyra A' x > 0 (pq - ac - bdf >(/> 2 -a 2 -b 2 fq 2 -c 2 -c/ 2 ). 

Ta co dieu phai chung minh. 

T6ng quat voi n s6 thuc thoa man dieu kien a 2 -a 2 -...-a 2 > Ota co 
(a 2 -a 2 -...-cff)[b 2 -b 2 -...-b 2 j<(a^ -a 2 b 2 -...-a n b n ) 2 . 
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Bai 24. Thay r--p-q vao bat dang thiic can dua ve chiing minh: 
a 2 q{~P ~ q) + b 2 {-p - q) p + c 2 pq <0 <=> -a 2 q 2 + p[c 2 -b 2 -a 2 ^jq-p 2 b 2 <0. 

Coi ve trai bat dang there tren la tam thiic bac hai cua q ta dugc: 

A q = p 2 [c 2 -b 2 -a 2 ) 2 -Ap 2 a 2 b 2 = p 2 [c 2 -b 2 -a 2 -2ab}[c 2 -b 2 -a 2 + 2ab} 

= p 2 [c 2 ~[a + b) 2 Mc 2 -(a-Z>) 2 j<0 

Do c > |a «![,c < a + b. Vay ta co dieu phai chiing minh. 

Bai 25. Bat dang thiic da cho tuong duang vai: 

a 2 b 2 + 2(a 2 +b 2 ) + 4-3ab-3(a+b)>0 
<^> a 2 {b 2 + 2^-2>a{b + \ s ) + 2b 2 - 3h + 4 > 0 
Ta chi can chiing minh rang 

A a = 9 (b + if -4(i 2 + 2)(2h 2 - 3b + 4) 

= -{b- 1) 2 ^8h 2 + 4h + 23 j < 0 
Bat dang thiic cuoi dung. 

Bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a-b- 1. 

chv de 7:KythuAtdanhgiAbAtdangthuctichphAn 

Duoi day chi trinh bay mot so bai toan bat dang thiic tich phan ma phuong phap 
giai chi thong qua cac bat dang thiic dai so roi lay tong tich phan se dan den ket 
qua cua bai toan. 

Bat dang thiic tich phan la bai toan kha hay de tim hieu them ban dpc tim dgc 
cac Chuyen de khac ve bat dang thiic tich phan tren Dien dan hpc tap true tuyen 
Mathlinks.vn 

A. NOl DUNG PHlTGNG PHAP 

Bai toan: Cho f,g,h: [a,6] —> IK la cac ham kha tich tren [a,6] dong thbi thoa 
man dieu kien g(x)< / (x) < h(x) voimgi xe[a,i] taco 
b b b 

J g(x)dx < J f(x)dx < J h(x)dx . 

Cac bat dang thiic phu hay dugc sii dung 

x 3 x 3 x 5 

> sinx<xvax-<sinx<x-H-,Vx>0. 

3! 3! 5! 
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> cosx> 1 — —— va 1- —<cosx<l- —+ —,Vx>0. 

2 2 2 4! 

> —<ln(l + x)<x. 
x +1 V ’ 

Yeu cau. Cac bat dang thiic dai so nhu Co si, Cauchy - Schwarz,... can nam vung. 

Nhu vay dang bat dang thiic co ban ciia tich phan chinh la quy bai toan ve danh 
gia bat dang thiic trong dau tich phan. 


B. BAI TAP MAU 

b 2 2 2 

Bai 1. [IMC 2011] Chung minh rang j^x 2 +\^e~ x dx>e~ a -e~ b voi moi so 
thuc a <b. 

Loti giai 

Voi moi so thuc x ta luon co x 2 +1 > 2x suy ra 

b 2 b 2 2 2 

J(x 2 +l)e“ x dx>j2xe~ x dx = e~ a -e~ b . 

Bai toan dupe chiing minh hoan toan. 

Bai 2. Chung minh rang f xsmx ^ j _ ^2 . 

'1 + xsinx 


Lai giai 


Viet lai bat dang thiic can chiing minh duoi dang: f-—-> In 2. 

'1 + xsinx 

„ . r dx r dx n 

Voi moi x > 0 => sinx<x=> -> -=- = — >/n2. 

• 1 + xsinx '1 + x 4 

Bai toan dupe chiing minh hoan toan. 


Bai 3. Cho ham so /(x) dupe xac dinh bbi /(x) 


lim - 

[x-»0 + 


e (°; 1 ] 

—,x-0 


Chiing minh rang — < f f (x)dx < 122^. 

18 J 1800 
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L&i giai 

Ro rang voi gia thiet ham so /(x) da cho thi /(x) lien tuc tren [0;l]. 

x 3 x 3 x 5 

Tiep den su dung bat dang there phu x-<sinx<x-+-,Vx>0, t 

6 6 120 

, , x 2 sinx , x 2 x 4 

duoc 1-<-<1-+-. 

6 x 6 120 

Chuyen qua tich phan hai ve cua bat dang there tren ta duoc 

jf, <rf, _C + „ II < bin * <25!. 

J ol 6 J l * Jl 6 t2 V 18 J » * 1800 

Bai toan duoc chung minh hoan toan. 

1 


Bai 4. Chung minh rang 
n> 2. 


tan” xdx < 


2(n + l) J 2(»-l) 

Lai giai 


voi moi so nguyen duong 


Dat a n — j tan” xdx vdi moi 0<x< — =>0<tanx<l =>tan”x<tan” J x 


=> a n < a n _\ terc day { a n } giam. 
Suy ra a n+2 +a n < 2a n <a n + a n _ 2 . 


Mat khac ta lai co a„. ? + a„ - f tan” x (\ + tan 2 x) dx = —-—tan” x 4 = —— 
o ’ ” + l o n + l 

4 , 1-1 

Va a n _ 2 +a„ = J tan” -2 x^l + tan 2 x^dx =-tan” -2 x 4 =-. 


Tit do suy ra <%/ 1 ^ < a n < 1 


2(« + l) ” 2(«-l) 

1 4 j 

Vay —-- < f tan” xdx < — -V« > 2. 

2(h + 1) J 2(„-l)' 


Ter chung minh tren suy ra lim n J tan” xdx = —. 
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Bai 5. [VMC 1994] Xet tich phan /„ = j jc” ^4 -xdx, ns N*. 


b) Chung minh rang I n < 2 2 ” +3 (2 ne) : 


/„ = j x” V4 ^dx = 2 2n+4 J cos 2 ” +1 tsin 2 tdt = 2 2 " +4 j cos 2 ” + Wt - J cos 2n+3 tdt 


Xet tich phan J m - J cos m tdt,m > 1. 


Tich phan tung phan ta dugc: 


= J cos m tdt = J cos'” l td (sint) = J (m -l)sin 2 too s'” 2 tdt 


= (m-l) Jcos m 2 tdt - J cos m tdt 


> J m = -J m _,. Ta co J. 


= | costJt = 1 suyr; 


_ 2«+4 / j r \ n 2 «+ 4 ( 2n-2 2 2n + 2 In 2 ) 

/„=2 U*W**3) = 2 t2n+T'2nM"'''3' 1_ 2n + 3''2n+T'''3' 1 J 

= 2 2« + 4 2w(2w-2).„2 r _ 2m + 2\ = ^ 2n(2n-2)...2 

(2n + l)(2n-l)...3 V 2n + 2>) (2n + 3)(2« +1)(2«-l)...3 ' 


Chung minh I n < 2 2 ” +3 (2ne) 2 . 
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Dat x = At. Khi do I n = 2 2n+ 3 f t n yjl - tdt ta chung minh t n Vl -t <fc§|=L= hay 
i ylne 


t 2n (\-t)< — . 

V ’ 2 ne 

Su dung bat dang there AM - GM ta duoc: 


, 2 "(l-«) = (2„) 2 ”(^]”(l-,) S (2„f 


( t t t ' 

-+-+ ... +-+ 1 ~t 

2 n 2 n 2 n 


(H n 

(2n + lf n 


Nhu vay ta chung minh 


(2n + l) 2 ” 


1 


(2n + lY 


ol<(2« + l)ln^l + ^-j 


De dang chung minh duoc ln(l + x)> -Vx > 0 . 

Tir do ta co dieu phai chung minh. 

^ , - Y sin«*. 2( 1 1 n 

i x 7t\\ + n 2 + n 2 n) 

Lai giai 

2 f\$mnx\ ^Isinfl ^'(^i^lsintl 

Dat t = nx. Khi do I n = j J- klx = j J- kit ( 1 - [ di 

m X nn 1 k=n kn 1 

2n-l i {k+\)n 2n-l 7 

> V --— f |sintLft=Y--—. 

tni k + X )x L tn{ k + l )x 


Bai toan duoc chung minh hoan toan. 

i 6n 2 +2n + \ 


Bai 7. Chung minh rang - 


6 n 


< f a/1 + xdx < + 1 vdi moi neN,«>2, 

J 2 n 


Lai giai 

Ta se chung minh 

1 + — - U ^ n ^ x 2 <\Jl + x <1 + — voimoi x>0,weN* (1.1) 
n In n 

Khi do lay tich phan hai ve cua (1.1) tren [0,1] ta co dieu phai chung minh. 
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„ , f ( xV f x 2 A 1 2n + l . 

That vay taco 1 + — \ax= x-\ -= 1H-=-va 

' n) l 2/i lO 2 n 2n 


[( 1 + £_£q**WJ 

J A n 2n 2 I I 2 n 


x 2 (n-l)x 3 

x +-^-2— 

^ 2 n 6 n 


1 _ 6n 2 +3n-(«-l) _ 6« 2 + 2« + l 
0 6 n 1 6 n 2 


Viec chiing minh bat dang thiic (1.1) chi viec khao sat ham so. 

Binh luan: Vi sao lbi giai nghi den viec chung mi nh bat dang thiic (1.1)?. 

Day la mot kinh nghiem khi giai toan, do la dira vao khai trien Taylor cua ham 
so / (x) = yj\ + x tai x — 0 ta duoc 

n 2 n 6 n 3 

Cung tu tucmg nay vdi cosx = + e~ lx J va sinx = ~( e ' X ~ e ~‘ X ) khai 

trien Taylor cho ham e x va ta co cac bat dang thiic sau day. 


Luc nay chi viec lay tich phan hai ve tren [a,d],(0 < a < b) ta co cac bat dang 
thiic het siic thii vi. 

Bai 8. Chiing minh rang J sinx 2 <?x > 0. 

o 

Lai giai 

x 3 

Trade tien ta chiing minh: sinx > x-, Vx > 0 

6 


That vay xet ham so /(x) = sin x — x H-ta co 

6 


Suy ra f\x) > /"(0) = 0 =>/'(*) > /'(0) = 0 => /(x) > /(0) = 0 . 
x 3 

Tiic la sinx >x-,Vx> 0 . 

6 

Suy ra 

^Y . 2 , f 2 f x 3 x 1 \j2n 2n42n \ti 3 JTk 2it'$2n( 2;r) 

J J [ 6 j { 3 42 J|o 3 21 3 l 7 J 
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Bai 9. Chung mi nh rang voi moi n nguyen duang ta luon co 

2 


J +1 


-dx> 


J 0 x" + x" _1 +... + X + 1 n +1 
Loi gidi 

Voi moi k g [0 ,n] va x g[0,1] ta co (l-x”)(l-x”~*J>0=>x fc +x n ~ k <x” +1. 
Cho k = 0,1,2,..., n va cong theo ve cua n +1 bat dang tren theo ve, suy ra 

2 (x” + x" _1 + ... + x + l)<(« + l)(x” +l)=>- +l -. 

' > K > jc »+jc"- 1 +... + jc + 1 « + l 

„ I x”+l , i 2 , 2 

Suy ra -—- dx > -Ux =-. 

J 0 x" +x" +... + X + 1 ^« + l « + l 

Bai toan dupe chung minh hoan toan. 


cos x sin x 


Bai 10. Tim gia tri nho nhat cua bieu thuc /„ = J | Sm - X + 

r] 


Voi moi xe 


n 3 n\ 

_7’T 


Cot gidi 

> cosx > 0,sinx >0 khi do ta co 




cos”x sin” x sin” 2x 

Mat khac ham f(n) = a n+] la ham loi nen ta co 
/ (sin 2 x j + / (cos 2 xj = sin 2 *” +1 ) x + cos 2 ^” +1 ^x 


I r,n l • 2(n+l) , 2(«+l) 

- > 2 sm ' ’ x + cos v ’x 


>2 cos 2 x + sin 2 x )_2 cos 2 x +sin 
” J { 2 ( 2 


Suy ra 


2”(sin 2 (” +1 )x + cos 2 (” +1 )x)>1^7„=| + f & = * 

' ' t cos”x sin” x i. 8 


Bai 11. Voi moi so thuc a ( ,i = 1,2 ,...,n . Chung minh rang 

Cl:Cl : 

Z T— l ~T ~— — 0 • 

1 <;<«,!< j<n ? + 2 + 1 





Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Ld'i giai 


Xetdathuc f(x)-^ j a i x I taco / 2 (x) = ^a,-x' - ^ a i a / x !+ 

i =1 v 1=1 ) \<i<n,\< j<n 

Den day lay tlch phan hai ve tren [0, l] ta co dieu phai chung minh. 


C. BAI TAP REN LUYEN 

Bai 1. Chung minh rang 


a) 2^< j Jx 3 — 6x + 5dx < V34 . d) jV 


71^2 




j sinx^< 


ln;r-ln2 

n-2 


') A 


f) f' 


—r- dx< -. 

x 1 +\ 12e 


Bai 2. Chung minh rang voi moi x > 0 ta luon co 


e x -l< jyfe 2t +e 1 dt<^[e x -lj| e x ~A • 




Bai 3. Chung minh rang — < f S ' n * dx < —. 

6 ' x 2 

6 

e ('l njc ') 2013 

Bai 4. Chung minh rang J -- - - dx 


2014.2015.2016 


, . , i ? (cosx) smx 

Bai 5. Chung mi nh rang ----- 


0 (cosx) smx +(sinx) c 
Bai 6. Cho 0 <a<b chung minh rang 
r x 2 + x +1 ^ 

X _ 54‘“2a + l ‘ 


. > x“ + x +1 , ^ 1 . 2b +1 
a) J- -dx<—\n- 


b ) f 


a (x + 2) 5 
- x 4 +x 2 +l 


2916 (2a-l)(2Z? + l) 
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Bai 7. Chung minh rang 1 + —— < j e x dx< 1 + —— voi n e 


Bai 8. Chung minh rang f 1 +x 2 In 2 (x + \)dx > — . 

' f 

Bai 9. Voi moi so nguyen duong n. Chung minh rang | tan” xdx > - 


Bai 10. Chung minh rang — < f . * dx < — . K voi moi k e (0,1). 

^ o yl — k 2 sin 2 x 2-\J\-k 2 


Bai 11. Chung minh rang [ x\ smnx j dx < n K voi n > 1 . 

o V sinx ) 8 

Bai 12. Voi moi so nguyen duong n> 2 . 

Chung minh rang n + ^ < f e x dx < e + n 
n + \ J Q n +1 

h. 2 \k 2 

Bai 13. Voi k >0 chung minh rang x-x dx <—.— . - 

’ A k sJk + \ + 2k + l 


Bai 14. Cho cac so thuc duong a l ,a 2 ,...,a N . 

N N a a N 

Chung minh rang V V — > ' LJ1 — < 7tS\a 

^oZ J o m + n + l tx ' 
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Phiteriuj 2: 

BAT DANG THUt VA PHl/QNG PHAP TIEP CAN 

CHU DEI: 

cAckythuAtsudungbAtdAng thuc am- gmcobAn 


A. NOI DUNG PHlTONG PHAP 

I. Bat dang thuc Co si (AM-GM) cho 2 so khong am 

2 

Dang thiic xay ra khi va chi khi a = b. 

Cac dang tuong duong cua bat dang thuc tren 


Vi du 1. Chung minh rang voi moi so thuc duong a va b ta co 
a b a + b 

Loi giai. Sii dung bat dang thuc AM-GM cho 2 so ta co 


(a + b)\ — + — ] > 24ab—= 4 
V 'U b) yfab 


Dodo - + 

a b a + b 

Dang thuc xay ra khi va chi khi a - b . 

II. BSt dSng thuc Co si (AM-GM) cho 3 s6 khong am 

Dang thuc xay ra khi va chi khi a-b = c. 

Cac dang tuong duong cua bat dang thiic tren 


^ 3 ) 

Vi du 2. Chiing minh rang voi moi so thuc duong a,b,c ta co 


1119 

- 1 - 1 -> - . 

a b c a+b+c 

Loi giai. Sii dung bat dang thiic AM-GM cho 3 so duong ta co 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 



a b c a+b+c 

Dang thiic xay ra khi va chi khi a = b = c . 

III. Bat dang thiic Co si (AM-GM) cho n so khong am 

ai+a2+ --- +a - >^^:. 

n 

Dang thiic xay ra khi va chi khi a l =a 2 =... = a n . 

1. Cac bSt dSng thiic hay sir dung 

Truoc tien nhac lai mot so bat dang thiic hay dupe sii dung 

a 1 +b 2 >^(a + b) 2 \(a + b) 2 >4 ab 

a 2 +b 2 +c 2 >ab + bc + ca;a 2 +b 2 +c 2 >^(a + b + c) 2 

(a + b + c) 2 >3 (ab + be + ca);(ab + be + ca ) 2 >3 abc(a + b + c) 

(a + b)(b + c)(c + a) > ^(a + b + c)(ab + bc + ca) (1) 

a 2 b + b 2 c + c 2 a+abc<— (a + b + cf (2) 

27 V ’ 

Chimg mink (1) va (2):cent ben du&i 

2. Ky thuat danh gia trung binh cong qua trung binh nhan 

Gia thiet bai toan thudng cho tich cua cac so 
Sir dung bat dang thiic AM - GM cho n so dang 

ai+a2+ --- +a - >^^:. 

n 

Vi du 1. Chiing minh vai moi a,b,c la cac so thuc ta co 

(a 2 +b 2 ^[b 2 +c 2 )(c 2 +a 2 )>8a 2 Z) 2 c 2 . 

Lai giai 

Ta co 

a 2 +b 2 >2\la 2 b 2 -2|aZ>| 
b 2 +c 2 >24^c 2 =2\bc\ 
c 2 +a 2 >2*Jc 2 a 2 =2\ca\ 

Nhan theo ve 3 bat dang thiic tren ta co dieu phai chiing minh. 
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Vi du 2. (TSDH Khoi D 2005) Cho x,y,z la cac so thuc duong thoa man dieu kien 
r Vl + x 3 +y 3 | yjl + y^+z* | Vl + z 3 + x 


xyz = 1. Chung minh rang - 


xy yz 

Leri giai 

Su dung bat dang thiic AM - GM cho 3 so duong ta duoc 


> 3^3 . 



' j3^V.l 

*y 

xy 

-y/l + JV 3 +z 3 


yz 

yz 

Vl + z 3 +x 3 

^ te 3 .i _ 


■S 


Cong theo ve 3 bat dang thuc tren ta duoc 
Jl + x 3 +y 3 yjl + y 3 + z 3 Vl + z 3 +; 


xy yz zx 

Mat khac AM - GM cho 3 so duong ta duoc 
1 1 




_ + _ 1; s. 3 J 1 1 1 _3 

yjxy Jyz 4zx \Jxy yfyz Jzx 
Tit do suy ra dieu phai chung minh. Dang thuc xay ra khi va chi khi x = y = z = 1. 
Vi du 3. Cho a,b,c la cac so thuc duong co tong bang 3. 

Chung minh rang ^ ja[b + c ) + ^jb(c + a) + ^ jc[a + b ) > 3\jlabc . 

Leri giai 

Su dung bat dang thuc AM - GM ta co 

Ja(b + c ) + yjb(c + a) + y]c(a + b) > 3 %]abc(a + b)(b + c)(c +a). 


Mat khac abc < 


(a + b)(b + c)(c + a) > 8 abc 


Suy ra 

yja(b + c) + ^jb[c + a) + y]c(a+b) > 3\]8a 2 b 2 c 2 > 3%j8a 3 b 3 c 3 = 3^2abc . 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a - b = c = 1. 
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Vi du 4. Cho a,b,c la cac so thuc duong thoa man dieu a>b;a + b + c = 4. 

c 3 

Tim gia tri nho nhat cua bieu thuc P -4a + 3b + - -—. 

( a-b)b 

Ldi giai 

Chu y dieu kien a + b + c - 4, a > b, c 3 ta se tach P thanh tong cua cac so duong 
de su dung AM - GM sao cho mat di (a-b) va xuat hien tong (a+b+c) ve phai. 

Su dung bat dang thuc AM - GM cho ba so duong ta co 

c 3 c 3 

P-4a + 3b + - - —-(a-b) + b + - -— + 3(a + b) 

(, a-b)b K ’ (a-b)b K ’ 

I r 3 

> 33 (a -b).b- -— +3(a + Z?) = 3 (a + b + c) = \2 

V (a-b)b 


Dang thuc xay ra khi va chi khi 


(a-b)b <=> a -2;b = c-l 
\a + b + c- 4 


Vay gia tri nh d nhat cua P bang 12. 

Bai tap tuo ng tu - 

Cho a>b>c> 0 chung minh a + - 


->7 . 


(a-b) ( b-c ) c 

Vi du 5. (IMO 2012) Cho a 2 ,a 3 ,...,a n la cac sd thuc duong thoa man dieu kien 
a 2 a i ...a n - 1. Chung minh rang (l + a 2 ) 2 (l + a 3 ) 3 ...(l + a n ) n >n n . 

Ldi giai 

Su dirng bat dang thuc AM -GM ta co 


(' a k +l ) ~ 


1 1 1 

\ -1-h ... H- 

k -1 k -1 k -1 


(*- 1 ) 


Dang thuc xay ra khi va chi khi a k = ^ ^ ,k - 2, n. 

Khi do a 2 a 3 ...a n = —-— = 1, vo ly. Vay dau bang khong xay ra khi do 
(n-1)! 

Nhan theo ve (n - 1) bat dang thuc tren ta duoc: 

/i \2 \3 / . \n 2 3 n 

(1 + a 2 ) (l + fl 3 ) ~( l + a n) > Y‘¥" \n-l) n -v a ^- an=n • 
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Bat dang thuc dugc chung minh. 

Vi du 6. Cho x,y,z la cac so thuc chung mi nh 


(>« 2 ) (> + T) ( 1+z ) 

Lai giai 

Su dung dang thuc va bat dang thuc AM - GM cho hai so ta co 
[\ + x 2 )[\ + y 2 ) = {x + y) 2 +{xy-\) 2 >2\{x + y)(xy-\)\ 

(l + y 2 )(l + z 2 ) = {y + zf + {yz-\f >2\(y + z)(zyz-l)\ 

(l + z 2 )(l + x 2 ^ = (z + x) 2 + (zx-l) 2 >2 (z + .r)(z.r — l) 

Nhan theo ve ba bat dang thuc tren ta dugc 

S\(x + y)(y + z)(z + x)(l-xy)(l-yz)(l-zx)\<(l + x 2 f(l + y 2 f(l + z 2 ) 2 
0 \ ^ (x + y){y + z){z + x)(\-xy)(\-yz)(\-zx) 

S' ( 1 + ^f ( 1 + /f ( 1 + z z f ^ 

Bat dang thuc dugc chung minh. 

Bai tap tuong tir 

Cho x,y la hai so thuc. Chung minh < -j ——^^ —. 

2 (l + ^)(l + /) 2 

Vi du 7. Cho x,y,z la cac so thuc duong thoa man dieu kien x > max {y, z}. 

Tim gia tri nhd nhat ciia bieu thuc P- — + 2. /1 + — + 33 1 + — . 

y M z M x 

Lifi giai 

Su dung bat dang thuc AM - GM ta co 




P>- + 2j2j' 


Su dung bat dang thuc AM - GM ta co 


(i- 


Chu y gia thiet bai toan ta co 
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Tvrdosuyra P>ll.^ + |\-^j-3(V2-^2) = 1 + 2 a/2+3^/2 . 

Dau bang xay ra khi va chi khi x = y = z. 

Vay gia tri nho nhat cua P bang 1 + 2^2 + 3 a/2 . 

Bai tap tuong tu 

Cho x,y,z la cac so thuc duong thoa man dieu kien x > max {y,z} . 

Tim gia tri nho nhat cua bicu thiic P = — + 2. 1 + — + 44/1 + — . 

y V Z V X 

3. Danh gia trung binh nhan qua trung binh cong 

Su dung bat dang thuc AM - GM theo chieu da x a 2 ...a n < + ° 2 + "' + ° n . 

n 

Ta co 2 huong xu ly 
+ Danh gia true tiep. 

+ Nhan them hang so muc dich luge bo bien hoac hang so khong thich hop. 

Nhan dang bat dang thuc co dang: +... + < B . 

Khi do dap dung bat dang thuc AM - GM theo chieu trung binh nhan qua trung 
binh cong cho moi can thuc ve trai. 

Vi du 1. Chung minh rang voi moi a,b> 1 ta co adb- 1 + by/a- 1 < ab. 

L&i giai 

Nhan xet. Ve phai khong chua hang so do vay su dung AM - GM de triet tieu cac 
so -1 trong 2 can thuc do do nhan them vao moi can voi 1. 

Su dung bat dang thuc AM - GM ta co 

a4bZ[ = = ± 

= b'KT^jl £ 6.^±t! = A 

Cong theo ve 2 bat dang thuc tren ta co dieu phai chung minh. 

Dang thuc xay ra khi va chi khi a = b = 2. 

Bai tap tuong tu 

1) Chung minh rang x^J\2-y + Jy( 12-x 2 j <12 voi x, y la cac so thuc de cac 

can thuc co nghia. 

2) Cho x,y la hai so thuc thoa man dieu kien x-Jl - y 2 + yyjl-x 2 - 1. 
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Chiing mi nh rang : x 2 + y 2 - 1. 
fO<x<3 

Vi du 2. Cho ■ . Tim gia tri Ion nhat cua bieu thiic 

[0 < y < 4 5 ' 

P = (3-x)(4-y)(2x + 3y). 

L&i gidi 

Nhan xet. Ta can triet tieu di x va y vi vay nhan them vao (3-x)va (4-y) lan 
luot thanh 2(3 -x),3(4-y) khi do sir dung AM - GM cho 3 so duong. 

Su dung bat dang thiic AM - GM cho 3 so khong am ta duoc 

s 1(' 2(3-^) + 3(4-J') + (2 x + 3j.) J = }f> 

Dang thiic xay ra khi va chi khi x = 0 ,y = 2. Vay gia tri Ion nhat cua P bang 36. 

Bai tap tuo ng tvr 

Cho 0 < x < ^,0 < y < 3 . Tim gia tri ion nhat cua bieu thiic 
P = (5-2x)(3-y)(2x + 3y-5). 

Vf du 3. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c- 1. 

Tim gia tri Ion nhfit cua bieu thiic P = (a + 2b + 3c)(6a + 3b + 2c). 

L&i gidi 

Voi cac he so lech nhau truoc tien giam bien bang phep the c = 1 - a - b. Khi do 
duavl P-(2>-2a-b)(2 + Aa + b). 

Ta thay neu ap dung true tiep AM - GM cho hai so triet tieu duoc b tuy nhien 
con du 2a khong danh gia duoc vi vay nghT den triet tieu a bang each nhan them 
2 vao (3-2 a-b). 


Taco: P = (a + 2b + 3(l-a-b))(6a + 3b + 2(l-a-b)) 

= (3-2a-b){2 + 4a + b) = 2(3-2a-b)[\ + 2a + 1 ^ 

(3-2.-» + 1 + 2. + *T (4-G 2 

<2 -- = 2 . -— =8 


Vay gia tri Ion nhat cua P bang 8 dat tai a = c = —,b- 0 . 
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Vi du 4. Cho a,b,c la cac so thuc khong am co tong bang 3. 
Tim gia tri Ion nhat cua bieu thiic P - (5a + b)(b 2 + 4ac). 


Ldi giai 

Taco: 5a + b<5(a + ^);b 2 +4 ac-b 2 + 2(ab + be) + 4ac -4(a + ^-)(c + ^-). 

Sir dung bat dang thuc AM - GM ta co: 

P < 10(a + ^) 2 (2c + b)< 10( 2a + 2 ^ + 2c )3 = 80 

Dau bang xay ra khi b = 0; a = 2c = 2 . 

Vi du 5. Chung minh rang vbi moi so thuc duong a va b ta co 

yj2a(a + b) 3 +b^2^a 2 +^j <3^a 2 +b 2 ^ . 

Lfri giai 

Trade het chuyen bat dang thuc ve dang mot bien bang each chia hai ve bat 
dang thuc cho b 2 va dua ve chung minh bat dang thuc: 

^2x(x + l) 3 +^2(x 2 +l)<3(x 2 +l). 

Chu y dau bang dat tai x = lva bac ve phai la bac hai do vay ta can tach 
2x(x + l) 3 =2x(x + l).(x + l) 2 de sir dung bat dang thuc AM - GM thuan tien 
cho viec so sanh vdi ve phai. 

Sir dung bat dang thuc AM - GM ta co 


■^2x(x + l) 3 = -^2x(x + l).(x + l) 2 < 2x ( x + 1 )^ + ( x + 1 ) 


Cong theo ve hai bat dang thuc tren ta dupe 

Vay ta chi can chung minh 

3(x 2 | ( x + 1 ) 2 +2x(x + l) + x 2 +3 


<=>6(x 2 +l)>4x 2 + 4x + 4<=x=>2(x-l) 2 >0 

Bat dang thuc cuoi dung va ta co dpem. 

Dang thuc xay ra khi va chi khi a = b . 
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Vi du 6. Cho a,b,c la cac so thuc duong chiing mi nh 

81 abc[a 2 +b 2 + c 2 ')<(a + b + cf . 

Lai giai 

Sir dung bat dang thiic 3 abc{a + b + c)< (ab + bc + ca) . 

Tachi can chung minh 21 (a 1 +b 2 + c 2 ^)(ab + be + ca) 2 <[a + b + c) 6 . 

That vay sir dung bat dang thiic AM - GM cho ba so duong ta duoc 

/ 2 , 2 2 \t u u \i ( a 2 +b 2 +c 2 +2(ab + bc + ca)'f 1 , 6 

[a +b +c)[ab + bc + ca) <|-^--| = — [a + b + c) . 


27 v 


Bat dang thiic duoc chung minh. Dang thiic xay ra khi va chi khi a = b = c. 

Bai tap tuo ng to 

Cho a,b,c la cac so thuc duong co tich bang 1. Chiing minh 


3 


3 


Vi du 7. Cho a,b,c la cac so thuc duong. Chiing minh rang 


a + ijab. U+ ^ J + IJabc < 3^a. 

Loti giai 

Bat dang thiic da cho tuong duong voi 


a + b a + b + c 


[a + b)[a + b + c) \a+b+c ]J(a + b)(a + b + c) 
Sir dung bat dang thiic AM - GM cho ba so duong ta co 


yjg; 

3a < 1 

r n 

3a ^ 

a + b 

a+b+c 3 

L a + b 

a+b+c) 


1 ^ ~ 3 I 

l n <i| 

i +1+ 36 ] 

la+b+c V 

a+b + c 3' 

^ a+b+c) 


_4. 2 *. 3c 

(a + b)(a + b + c ) V a + b a + b + c 3y a + b a + b + c) 

Cong theo ve ba bat dang thirc tren ta co dpem. Dang thiic xay ra khi va chi khi 
a=b=c. 

Bai tap tuong to 

1) Cho a,b,c la cac so thuc duong. Chiing minh 
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a + Z[ab + \Jabc J a + b a + b + c 

-<3 a. -.-. 

3 V 2 3 

2) Cho a,b,c,d la cac so thuc duong. Chung minh 


\a+b + c (a + b)(a + b + c + d) lj|81 (a+bf (a + b + c + d) 6 

Vi du 7. Chung minh rang voi moi x,y,z khong am ta co 


Jy +z Jz +x~ 

y Z ^—— + ZX ^—— + X y^ 


I 2 

L&i giai 


Su dung bat dang thiic AM - GM ta co 

Jy 3 +z 3 Jy + z T ~2 2 ' 

-yz + z 



Tuong tu ta co zx; 


Cong theo ve ba bat dang thuc tren ta co dpcm. Dang thuc xay ra khi va chi khi 
x = y = z. 

Vi du 8. Cho a,b,c la cac so thuc khong am chung minh rang 

(a+b) 2 (b + cf (c + af >4^a 2 + bc)(b 2 + cafc 2 +ab j. 


L&i giai 

Khong mat tinh tong quat gia sir a>b> c. Khi do a 2 +bc <a 2 + ac < (a + cf. 
Vay ta chung minh (a + b) 2 (b + cf >4 (b 2 +ca)(c 2 +ab). 

That vay su dung bat dang thuc AM - GM ta co 
4 (b 2 + cafc 2 + ab)<(b 2 +ca + c 2 +ab j 

= (b 2 +ab + bc + ca + c 2 -be) 

~((b + a)(b + c) + c(c-b)f 

<(b + af (b + cf 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b,c = 0 
hoac cac hoan vi. 
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Bai tap tiro'ng tvr 

Cho a,b,c la cac so thuc khong am thoa man dieu kien 
(a + b)(b + c)(c + a) = 2 

Tim gia tri Ion nhat cua bieu thuc P - [a 1 + bc^[b 2 + ca^c 2 + ab'j. 

Vi du 9. Cho a, b, c la cac so thuoc doan [0, 1], 

Tim gia tri lbn nhat cua bieu thiic A = (a -b)(b -c)(c- a)(a + b + c). 

L&i giai 

Gia su a = max{a,i,c}. 

Neu a>b>c^> A< 0. 

Neu a>c>b . 

A ^ 2( c -b)-(l + j3)(a-c)-(-l + j3)(a + b + c) 

4 

Su dung bat dang thuc AM-GM cho ba so duong ta co : 

2(c-b)-(l + y/3)(a-c)-(-l + y/3)(a + b + c) 

2(c-£) + (l + V3 )(a-c) + (-l + V3 )(a + b + c) 

" 3 

= ^ -3b + 2y/3a + y/3b ^j < ^2^3 J = 8^3 

Suyra P max = 'h[L t a i (a,b,c) = (1,0,-^). 

9 ' V 3 

Chu y. Ta co the mb rang doan [0;1] va giai bai toan bang tinh dcm dieu cua ham 
s6(xcm chuong 3). 

4. Ky thuat ghep cap 

Xem chi tiet trong chu de sau 

Vi du 1. Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 
a + bc + b + ca + c + ab >2 
b+c c+a a+b 

Ldi giai 

Chu y dieu kien tong bang 1 ta co 
a + bc + b + ca + c + ab _ 
b+c c+a a+b 

a[a + b + c) + bc b(a+b + c) + ca c(c + a+b) + ab 
b+c c+a a+b 

(a + Z?)(a + c) (b + c)(b + a ) (c + a)(c + b) 
b + c 


c + a 


a + b 
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Su dung bat dang thuc AM - GM cho 2 so duong ta co 


(a + Z?)(a + c) 

\ i (b+c){b+a)^ 

b + c 

(b + c){b + a ) 

c + a y ’ 

(c + a)(c + b)^ 

c + a 

(i a + b)(a + c ) 

a + b y ' 

) {c + a){c + b) 

b + c 

+ a + b (C Q) 


Cong theo ve 3 bat dang there tren ta co dieu phai chung minh. Dang there xay ra 


khivachikhi a-b = c- — . 

3 

Vf du 2. Cho a,b,c la cac so thuc duong. Chung minh 



L&i giai 

Su dung bat dang thuc AM - GM ta co 

fi±Z + li±Z + p, 3 ^ p)( 1+ ^)( 1+c2 ) . 

V b + c V c + a \ a + b y (a + b)(b + c)(c + a ) 
Ta chi can chung minh 

(l + a 2 )(l + t 2 )(l + c 2 ) ^ ] 

(a + Z?)(Z? + c)(c + a) 

<=> (l + a 2 ) (l + b 1 ) (l + c 2 ) > (a + b) (b + c)(c + a) 


Chu y su dung bat dang thuc C-S ta co: 

(l + a 2 ) (l + b 2 j = (l + a 2 ) [b 1 +1) > [a + bf ; 

(l + Z7 2 )(l + c 2 ) = (l + i 2 )(c 2 +l)>(Z) + c) 2 ; 

(l + c 2 )(l + a 2 ) = (l + c 2 )(a 2 +lj>(a + c) 2 . 

Nhan theo ve ba bat dang thuc tren ta co dpcm. 

Dang thuc xay ra khi va chi khi a = b = c = 1. 

Chu y. Ta co dang thuc sau: (l + x 2 ) (l + y 2 j = (x + y ) 2 + (xy -1) 2 . 

Ter do cung co ngay bat dang thiic tren tuong ter nhu dung C-S. 
Bang each tuong tu ta chung minh duoc voi moi k duong ta co 
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j k + a 

I b + c 

5. Ky thuat danh gia mau so 

Cac bat dang thirc hay dugc sir dung de danh gia mau so 

x 3 +y 3 > xy(x + y);x 5 + y 5 >x 2 y 2 (x + y). 

Chu y dang toan nay thudng cho cac dieu kien rang buoc ta can tinh te phan tich 
mau so thanh nhan tir dua vao dieu kien. 

Chu y neu mau so co chira can hoac tong cac bien ta co the dat moi mau so la 
mot an khi do dua ve sir dung bat dang thirc AM - GM don gian hon. 

Vi du 1. Cho a,b,c la cac so thuc duong. 

1 + 1 + 1 < a+b+c 

a 2 +bc b 2 +ac c 2 +ab 
L&i gidi 

Ap dung bat dang thirc AM - GM ta co 


Chimg minh rang - 


2 abc 


a 2 + be > 2ayfbc - 


1 


a 2 ++bc ayfbc 2\ab ac) 

rr 2 1 if 1 1 "V 

Tuong tu ta co: —r-< —< — — -t - 

b 2 +ac bylac 2\bc ab) 


1 


,11 


1 


c 2 + ab cyfab 2\ac be j 
Cong theo ve ba bat dang thirc tren ta dugc 

2 + 2 + 2 ^ a+b+c 

a 2 +bc b 2 + ac c 2 + ab 


2 abc 


Bat dang thirc dugc chimg minh. Dang thirc xay ra khi va chi khi a = b = c . 
Vi du 2. Cho a,b,c la cac so thuc duong. Chimg minh 

1 1 1^1 

—i-i-'—i-i-1—5-5-—-• 

a i +b i + abc Zr + <r + abc c 5 + a i + abc abc 


Ldi gidi 

Ta co 

a 3 +b 3 =(a + b){a 2 -ab + b 2 j = aZ?(a + Z>) + (a + Z>)(a-Z>) 2 >ab[a + b ) 

1^1 1 c 

=> -< -= -=- 

a 3 +b 3 +abc ab(a + b) + abc ab[a + b + c) abc(a + b + c) 
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Tuang tu ta co 


b 2 +4+abc abc(a + b + c) 


c 3 + a 3 + abc abc(a + b + c) 

Cong theo ve 3 bat dang thuc tren ta co dieu phai chung minh. Dang there xay ra 
khi va chi khi a-b = c . 


Bai tap tuong tu 

1) Cho x,y,z la cac so thuc duong co tlch bang 1. Chung minh 


x+y+l y+z+1 z+x+1 


HD: Dat x = a 2 ,y = b 3 ,z = c 3 dua ve bat dang there tren. 

2) Cho x,y,z la cac so there duong co tich bang 1. Chung minh 


*y 


-< 1 . 


Chung minh rang - 


x +y +xy y +z +yz z +x +zx 

Vi du 3. Cho a,b,c la cac so there duong thoa man dieu kien a 2 +b 2 +c 2 = 1. 
'■ . 

b 2 +c 2 c 2 +a 2 a 2 +b 2 2 

Lbi giai 

Chu y dieu kien ta co the viet bat dang there duoi dang 

a b c 3\f3 ( 2 ,2 2 \ 

b 2 +c 2 c 2 + a 2 a 2 +b 2 2 ^ ’ 


Dieu nay lam ta suy nghT danh gia a > ^^-a 2 
b 1 +c 2 


That vay ta co 


V2a 2 


b 2 +c 2 1 -a 2 a(l-a 2 ) ^2a 2 (l-a 2 )(l-a 2 ) 

. 42a 2 343a 2 


f 2a 2 + 1 - a 2 +1 - a 2 j 

^ 343b 2 m c ^ 3 43c 2 
c~+a~ 2 ’ a 2 +b 2 2 

Cong theo ve 3 bat dang there tren ta co dieu phai chung minh. 

1 


Tuong tu ta co - 


Dang there xay ra khi va chi khi a- b = c = 


w 
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Bai tap tiro'ng tvr 

Cho a,b,c la cac so thuc duong. Chung minh 

a ^ b ^ c > 3^3 

b 2 +c 2+ c 2 +a 2+ a 2 +b 2 ” 2 4a 2 +b 2 +c 2 
Vi du 4. Cho a,b,c la cac so thuc duong co tong bang 1. 

, i ab be ca ^ 1 


Chung minh rang - 


: + ab ya + bc ^lb + ca 2 
L&i gidi 


Theo gia thiet ta co 

ab _ ab _ ab < 1 ( ab + ab \ 

-Jc + ab c(a + b + c) + ab y](c + a)(c + b) 2\c + a c + b) 

be _ be < 1 fj§§_ + '$£ \ 

yja + bc + b)(a + c) 2^c + a a + b) 


yjb + ca ^(b + c)(b + a) 
Cong theo ve 3 bat dang thuc tren ta duoc 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b-c 

Bai tap tuo'ng tvr 

Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 

1 1 1 „ 1 
— I ^— 1 H— , <-. 

yja + bc yb + ca yc + ab 6abc 
Vi du 5. Cho x,y,z la cac so thuc duong thoa man dieu kien xyz = 1. 


1 _ 

3 


Chung minh rang —--+ —--+ —-^-r-< —. 

x + 2y 2 + 3 y 2 + 2z 2 + 3 z 2 + 2x 2 +3 2 

L&i gidi 

Su dung bat dang thuc AM - GM ta co 

x 2 + y 2 > 2 xy; 
y 2 +l>2y. 

Cong lai theo ve ta duoc: x 2 + 2y 2 + 3 > 2(x + xy + 1). 

_I_<1, 1 

x 2 + 2_y 2 + 3 2 x + xy + l 


Suy ra 
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Tuang tu ta co 


y 2 +2z 2 +3 2 y + yz + l 

1 1 1 


z +2x +3 2 z + zx + 1 

Cong theo ve 3 bat dang thuc tren va goi P la bieu thuc ve trai cua bat dang thuc 

, * i 1 1 1 

tadugc P< 




Vay ta can chung minh 


x + xy +1 y + yz + l z + zx + 1 

1 1 


1 


x + xy + 1 y + yz + l z + zx + 1 

Tuy nhien day la mot dang thuc luon dung, that vay 

1 1 1 

- 1 - 1 - 

x + xy + 1 y + yz + l z + zx + 1 

1 1 1 


x + xy + 1 , 1,1 

* y + y .— + 1 — + —.x + 1 


xy 


xy xy 


1 


xy 


- = i 


x + xy + l xy + l + x 1 + x + xjy 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z - 1. 

Nhan xet. Ban doc luu y dang thuc quan trong vdi x,y,z co tlch bang 1 ta co 

1 1 1 
-1-1-— 1. 

x + xy + 1 jy + jyz + 1 z + zx + 1 

Bai tap tuong tu* 

1) Cho x,y,z la cac so thuc duong thoa man dieu kien xyz = 8. 

Chung minh rang---+---H---< — . 

2x + jy + 6 2jy + z + 6 2z + x + 6 4 

2) Cho x,y,z la cac so thuc duong co tlch bang 1. Chung minh 

1 1 1 < 1 

x 5 -x 2 + 3xy + 6 y 5 -y 2 + 3 yz + 6 z 5 -z 2 + 3zx + 6 3 

VI du 6. Cho a,b,c la cac so thuc duong thoa man dieu kien — + — + — = 1. 

a b c 


Chung minh rang 


a + o + c > a+b+c 
a + be b + ca c + ab 4 

L&i giai 


Chu y dieu kien dupe viet lai duoi dang: abc = ab +be + ca. 
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Khi do - 


a + bc a 2 +abc a 2 +ab + be + ca (a + Z>)(a + c) 

Sir dung bat dang thuc AM - GM ta co 

a 3 a + b a + c > 3a a 3 > 4 a-b-c 

(a + Z?)(a + c) 8 8 4 (a + Z?)(a + c) 8 

- , b 2 Ab-a-c c 2 Ac-a-b 

Tuang tu ta co->-;->-. 

b + ca 8 c + ab 8 

Cong theo ve ba bat dang there tren ta co dpem. Dang there xay ra khi va chi khi 
a-b = c = 3. 

Vi du 7. Cho a,b,c la cac so thuc ducmg. 

Tim gia tri nho nhat cua bieu thuc 

p _ a + 3c + Ab 8c 

a + 2b + c a + b + 2c a + b + 3c 

L&i gidi 

x-a + 2b + c ia--x + 5y-3z 
y = a + b + 2c^<b = x-2y + z 
z = a + b + 3c [c = z-y 

6 p — ~ x + 2 y j 4(x —2y + z) 8 (z-y) 
x y z 


y 2x 


= 2 ^ + — +4 'm-— -17 


,*y 


Ser dung bat dang thiic AM - GM ta co 


P>A I—.— +8 I—. — -17 = l2\p2 - \7. 


Dang thiic xay ra khi va chi khi 


I y z 

[y_ _2x 

U y . 




= [z = 42y = 2x 


[a = ( 5j2-l)x 
\b = (3-2^2 > jx. 

{c = ( 2 -^ 2 )* 


Vay gia tri nho nhat cua P bang 12^2 -17 . 
Bai tap tirong ter 

Cho x,y la cac so thuc duong. 

Tim gia tri nho nhat cua bieu thuc 
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P = 


x + 3 


4 y 


x+2y+l x+y+2 x + y + 3 

6. Ky thuat nghich dao 

Mot so truong ap dung true tiep AM - GM lam bat dang there doi chieu vi vay 
ta kheo leo chia phan there cho ter there ap dung AM - GM. Ky thuat nay hay duoc 
ap dung voi bat dang there Bemoulli(xem chu de sau). 

Vi du 1. Cho a,b,c la cac so there duong chung minh 


r^~ , i 

1 

ja 3 +(b + c ) 3 ^ 

b 3 +{c + af ^ 


r > 1. 


Lai giai 

Ser dung bat dang there AM -GM ta co 

[' T [, ? A" x 2 -x + 1 + X + 1 x 2 + 2 

Vl + x 3 =^(x + l)(x 2 -x + l)<--- = —j~. 

Dang there xay ra khi va chi khi x = 0 hoac x = 2. 

i 3 1 2 


Ta co 


f {b + cf 


1 + 




( b + c) 


+ 2 


2 a 2 +(b + cf 2a 2 + 2(b 2 +c 2 } a 2 +b 2 +c 2 


Tuong ter ta co 


b 3 +(c + a) 


]jc 3 +(a + c) a~ +b +c 

Cong theo ve 3 bat dang there tren ta co dieu phai chung minh. 
Dang there xay ra khi va chi khi a = b = c. 

Bai tap tuong ter 

Cho a,b,c la cac so there duong thoa man dieu kien abc = 8. 

2 b 2 c 2 


Chung minh - 


^(l + a 3 )(l + Z> 3 ) ^(l + Z> 3 )(l + c 3 ) ^(i + ^jfi + a 3 

Vi du 2. Cho a,b,c la cac so there duong chung minh rang 
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Lifi giai 

Sii dung bat dang thuc AM - GM ta co 


V& + c 2^a(b+c) 

r > ; 

a+b + c 

1 b 2b 

_> 2b ■ 

\c + a 2yjb(c + a) 

a + b + c’ 

1 c 2c 



\ a + b 2 Jc(a + b) a + b + c 
Cong theo ve 3 bat dang thuc tren ta dugc 

nr 


a + b 


\a+b+c a+b+c a+b+c) 

Dang thuc xay ra khi va chi khi a = b + c,b = c + a,c = a + b 

=> a + b + c = 2(a + b + c} vo ly. Vay dang thuc khong xay ra ta co dieu phai 

chung mi nb . 

Bai tap tuong ty 

1) Cho a,b,c la cac so thuc duong. Chung minh 


+3. 

If— 


V v b + c j ]j 

l c+a J \ 

\a + b) 


2) Cho a,b,c la cac so thuc khong amthoaman dieukien a 1 +b l +c =2. 
Chung minh rang 


1 + bc 


(b + c) 


1 + ca 


- > 2 . 


\|(c + af ^a + b 

3) Cho x,y,z la cac so thuc khong am va tong doi mot khac 0. Chung minh rang 

* y z _ A 

^ 4— . '~{f jj||2 . 

yjy 2 +z 2 4z 2 +x 2 yjx 2 +y 2 

4) Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + be + ca > 0. Chung minh 

na + rn +2 i—?—z2. 

\b + c V 2c 4 a V a + b + c 

5) Cho x,y la cac so thuc khong am. Chung minh rang 

jS + ^ + & 2 - 

Vi du 3. Cho a,b,c la cac so thuc ducmg co tong bang 3. Chung minh 

f Z±Z±*> 3 . 

c 4 a 4 Z ? 2 


la 2 +b 2 +c 

\b 2 +c 2 +a 1 

1 a + b + c 2 \ 

b + c + a 2 \ 
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Lai giai 

Sii dung bat dang thiic AM - GM cho hai so duong ta co 

-b 2 +c_ a 2 +b 2 +c 2 [a 2 +b 2 +c} 


a + b + c 2 ^a + b + c 2 )[a 2 +b 2 +c) a+b + c + a 2 +b 2 +c 2 


l(b 2 


2 (c 2 +a 2 +b) 


b + c + a 2 a + b + c + a 2 +b 2 +c 2 \ c + a + b 2 a + b + c + a 2 +b 2 +c 2 

Cong theo ve ba bat dang thiic tren va dua ve chiing minh 
A(a 2 +b 2 +c 2 ) + 2(a + b + c) 

A - ’ \ 2 J >3 <c=> a 2 + b 2 + c 2 >3. 

a+b+c+a +b+c 
Bat dang thiic cuoi dung theo AM - GM. 

Bai toan duoc chiing minh. Dang thiic xay ra khi va chi khi a = b = c - 1. 

Bai tap tuong tir 

Cho a,b,c,d la cac so thuc duong. Chiing minh 

a b c d _ . 

i H— i H— i ~l— i 5* 2 . 

\lb 2 +c 2 + d 2 yjc 2 +d 2 +a 2 yd 2 +a 2 +b 2 ya 2 +b 2 +c 2 
Vi du 4. Cho a,b,c la cac so thuc khong am thoa man dieukien ab + bc + ca> 0- 
Tim gia tri nho nhat ciia bieu thiic 

p = l a(b + c) | l b(c + a ) | l c(a + b ) . 

V a 2 + be V b 2 +ca V c 2 +ab 
Lai giai 

Chiiy 

a(b + cf =a[b 2 +c 2 +2 bc\>a[b 2 +c 2 ) 
a 2 +bc^(b + c) = b[a 2 +c 2 j + c^a 2 + Z> 2 ) 

Do vay neu dat x = a(b 2 +c 2 -b(c 2 + a 2 J;z = c(a 2 +b 2 Jta co 

l c(a + b) f~ z 


ia(b+c) ^ nr i 

\b{c + a ) ^ nr / 

1 a 2 +bc yy + z’i 

b 2 +ca iz + xy 


Nhu vay sau khi cong theo ve ba bat dang thiic tren dua ve bai toan da trinh bay. 


>2. 

\y + z \z + x ]jx + y 
Ta co gia tri nho nhat ciia P bang 2 dat tai a = b,c = 0 hoac cac hoan vi. 
Cach 2: N eu co mot so bang 0, khong mat tinh tong quat gia sii la c, khi do 
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Dau bang xay ra khi va chi khi a = b,c = 0 . 

Neu ca ba so deu duong khi do sir dung bat dang thuc AM - GM ta co 



Tuong tu ta co 


a(b + c ) > a(b + c ) 2 a(b + c) 

a 2 +hc)a(h + c) a 2 +bc + a(b + c) (a + b)(a + c) 

J 2 _ 

jb(c + a ) > 2 b{c + a) lc(a + b ) > 2 c(a + b) 

V b 2 +ca (b + a)(b + c)’i C 2 + ab (c + a)(c + b) 


Cong theo ve ba bat dang thuc tren ta duoc: 
ja(b + c ) + lb(c + a ) + lc(a + b ) > 2a(h + c) + 26(c + n) + 2c(a + h) 

a 2 +hc V b 2 +ca \ c 2 +ab ~ (a + b)(a + c) (b + a)(b + c) (c + a)(c + b) 


2a{b + cf +2 b(c + af +2 c(a + b) 2 
(a + b)(b + c)[c + a) 

2(a + b)(a + c)(b + c) + $abc 
[a + b)[b + c)(c + a) 

= 2 +__ >2 

(a + h)(h + c)(c + a) 

So sanh hai trucmg hop ta co gia tri nho nhat cua P bang 2 dat tai 
a = b,c = 0 hoac cac hoan vi. 

7. Ky thuat sir dung b&t d&ng thuc AM - GM dang luy thira 

a" + a 2 +... +a™ > fa x +a 2 + ... + a n Y” 
n V n J 


Trong do a k ,k-\,n la cac so khong am va m,n la cac so nguyen duong. 
Dang thuc xay ra khi va chi khi a l = a 2 =... = a n . 

Chu y. Xem chung minh trong chu de Bat dang thuc Bernoulli. 

Cac bat dang thuc dang nay hay duoc su dung 

a 3 +b 3 > -^-(a + h) 3 ;a 4 +b 4 > ^-(a + b) A . 

Vi du 1. Cho a,b,c la cac so thuc duong. Chung minh 

a 3 b 3 c 3 ^ 3 


(h + 3c) 3 (c + 3a) 3 (a + 3h) 3 64 
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Loi giai 

Sir dung bat dang there AM - GM dang luy thua ta co 

b 

a 3 b : 

-T - *- 

(b + 3c) (c + 3a) [a + 3b)' 

CM y sir dung bat dang thuc C-S ta co 

( a+b + c )' 


r-3 


b+3c c+3a a + 3b 
3 


b + 3c c + 3a a + 3b a(b + 3c) + b[c + 3a) + c[a + 3b) 

[a + b + c) > 3 (ab + bc + ca) 3 

4 [ab + bc + ca) 4 (ab + bc + ca) 4 

b 3 c 3 3 

-+-> — . 

64 


Suyra 


(b + 3c) (c + 3a) 3 (a + 3b)' 
Dang thuc xay ra khi va chi khi a = b = c . 

Bai tap tuong ty 

Cho a,b,c la cac so thuc duong. Chung minh 


f « 1 

3 

+ 1 

' b ) 

3 

1 +1 

^ C 1 

[a + 2bj 

+ l 

K b + 2c) 

1 + l 

^c + 2aj 


Vi du 2. Cho a,b,c la cac so thuc duong. Chung minh 

a 4 +b A +-c 4 >—(a+b + c) 4 . 
8 64 V ’ 

Lori giai 

Su dung bat dang thuc AM - GM dang luy thua ta co 


a 4 +b 4 + —c 4 = a 4 +b 4 +—c 4 + —c 4 >4\ 
8 16 16 


= Jj(« + fc + c) 4 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b-^. 

Ngoai ra bat dang thuc co dang dang cap ta co the chuan hoa dua ve xet ham 
so(xem chuong 3). 

Vi du 3. Cho a,b,c la do dai ba canh cua mot tam giac. Chung minh 
Ija+b-c + l]b + c-a +yjc + a-b < \Ja + yfb + l[c . 

Loi giai 

Sit dung bat dang thuc AM - GM dang luy thua ta co 
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yja + b-c + y/b + c-a < 3 j4(a + b-c + b + c-a) = 2y[b 
y/b + c-a + y/c + a-b < ^4(b + c-a + c + a-b) = 2yfc 
y/c + a-b + yja + b-c < ^4 {c + a-b + a + b-c) = 2yfa 
Cong theo ve ba bat dang thuc tren ta co dieu phai chung mi nb . 
Dang thuc xay ra khi va chi khi a = b = c. 

Bai tap tiro’ng tir 

Cho a,b,c la do dai ba canh mot tam giac. Chung minh 
y/a + b-c + y/b + c-a+y/c + a-b < yfa + yfb + yfc . 

Vi du 4. Cho x,y,z la cac so thuc duong. Chung minh 



Lai giai 

Su dung bat dang thuc: 8 (A 4 + B 4 ) > (A + B ) 4 ta co: 
yfx y/Sx 


y +z My+W ifr+Tz' 




tfy+yfz 4 J 

Xay dung cac BDT con lai roi cong ve theo ve, ta dupe: 
yfl f yfx + yfz 






. , yfx + yfz JS(z + x) 

Lai co: - -== —<4— - 

\ y 

Suya: vr,f±i + ^E + f±1-vr. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z . 


8. Ky thuat bien d6i trnrng duo ng ket hop AM - GM 

Doi khi danh gia bat dang thuc true tiep bang AM - GM khong hieu qua khi do 
can ket hop bien doi giua dieu kien bai toan va bat dang thuc can chung minh. Dua 
ve cac bat dang thuc don gian hon de ap dung AM - GM. 
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Vi du 1 . Cho a,b,c la cac so thuc duong thoa man dieu kien 
1 1 1 
a +1 b +1 c +1 
1 1 1 


- = 2 . 


L&i gidi 

Bat dang there da cho tuong duong voi 

^(4a + l)(4Z? + l)>(4a + l)(4Z? + l)(4c + l)^2(a + Z? + c) + l>32aZ7C. 
Chu y dieu kien bai toan trd thanh 

^(a + l)(Z? + l) = 2(a + l)(Z? + l)(c + l)<=> ab + bc + ca + 2 abc = 1 . 

Su dung bat dang thuc AM - GM ta co 
a + b + c > yj3[ab + be + ca ) = ^3(1 -2abc). 


Vay ta chi can chung minh 2^3 (l-2 abc) +1 > 32 abc 


> 2^/3 (l - 2abc) > 32abc -1 <t 


abc>— abc < —. 

32 8 

[l2(l-2abc)>(32abc-lf 

Bat dang thuc cuoi dung bdi su dung AM - GM cho 3 so duong ta co 

\-2abc + ab + bc + ca > 2abc + 3^ja 2 b 2 c 2 ;t-lfabc 

=>2t 3 +3t 2 - l<0<^>(2t-l)(t + l) 2 <0<^t< — <^abc< — 

2 8 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b = c = 

Vi du 2. Cho a,b,c la cac so thuc duong thoa man dieu kien 

— + — + — -2 
a+1 b +1 c+1 

Chung minh rang — + — + — > 4 (a + b + c). 
abc 

L&i gidi 

Cach 1: Thuc hien tucmg tu bai toan tren. 

Cach 2: Chu y ton tai cac so duong x,y,z sao cho -— 

y + z z + x x + y 


Bai toan dua ve chung minh 
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y+z z+x x+v Ax y z 

--+-+-—> 4 -+ ^—+- 

x y z U +z z+x x+ y 

Bat dang thuc tren la tong cua ba bat dang thiic sau 

u zj z + x ^ x) x + y y) y + z 

Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a-b-c = . 

Vi du 3. Cho a,b,c la cac so thuc duong co tlch bang 1. Chiing mi nh 

1 1 1 2 

-+-+->-+ 1. 

a+1 b+c c +1 a+b+c +1 

Leri giai 

Bat dang thiic da cho tuong duong voi: 

2(a + b + c) + ab + bc + ca + 3 > 3 + a + b + c 
a + b + c + ab + bc + ca + 2 a + b + c +1 

<=> (a + b + c + l)[2(a + b + c) + ab + be + ca + 3] 

>(a + b + c + 3)(a+b + c + ab + bc + ca + 2 ) 

<^> a 2 + b 2 + c 1 > 3 

Bat dang thiic cuoi luon dung bbi theo AM - GM ta co 
a 2 +b 2 +c 2 > 3t[aW=3. 

Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a-b = c = 1. 

9. Ky thuat sdp thu - tu - 

Ap dung vdi cac bat dang thiic hoan vi ta co the gia sir a = min \a,b,c\ hoac 
a = max { a,b,c } hoac a la so nam giua b va c. 

Duoi day la mot bat dang thiic duoc sii dung kha nhieu toi xin trinh bay 

a 2 b + b 2 c + c 2 a + abc <—(a + b + cf. 

21 y ’ 

Chieng minh. 

Khong mat tlnh tong quat gia sii b la so nam giua a va c ta co: 
(b-a)(b-c)<0<A>b 2 +ac<ab + be => b 2 c + c 2 a < abc + be 2 
=> a 2 b + b 2 c + c 2 a + abc< a 2 b + be 2 +2abc-b(a 2 +c 2 +2acj = b(a + c) 2 
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Khi do VT <b(a+ef 


a+c a+c 

f-+- 

2 2 
3 


= — {a + b + c) . 


Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c . 

Vi du 1. Cho a,b,c la cac s6 thuc duong co tong bang 3. Chung minh 
( ab 2 +bc 2 + ca 2 ^(ab + bc + ca)< 9. 

L&i giai 

Khong mat tinh tong quat gia su b la so nam giua a va c 
Taco: a 2 b + b 2 c + c 2 a -b(c + a) 2 -abc-c(a -b)(b-c) 

<b(c + a) 2 -abc-b(c 2 +ac + a 2 ) 

Ap dung bat dang thuc AM - GM ta dugc: 

[ab 2 +bc 2 + ca 2 ^(ab + be + ca) <b(c 2 + ac + a 2 )(ab + bc + ca) 

< A(c 2 + ac + a 2 ) + (ab + be + ca) 

~ [ 2 
_ b(c + a) 2 (a + b + c ) 2 _ 9 b(a + c) / 


a+c a+c 


* 9b .*±±.*±±*9 - 
2 2 


3 


Ta co dieu phai chung minh. 

Vi du 2. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 3. 
Tim gia tri Ion nhat cua bieu thuc P - aylb 3 +1 + b\lc 3 +1 + cyja 3 +1 . 

Ldi giai 

Su dung bat dang thuc AM-GM ta co: 

a\lb 3 +1 = a^(b + \)[b 2 -b + 1) < a , ^ + 1 + ^ —= a + . 

Tuongtu: by/c 3 +1 <b + ^—;cyla 3 +1 <c + ^—. 

2 2 

Cong theo vc 3 bdt dang thuc tren ta dugc: 

„ ^ , ab 2 be 2 ca 2 . ab 2 + be 2 + ca 2 

2 2 2 


2 
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Khong mat tinh tong quat gia sii b la so nam giua a va c ta co: 

(. b-a)(b-c)<0<3>b 2 + ac<ab + bc=> ab 2 + a 2 c<a 2 b + abc 
=> ab 2 +bc 2 + ca 2 <a 2 b + abc + bc 2 -b(a 2 +ac + c 2 j<Z?(a + c) 2 
Sir dung bat dang thiic AM-GM ta co: 


b + 


a+c a+c 


. , a + c a + c | 
bya + c) =4 b. ^ ^ <4| 


Dang thiic xay ra khi va chi khi a = 0,b = \,c = 2 hoac cac hoan vi. 

c ab 2 + be 2 + ca 2 b(a + cf 

2 2 

Vay gia tri Ion nhat cua P bang 5 dat tai a = 0,b = l,c = 2 hoac cac hoan vi. 
Vi du 3. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 5. 
Tim gia tri Ion nhat cua bieu thiic P = a 4 b + b 4 c + c 4 a. 

L&i giai 

Khong mat tinh tong quat gia su a = max[a,b,c }, khi do 

n 4 , ,4 4.4. 3, a 4 c a 3 c 2 3 1 , , ac c~ 

P-a b + b c + c a<a b + a bc + -+- -a ab + bc + — H- 


= a 3 (a + c) b + —\- 256.- 


i ( a + c 


a a + c , c^l 

.—+- + b + — 

4 4 2 

5 

- 256 

a + b + 

i] 

5 


5 


.( a + b + c 


Dang thiic xay ra khi va chi khi a = 4,b = \,c = 0 hoac cac hoan vi. 

Vay gia tri Ion nhat cua P bang 256 dat tai a = 4,b = 1 ,c = Ohoac cac hoan vi. 
Nhan xet. Tong quat voi a, b, c khong am thoa man a + b + c-k ta luon co 

„ n n k n+1 

a b + b c + c a < -- . 

[n + xr 

Chung minh. 

Khong mat tinh tong quat gia sii a = max{a,b,c) khi do 
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n 7 in » , », n-\i a c a c 

P = a b + b c + c a<a b + a bc-\ -H- 

2 2 

= a” -1 1 ab + bc + ^- + j = a n ~ l (a + c)^b + ^ j 


Sir dung bat dang there AM-GM ta co 





n +1 

( ( 1 14 4 


/ a a a+c . c 
(«-l).- +- + b + — 


a + b + \- + -\c 

<n n 

' n n 2 

— n 1 

v2 n) 

n +1 


n +1 



a + Z? + cY +1 _ n n k n+1 

. « + l J “(« + l)" +1 


Dang thuc xay ra khi va chi khi a - ——, b =-, c = 0 hoac cac hoan vi. 

n +1 w+1 

Vi du 4. Cho a,Z>,c la cac so thuc khong am thoa man dieu kien a + b + c = 3. 
Tim gia tri Ion nhat cua bieu thuc 

P-[a 2 -ab + b 2 ^[b 2 -bc + c 2 ^[c 2 -ca + a 2 J. 


Lai gidi 

Khong mat tinh tong quat gia sir a>b>c khi do 
b 2 -bc + c 2 =b 2 +c{c-b)<b 2 
c 2 - ca + a 2 =c(c-a) + a 2 < a 2 
Suy ra: 


4 

< — 

9 


3 ab 3ab i , ,2 

-+- + a -ab + b 

2 2 _ 


= —— (a + b) 6 <—^—(a + b + c) 6 - \2 
9.27 v ’ 9.27 v ' 


Dang thuc xay ra khi va chi khi a = 2 ,b = l,c = 0. 

Vay gia tri Ion nhat cua P bang 12 dat tai a = 2,b = \,c = 0 hoac cac hoan vi. 
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lO.Ky thuat co si ngugc dau 

Viec ap dung bat dang thuc AM - GM cho mau so doi khi lam ngugc chieu bat 
dang thuc do vay trade khi ap dung ta bien ddi phan thuc dc co the ap dung true 
tiep bat dang thuc AM - GM. 

Vi du 1. Cho a,b,c la cac so thuc duong co tong bang 3. Chung minh 
a b c > 3 
l + b 2 1 + c 2 1 + a 2 2 


Loi giai 


Ta co 



a 

a(\ + b 2 y a b 2 

ab 2 ^ ab 2 

1 + b 2 

l + b 2 

l + b 2 2b 

b 

-b-^>b- 

be c ca 2 . 

1 + c 2 

1 + c 2 

2 ’l + a 2 1 + a 2 

Cong theo ve 3 bat dang thuc tren ta duoc 


1 2 

Vi ab + bc + ca<—(a + b + c) = 3 . 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Vi du 2. Cho x, y, z la cac so thuc duong. Chung minh 


4yz | 

x + 2 Jyz y + 2 \fzx 

Loi giai 

Su dung bat dang thuc AM - GM ta co 


z + 2y]xy ' 


Jyz _ i 

[l x 

|<I 

r,_ - ) 

x + 2^ 2\ 

[ x+ljyz y 

1 2 

{ x+y+zj 

yfzx 1 


|<! 

r,_ ? } 

y + 2\fzx 2 

y + 2\[zxj 

1 2 

{ x+y+zj 

Jxy _ 1 

* 

l< ! | 

V - ) 

z + 2^xy 2 

v z + 2jxy) 

1 2\ 

v x+y+zj 


Cong theo ve 3 bat dang thuc tren ta co dieu phai chung minh. 

Dang thuc xay ra khi va chi khi x = y = z. 

Vi du 3. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 3. 
Chung minh rang 
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a + b + c 
a + 2 b 2 b + 2c 2 c + 2d 

L&i giai 

Sir dung bat dang thiic AM - GM ta co 
a{a + 2b 2 ^-2ab‘ 
a + 2b 2 ~ a + 2b 2 


2 ab 1 
a + 2b 2 


^ 2ab z 2 , 

ia -^= a -i (ab> 


Y>b--{bc) J , 
b + 2c 2 3 v ' c + 2a 2 


2 2 
> c-—(ca) 3 


Cong theo ve 3 bat dang thiic tren ta chi can chiing minh 
2 2 2 
(a&) 3 + ( bc)^ + (ca) 2 < 3 . 
Bat dang thiic tren dung theo AM - GM vi 

2 

a + ab + b>3(ab) 3 
2 

b + bc + c>3{bc ) 3 


c + ca + a>3(ca) 3 

(a + ab + b) + (b + bc + c) + (c + ca + a)<2(a+b + c) + ^(a + b + c) 2 =9 

Bat dang thuc duoc chung minh. Dang thiic xay ra khi va chi khi a-b = c = 1. 
Vi du 4. Cho a,b,c la cac so thuc khong am co tong bang 3. Tim gia tri nhd nhat 
cua bicu thiic 

b c 

b 5 +16 c 3 +16 a 3 +16 

L&i giai 

Ta co: 

ah 3 be 3 ci 


P = - 


, ,_ ab 3 , be 3 

\6P = a —r- + b —;- + c~- 

b 3 +16 c 3 +16 a 


f 16 


- = 3- 


Zr +16 c J +16 a 5 +16 


^ a , ., . ,, * , „ , a ab be ca 

De tim gia tn Ion nhat cua P ta tim gia tn nho nhat cua —-+ —-+ —-. 

o+16 c 3 +16 a 3 +16 

Sii dung bat dang thiic AM-GM ta duoc: 

ab 3 _ ab 3 < ab 3 _ ab 2 

b 3 +16 b 3 +8 + 8 ~\2b 12 

be 3 < be 2 ca 3 < ca 2 
c 3 + 16 ~ 12 ’a 3 +16 _ 12 ' 


Tuong tu: 
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Cong lai theo ve 3 bat dang thuc tren ta dupe: 

ab 3 be? ca 3 < ab 2 + be 2 + ca 2 

b 3 +16 c 3 +16 a 3 +16 _ 12 

Bai toan dua ve tim gia tri Ion nhat cua ab 2 +bc 2 +ca 2 day la mot bai toan 
quen thuoc. 

Khong mat tlnh tong quat gia sir b la so nam giua a va c ta co: 
(b-a)(b-c)<0<^>b 2 +ac<ab + bc=> ab 2 +ca 2 <a 2 b + abc 

=^>ab 2 +bc 2 +ca 2 < a 2 b + abc + be 2 - b(a 2 +ac + c 2 j 
a+c a+c V 


Dang thuc xay ra khi va chi khi a = 0, b = 1, c = 2 va cac hoan vi. 

Suyra 16P>1<^P> —. 

16 

Vay gia tri nho nhat cua P bang — dat tai a = 0, b = 1, c = 2 hoac cac hoan vi. 

16 

Vi du 5. Cho a,b,c la cac so thuc duong co tong bang 3. 

Chung minh rang —— H- — H-— > 1. 

2 + a 2 b 2 + b z c 2 + c 2 a 

Ldi giai 

2 4 2 

Taco: —= 1- a \ >1 -—a^b* >1 -—(a 2 +ab + ab ). 

2 + a 2 b 2 + a 2 b 3 9^ > 

Tuongtutaco: —>1 ~—(b 2 +bc + ab );—>1 -—(c 2 +ca + bc\. 

2 + b 2 c 9' ' 2 +c 2 a 9' > 

Cong theo ve ba bat dang thuc tren ta dupe: 

U + a 2 b 2 + b 2 c 2 + ca) 

1 1 1 

<=>-— H-H-— 1 

2 + a 2 b 2 + b 2 c 2 + c 2 a 

Bat dang thuc dupe chung minh. Dang thiic xay ra khi va chi khi a = b = c = 1. 
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11.Sir dung bSt ding thirc (a + b)(b + c)(c + a) > —(a + b + c)(ab + bc + ca). 
Chirng minh. 

Day la mot bat dang thirc dupe sit dung kha thudng xuyen voi bat dang thirc doi 

ximg 3 bien dira tren dang thiic 

(a + b)(b + c)(c + a) = (a + b + c)(ab + be + ca) - abc . 

Taco ( a + b + c)(ab + be + ca) - abc = (a + b)(b + c)(c + a ). 

Mat khac: abc = U.Jte.JTa < j = (« + t)(*’ + ‘0(c + «) 

Suy ra: 

(a + b)(b + c)(c + a) = (a + b + c)(ab + be + ca) - abc 

, , w , , s (a + b)(b + c)(c + a )• 

>(a + b + c)(ab + bc + ca)~- -—-—-- 


Do do: (a +b)(b+c)(c+a) > —(a + b + c^ab + bc + ca ). 

Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a-b = c. 

VI du 1. Cho a,b,c la cac so thuc duong thoa man dieu kien (a + b)(b + c)(c + a) - 1. 


Lei giai 

Sir dung bat dang thirc quen thuoc: 

(a + b)(b + c)(c + a)>^(a + b + c)(ab + bc + ca ). 

Theo gia thiet bai toan ket hop voi bat dang thirc AM - GM ta co: 
(a + b)(b + c)(c + a)>^(a + b + c)(ab + be + ca) 

>^■^3 (ab + bc + ca).(ab + bc + ca). 


Bat dang thirc duoc chiing minh. Dang thirc xay ra khi va chi khi a-b-c-- 


VI du 2. Cho a,b,c la cac so thuc duong thoa man dieu kien a+b + c>- 


Chimg minh rang 


(2 a + b + cf (2 b + c + af (2 c + a + bf 
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Ldi giai 

Sii dung bat dang thuc AM - GM ta co 
(2 a+b+cf =[(a + Z?) + (a + c)] 2 >4 (a + b)(a + c) 

=>_I_<1_I_ 

(2 a + b + cf 4 (a + b)(a + c) 

Tuang tu cho 2 phan thuc con lai dua ve chung minh 

1 1 1 3 

-1-1-^ — 

( a+bfa+c ) (b + c)(b + a ) (c + a)(c + b ) 4 

_ 2 (a + b + c) ^ 3 

(a + b)(b + c)(c + a) 4 

<=> (a + b)(b + c){c + a)>^(a + b + c) 

CMytaco (a + Z?)(Z> + c)(c + a)>^(a + Z> + c)(aZ> + Z>c + ca) 

Vay ta chi can chung minh ab + be + ca > 3 . 

Theo gia thiet ta co abc(a + b + c)> ab + be + ca. 

Sii dung bat dang thuc AM - GM ta co 
(ab + bc + ca) 2 > 3abc[a + b + c)>3(ab + be + ca) 

<c> ab + bc + ca> 3 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 . 

Vi du 3. Cho a,b,c la cac so thuc ducmg thoa man dieu kien ab + be + ca < 1. 

Chung minh rang a + b + c + yf3> Kabci -f -— + — |. 

U 2 +l b 2 +1 c 2 +lj 

Ldi giai 

Chu y dieu kien bai toan ab + be + ca<\ ta co danh gia 

y 1 < y 1 y 1 _ 2(a+Z? + c) 

^ a 2 +\ ^ a 2 +ab + bc + ca ^ (a + b)(a + c) (a + b)(b + c){c + a) 

Sii dung bat dang thuc (a + b){b + c)(c + a) > —(a + b + cfab + be + ca). 

Taco V 1 n 2(a + t + c) 9 

° 2+1 ^(a + b + c)(ab + bc + ca) +“b + bc + ca)' 


Vay ta chung minh 
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i — 9 

a+b + c + y/ 3 > 8 abc.— -- 

4 yab + bc + ca) 

<^>(a + b + c)(ab + bc + ca) + j3(ab + bc + ca ) > 18 abc 

Do do bat dang thuc cu6i la t6ng cua 2 bat dang thuc. 

(a + b + c)(ab + be + ca)>9abc 

•J3 (ab + bc + ca) > 3\f3 ,sja 2 b 2 c 2 = >c > I'^abc _ g a ^ c 

v 7 ^abc rr 

Bat dang thiic duoc chiing minh. Dang thuc xay ra khi va chi khi a-b-c- -\=. 

V3 

12.Ky thuat chuan hoa 

Bat dang thuc co dang thuan nhat bac k co dang 
P(x l ,x 2 ,...,x n ) > 0 trongdo P(tx x ,tx 2 ,...,tx n ) = t k P(x l ,x 2 ,...,x n ) . 

Khi do ta co the thuc hien 

+ Chuan hoa cho x m + y m + z m = const (chuyen bai toan khong co dieu kien ve co 
dieu kien). 

+ Hoac nhan(chia) voi dai luong chiia bien de dua bat dang thiic ve dang thuan 
nhat giup chiing minh don gian hon. 

Vi du 1. Cho a,b,c la cac so thuc duong. Chiing minh 

V abc 3' 

Lei giai 

Bat dang thiic co dang thuan nhat bac 1 ta chuan hoa a + b + c = 3. 

x •, J( a + b ) 2 (b + c) 2 (c + af 

Ta can chiing minh {\- -—-> 4 . 

V abc 

<=> (a + Z>)(Z> + c)(c + a) > 8 4abc 

Chiiy 

(a + b)(b + c)(c + a) = (3 - a)(3 -Z?)(3 - c) = 3(aZ? + be + ca) - abc 

ab + bc + ca> yj3abc(a + b + c) = 3^abc 

Vay ta chiing minh 9^1 abc - abc > 8 V abc <=> abc < 1. 
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Bat dang thiic cuoi dung bdi vi abc < + ^ + = ] 

Bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a-b = c . 

Bai tap tuong tir 

Cho a,b,c la cac so thuc khong am. Chung minh 

J( a + b)(b + c)(c + a) \ab + bc + ca 

h. * h “ ■ 

Vi du 2. Cho a,b,c la caa so thuc duong co tong bang 1. Chung minh 
a 2 +b 2 +c 2 >?>{a 2 b + b 2 c + c 2 ay 

Ldi giai 

Ta chuyen bat dang thuc ve dang thuan nhat bac ba bang each thay 
a 1 +b 2 +c 2 =^a 2 +b 2 + c 2 )(a + Z> + c) . 

Ta can chung mi nh 

(a 2 + b 2 + c 2 )(a + b + c)>3(a 2 b + b 2 c + Sa) 

<=>(a 3 +ab 2 ^ + [b i +bc 2 ) + (c 3 +ca 2 ^>2[a 2 b + b 2 c + c 2 a} 

Bat dang thiic nay la tong cua 3 bat dang thiic 
a 3 + ab 2 > 2a 2 b; b 3 + be 2 > 2 b 2 c; c 3 +ca 2 >2c 2 a. 

Bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a-b-c = ^. 
Vi du 3. Cho a,b,c la cac so thuc duong co tong bang 1. Chiing mi nh 
a 2 +b 2 +c 2 + 2\l?>abc < 1. 

Ldi giai 

Chii y ta dua bat dang thiic ve dang thuan nhat bac 2 bang each thay 
2^2abc = 2^3 abc(a + b + c) 

\ = (a + b + cf 

Bat dang thiic tuong duong voi 
a 2 +b 2 +c 2 + 2^3abc(a + b + c) <(a + b + c) 2 
ab + bc + ca> ^3 abc(a + b + c) 
o(ab + bc + ca) 2 >3 abc(a + b + c) 
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Bat dang thuc cuoi luon dung. Bat dang thuc dugc chung minh. Dang thuc xay 
1 


ra khi va chi khi a-b-c- — 

3 

Vi du 4. Cho a,b,c la cac so thuc duong. Chung minh 

a | b | c jH a2+b2+c2 ) 
b c a yfabc 

L&i giai 


Chuan hoa abc =1 ta can chung minh 
abc 
b c a 


+ rN 3 (» 2+ * 2 « 2 ) 

a3(« 2 +fc 2 +c 2 ) 


(abc 
- + - + - 
\b c a 


o^ + 2- + Kr + 2- + ^- + 2->3(a 2 +b 2 +c 2 ' 
b 2 c c 2 a a 2 b V 

Bat dang thuc cuoi la tong cua 3 bat dang thuc 

b 2 c c V b 2 c 2 


\ + ^ + ^^33-Vp=3 c 2 
a 2 b b V a 2 b 2 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c . 
Vi du 5. Cho a,b,c la cac so thuc duong chung minh 


la + b lb + c lc + a ^ l6(a + b + c) 

vr + vT + \~r~\ • 

L&i giai 

Bat dang thuc co dang thuan nhat bac 0 chuan hoa abc = 1. 

Ta can chung minh + ^ + C > ^6(a + b + c) . 

Su dung bat dang thuc Mincopski ta co 
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Su dung bat dang thuc trinh bay trong vi du 4 ta co 

V* Vo Vo V ' 

Vi- Vo Vo 3/Vf^X V ' ' 

Suy ra dieu phai chung minh. Dang thuc xay ra khi va chi khi a-b=c . 


13.Ky thuat dat Sn phu 

Doi khi dat an phu dua ve bien mod giup danh gia AM - GM dcm gian hem. 
Vi du 1. Cho a, b, c la cac so thuc duong. 

, * , - b(a-c ) c(3b + a) 2 c(a-b) 

Tim gia tn nho nhat cua bieu thuc P - -H-H-. 

c(a + b) a(b + c ) b(a + c) 

L&i giai 

Datx = ab > 0; y - be > 0; z = ca > 0, khi do 
p x-y [ 3y + z | 2z-2y . 
z+y x+z x+y 

Dat m=z + _y>0;« = x + z>0;;? = x + y>0. 

Suy ra 2x — n + p — m;2y = m + p — n;2z = —p + n + m . 


Khi do P = \ — + — + 2P + — -4. 


Su dung bat dang thiic AM-GM ta co 

P= f- + —Vf- + -l-4^2.E^+2|i^-4 = -K5-4. 

\m n J \n p ) \m n n p 

Voi (a,6,c) = (l,l + 2>/2,-5 + 4V2)=>P = -4 + 4>/2. 

Vi vay P mi „ =-4 + 4 V 2 . 

Vi du 2. Cho x,y,z la cac so thuc Ion hon 1 va thoa man dieu kien 

xy + yz + zx + xyz = 20 . 
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Chung minh rang- 

x+y+z-3 




Loi giai 

Dat a = x-l,Z? = y-l,c = z-l;a,Z),c>0tacanchimgminhaZ?c(a + Z> + c)<3 . 
Chu y gia thiet bai toan trd thanh: 

(a + l)(6 + l) + (6 + l)(c + l) + (c + l)(a + l) + (a + l)(6 + l)(c + l) = 20 
<=> 3 (a + b + c) + 2{ab + bc + ca ) + 2 abc -\7 

Sir dung bat dang thirc AM -GM ta co 2(ab + be + ca)> 2^3abc(a + b + c) 


2fa+b+c 
3 


4 labc(a+b + c ) 
3 V 3 


—^-— - - = -^yj(a + b + c) 3 .(a + b + c) > 27abc.(a + b + c ) 

Cong theo ve ba bat dang thuc tren suy ra 

2j3abc(a+b + c)+j^ abC ( a + b ^ + jp7abc.(a + b + c)<17 

Ve trai la ham dong bien vdi abc(a + b + c) tu do suy ra abc (a + b + cj < 3 . 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z = 2. 


14.Ky thuat lua chon diem roi 

Danh gia bat dang thuc dieu kien tien quyet la dam bao dau bang. Do vay vod 
bat dang thuc doi xung cac bien thudng bang nhau day la co so cho viec ta ap dung 
bat dang thuc AM - GM cho cac so duong hop ly. 

Trong trudng hop kho doan bien dau bang xay ra tai day ta co the sir dung 
tham so hoa hoac giai phuong trinh dao ham rieng. 

Chi tiet hon ve ve phuong phap nay xem chu de tham so hoa. 

Vi du 1. Cho a,b,c la cac so thuc ducmg co tong bang 1. Tim gia tri Ion nhat cua 
bieu thirc P = lja + b + l]b + c + yjc + a . 


Loi giai 


Phan tich tim loi giai: 


Bieu thirc doi ximg 3 bien dau bang dat tai a = b = c = - 


b + c = —. 
3 
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Do do lua chon cac so — ghep cap vdi timg tong (a + b),(b + e),(e + a ). 

Loi giai chi tiet: 

Sii dung bat dang thuc AM - GM cho 3 so duong ta co 




. 2 2 
a + Z> + —+ — 
3 3 . 


, 2 2 

Z) + CH-h — 

3 3 . 


2 2 
f — 


__ 

Cong theo vd 3 bat dang thuc tren ta duoc l]a+b + l/b + c + l]c + a < ^/l8 . 
Vay gia tri Ionnhat cua P bang ^/l8 dau bang dat tai a-b-c = 4 

Bai tap tuong tu 

Cho a,b,c la cac so thuc duong co tong bang 1. Tim gia tri Ion nhat cua bieu thuc 
P = Zj2a + 3b + \j2b + 3c + \/2c + 3a . 

Vi du 2. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 - 1 . 

Tim gia tri nh d nhat cua bieu thuc P-a + b + c + —. 

abc 


Loi giai 


Phan tich tim 161 giai: 

Dau bang dat tai a-b 


=c JZ±Z±Z= * j_= 3 ^. 

V 3 S abc 


Vay tach ghep cap nhu sau: a+b + c + 


Loi giai chi tiet: 

Su dung bat dang thiic AM - GM ta co 


- = [ a + b + c + 4-\ + - 


P = [ a + b + c-\ —| + —— >44/aAc.——4 

^ 9 abc) 9 abc V 9 abc 


r = 4^. 


Vay gia tri nh d nhat cua P bang 4^3 dat tai a-b = c = —1=. 

V3 
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Tim gia tri nho nhat cua bieu there P -a 2 +b 2 +c 2 + — + — + — . 

a b c 


Phan tfch tim loi giai: 


Daubangdat tai a-b = c~- 


Loi giai 


a b c 


Vay can tach ghep nhu sau: a 2 +b 2 +c 2 + — + — + — 
a b c 


= a + — + — + b + — + — + c + — + — +- - + - + 


8a 8a ) 

Loi giai chi tigt: 


8c 8 c) 4\a b c) 


Svr dung bat dang thiic AM - GM cho 3 so duong ta co 


1 1 


1 1 ' 


1 1 


P = \a +— + — + * +^r + ^r + K + —+ — 


> 3 ,b±± +3 Ai.±± +3 ,b±± , 

V 8 a 8a V 8b 8b V 8c 8c 4 Ifabc 


8c 8c) 4ya b c) 
9 


4 A 


9 ^ 27 

a+b+c~ 4 


Vay gia tri nho nhat cua P bang — dat tai a-b-c = — . 

Cach 2: Ta co 

P>-(a + b + cf + --- 

3 V a+b+c 

[2[a + b + c)-2^{2[a + b + cf +3(a + Z) + c)-36j 
12(a + Z? + c) 


27 

4 


Vf du 4. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 -12 . 
Chung minh rang a\lb 2 +c 2 + b^Jc 2 +a 2 + c\la 2 +b 2 < 24 . 

Loi giai 

Dau bang dat tai a = b = c = 2 . Khi do 4a = 2a 2 -b 2 +c 2 ta su dvmg bat dang 
thuc AM - GM nhu sau: 
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^4a.2fl 2 .(l> 2 +c 2 ) 4a + 2a 2 +6 2 +c 2 


cya +b = 


2 


6 


^4b.2b 2 .^c 2 +a 2 

) ^4b + 2b- 

' +c 7 

' -va 2 

2 


6 


^4c.2c 2 .(a 2 +b 2 

) < 4c + 2c 2 

'-va 2 

+ b 2 

2 


6 



Cong theo ve 3 bat dang thuc tren chu y a + b + c < ^3\a + b + c J = 6 ta co 
dieu phai chung minh. 

Dang thuc xay ra khi va chi khi a - b = c = 2 . 

[a + b + c = 9 


Vi du 5. Cho a,b,c la cac so thuc duong thoa man dieu kien 


a>5,a + b>8 


Tim gia tri Ion nhat cua bieu thuc P = abc. 

Liti giai 

Tvr dieu kien ta du doan dau bang dat tai a = 5, b = 3, c - 1. Vi vay viet lai P va sir 
dung AM - GM cho ba so duong tu trung binh nhan sang trung binh cong. 

Taco a>5=>& + c<4;a + h>8=>c<l. 

Su dung bat dang thuc AM - GM cho ba so duong ta dupe: 

p,T. {3aM5c) < 

1 \'i(a + b + c) + 2{b + c) + \0cf ^ 1 3.9 + 2.4 +10.1V _ 

“IsL 3 J 15l 3 J 

Voi a = 5 ,b = 3,c = 1 thi P bang 15. Vay gia tri lbn nhat cua P bang 15. 

Vi du 6. Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 
1 | 1 
a 2 +b 2 +c 2 abc 

L&i giai 

Su dung bat dang thuc AM - GM ta co 

f 1 1 1 X. 7 

T + ^— + 1 + ^— >3- 


->30. 


VT = I 


a 2 +b 2 +c 2 9abc 9 abc) 9 abc +b 2 +c 2 ).9abc.9abc 9abc 

Taco (a 2 + 6 2 + c^ab3l,c3ca<\ l ^ tl +H°>> + bc + ca) 'j 
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(a + b + c) 2 + ab + bc + ca 

4 

4 + i] 

_3 

4 


4 

v J 


Chuy abc<\ 


"27* 


Tvr do suy ra dpcm. 

Cach 2: Taco: 3 (ab + bc + ca)<(a + b + c ) 2 


ab + bc + ca (a + b + c ) 2 


1 9 

Mat khac: (ab + bc + ca)(a + b + c)> 9abc =>->- 

abc ab + be + ca 


a 2 +b 2 + c 2 ab + bc + ca ab + bc + ca ab + bc + ca 
9 21 


(a + b + c) (a + b + c) 


Taco dpcm. 


B. BAI TOAN CHON LOC 

Bai 1. Cho a,b,c la cac so thuc duong thoa man dieu kien b>a>c> 0 . 


Chung minh rang -s 


-> 3 . 


4ab c(a-c) 

Lifi giai 

Nhan xet. Ta chung minh bat dang thuc quen thuoc sau day: 

4ab > Jc(a^c) + yjb(b^c) . 

^ „ t r jv , , ^ c(a-c) c(b-c) t 

That vay bat dang thuc tuong duong voi: . — -- +. — -- < 1. 

V ab V ab 

Su dung bat dang thuc AM-GM cho 2 so duong ta co 


lc(b-c) ^ 1 [ 

r c | a-c | c | d-c^j 

1 ab 2! 

yb a a b ) 


Ta co dieu phai chung minh. 
Gid ta ap dung vao bai 
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r— c(a-b) 1 r— c(a-c)-c(b-c) 1 

'Jab + v y + —-- = VaZ> + —--- + —-r 

•Jab c(a-c) -Jab c[a-c) 

V 1 ' v c(a-c) 



> 33 Uc(a - c).Jc(a - c ).——^—- = 3 
v c(a-c) 


Dang thuc xay ra khi va chi khi < 


ja-b = 2 
| C = 1 

Bai 2. Cho a,Z>,c la cac so thuc duong thoa man dieu kien a + b + c = 3. 


Chung minh ring + j + ° + J C + a > 3 . 

V c + ab V a + be \b + ac 

Ldi giai 

Su dung bat dang thuc AM-GM ta co 

I a + b + I b + c + jc + a > ^ 6 ja + b b + c c + a 

\ c + ab V a + bc \ b + ac \ c + ab a + bc b + ca 

Ta chi can chung minh (a + b)(b + c)(c + a) > (a + Z>c)(Z? + ca)(c + aZ>). 

Su dung bat dang thuc AM-GM ta co 

t l \tu a + bc + b + ca'f (a + b) 2 (c + \)~ 

(a + bc)(b + ca)<^ ---J ^^ 

Tuong tu ta co: 

, w (b + cf(a + 1) 2 , w x (a + c) 2 (i + l) 2 

(Z> + ca)(c + aZ>) < --— ;(c + aZ?)(a + Z?c) < -- —. 

Nhan theo ve 3 bat dang thuc tren ta duoc 

[(a + bc)(b + ca)(c + aZ?)] 2 < [(a + b)(b + c)(c + a)] 2 ^ 64^ -~ • 

Be ket thuc bai toan ta chi can chung minh ( a + 0 (^ + 0 ( c + 0 < ] (] u 5 n dung). 


Vi (a + l)(Z? + l)(c + l)< 


Dang thuc xay ra khi va chi khi a = b = c-1 . 


'a + l + Z> + l + c + lY 

, 3 ~~ 


) 
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Bai tap trnmg tir 

Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 
ja+b + I b + c 
V c + ab V a + be )l b + 

Bai 3. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca> 0. 


— > 3 ^. 
+ ac v 2 


Chung minh rang . 


>3. 


Lai giai 

Su dung bat dang thuc AM - GM cho 3 so duong ta duoc 


pZ + pZ + 3 c ^ a2 )( 1+b2 )( 1+c2 ) _ 

V b + c V c + a V a + b y (a + b)(b + c)(c + a) 

(l + a 2 )(l + b 2 )(l + c 2 ) 

Vay ta chung minh - -L > 1 

(a+b)(b + c)(c + a) 

<=>(l + a 2 ) (l + b 2 ) (l + c 2 ) > (a + b)(b + c)(c + a). 

Su dung bat dang thuc C -S ta co (l + a 2 j^l + b 2 j > (a + b'f ; 

(l + Z? 2 )(l + c 2 )>(Z? + c) 2 ; 

(l + c 2 )(l + a 2 )>(a + c) 2 . 

Nhan theo ve 3 bat dang thuc tren ta co dieu phai chung minh. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b-c. 
Bai 4. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca> 0 . 
~b~ 


Chung minh rang J —J -J- . 

\b + c \c + a \a + b 

Lin giai 

Su dung bit dang thuc AM -GM ta co (a + b + cf >4a(b + c) 
a ^ 4 a 2 F~a ^ 2 a 


b + c ( a + b + cf \b + c a + b + c 

Tuong tu ta co . —— > ——— 

V c + a a + b + c 

2c 


\ a + b a+b+c 
Cong theo ve 3 bat dang thuc tren ta duoc 
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b+c \c + a 


>2 ■ 


= 2 . 


ya+b+c a+b+c a+b+c) 

Bat dang thirc dupe chiing minh. Dang thirc xay ra khi va chi khi co 1 so bang 0 
va 2 so con lai bang nhau. 

Nhan xet. Ngoai lbi giai tren ta co the chung minh bat dang nay bang bien doi 
tuong duong, bat dang thiic Holder hoac Bemuoli. 

Bai 5. Cho a,b,c la cac so thuc duong. Chung minh 


Jf^Lf + 3, 

If— 

FHV 

+ c) ]j 

'U + flj + \ 

U+*J 


>3. 


L ai giai 

Sir dung bat dang thuc AM - GM cho 3 so duong ta co 


AU 

b + cJ 


— 
c + a) 


a + b) 


3 a 


b+c b+c 

z '^T'^r 


, c + a c + a 


^a+b a+b 
2 ' 2 


| b + c | b + c a + b + c 

% " 2 ; ! V ' 

3 

b 3 b 


| c + a ^ c + a a + ]j + c 
2 2 
3 


| a + b | a + b a + b + c 

2 


3 


* 1 . 


Cong theo ve 3 bat dang thuc tren ta co dieu phai chiing minh. Dang thirc xay ra 
khi va chi khi a-b = c . 

Bai 6. Chiing minh rang voi moi a,b,c duong ta co 

f a \ V b + c i r c 

yb + c c + ajyc + a a + b)ya + b b + c) 

L&i giai 

Sir dung bat dang thirc AM -GM cho 2 so duong ta co 

a b a „ b „ „ 

-+-=-+ 1 +-+ 1-2 

b+c c+a b+c c+a 


= (a + b + c ){——4—-— 1-2 

V \b + c c + aJ 
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> 2 (a + b + c) 2 _ (a + b) + (a + c) + (b + c) ^ 

>/(b + c)(c + a ) yj[b + c)[c + a) 

^ a + b + 2^(a + c)(b + c) ^_ a + b 

s](a + c)(b + c) J(a + c)(b + c) 


Tuong tu ta co- 

c + a 


c > b + c 
a + b yj(c + a)(a + b) 


c a > c+a 
a + b b + c ^j(a + b)(b + c) 

Nhan theo ve 3 bat dang thuc tren ta co dieu phai chung minh. 
Dang thiic xay ra khi va chi khi a - b = c . 

Bai 7. Cho a,b,c,x,y,z la cac so thuc duong thoa man dieu kien 

(a + b + c)(x + y + z) = [a 2 +b 2 + c 2 )(x 2 +y 2 +z 2 j = 4. 


Chung minh rang abcxyz < —. 

36 

Led gidi 

Su dung bat dang thuc AM - GM ta co 
4 [ab + bc + ca ) (xy + yz + zx) 

= |\a + b + c) 2 - (a 2 + b 2 + c 1 )][6+^4 2 -b 2 + y 2 +z 2 jj 
= 20-1 \a + b + cf[x 2 +y 2 + z 2 ^ + (a 2 +b 2 + c 2 ^(x +y + zf~\^ 

< 20 - 2(a + b + c)(c + y + z) ^a 2 +b 2 + c 2 )(x 2 + y 2 +z 2 j = 4 
Do do (ab + bc + ca ) (xy + yz + zx) < 1. 

Matkhac (ab + bc + ca) 2 >3abc(a + b + c). 

(xy + yz + zx) 2 > 3xyz (x + y + z) 

Nhan theo ve 2 bat dang thuc tren ta duoc 

9 abcxyz(a + b + c)(x + y + z) < 1 <=> abcxyz < ^. 

Dang thuc xay ra khi va chi khi a-b = c;x = y = z khi do trai voi gia thiet 
(a + b + c)(x + y + z) = [a 2 +b 2 + c 2 )(x 2 +y 2 +z 2 J - 4 . 


Vay abcxyz < — . 
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Bai 8. Cho a, b, c > - 1. Chung minh 


1 + b + c 1 + c + a l + a + b 

L&i giai 


1 + b 2 


Su dung bat dang thuc AM - GM ta co 1 + b + c > 0,1 + b + c < 1H-+ c 


Suy ra 


2(l +a 2 ) 


l + b + c 2 l + Z? 2 +2(l + c 2 )’ 


Tuang tu ta co 


1+i 2 . 4 1+f,; ) 

1 + c + a 2 1 + c 2 + 2^1 + a 2 j 

1 + c 2 . ^(1 + ^ 

l + a + b 2 l + a 2 +2^1 + b 2 ) 


Cong theo ve 3 bat dang thuc tren va dat x = a 2 + 1, y = b 2 + 1, z = c 2 +1 ta duoc 
1 + a 2 1 + b 2 1 + c 2 2x 2 y 2 z 

-H- y H- y ^-1---1-• 

l + b + c 1 + c + a l + a + b y + 2z z + 2x x + 2 y 

Su dung bat dang thuc C - S ta co 

* , y , z ^_ ( x+y + zf _ 

y + 2z z + 2x x+2 y x(y + 2z) + y(z + 2x) + z(x + 2y) 

(x + y + zf ^ 3 (xy + yz + zx) 

3 (xy + yz + zx) 3 (xy + yz + zx) 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a - b = c = 1. 
Bai 9. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + 2be + 3ca = 6. 
Tim gia tri nho nhat cua bieu thuc P - (a + b)(b + c)(c + a) + 4a + b + c. 

L&i giai 

Su dung bat dang thuc AM-GM ta co 
P> 2^(a + b)(b + c)(c + a).(4a + b + c ). 

Mat khac su dung bat dang thuc C-S ta co 
(a + b)(b + c)(c + a).(4a + b + c) = \^a(b + c) 1 + b(c-a ) 2 + c(a + b) 2 J.(4a + b + c) 

>[2 a(b + c) + b(c-a) + c(a + b)] 2 
= ( ab + 2 be + 3caf = 36 
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Dang there xay ra khi va chi khi a = \,b = 0,c = 2. 

Vay gia tri nho nhat cita P bang 12 dat tai a = \,b = 0,c = 2. 

Bai 10. Cho cac so there a,b,c thuoc doan [0;l]. 

Tim gia tri ion nhat va nho nhat cua bieu thuc P = a 5 b 5 c 5 [2{ab + bc + ca ) -8 abc). 

L&i giai 

Sir dung bat dang thuc AM-GM ta co: 

3 (ab + bc + ca) > 3.3 3 a 2 b 2 c 2 = 9 3 a 2 b 2 c 2 > 9abc>8abc . 

Suy ra P> 0 .Vay gi^ tri nho nlW cua Pbang 0 xay ra khi co it nhat mot so 
bang 0. 

Su dung bat dang thuc AM-GM ta dupe: 

P - abc.abc.abc.abc.abc [3 [ab + bc + ca ) - 8aic] 

I" 3[ab + bc + ca)-Sabc + 5abc~f [ab + be + ca -abc) 6 • 

I 6 j = * 

Mat khac: 

ab + bc + ca- abc -a(b + c-be) + be - a\j> + c(l -Z?)] + be 
<b + c-bc + bc = b + c< 2 

Do do P < 1. Vay gia tri Ion nhat cua P bang 1 xay ra khi a = b = c = 1. 

Bai 11. Cho a,b,c la cac so thuc duong co tich bang 1. Chung minh 

(a + b){b + c )(c + a) > ^-(a + b + c) +1. 

L&i giai 

Sir dung bo de. (a + Z>)(Z> + c)(c + a)>^(a + Z> + c)(aZ> + Z>c + ca),Va,b,c>0 
ta dupe: 

(a+b)(b + c)(c + a)>^(a+b + c)(ab + bc + ca)>^(a + b + c)3%[aVc? 

- -j(a + b + c) - j(a + b + c) + j(a + b + c) 

>^(a + b + c) + ljabc = -^(a + b + c) +1 

Bat dang there dupe chimg minh. Dang thuc xay ra khi va chi khi a-b-c = 1. 

Nhan xet. Ngoai ra ta co bat dang there manh hon nhu sau. Voi gia thiet ceing dieu 
kien bai toan ta co (a + b)(b + c)(c + a) > 4(a + b + c-1 ). 
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Chung minh. 

Ta co: 

(a + b)(b + c)(c + a) = (a + b + c)(ab + be + ca) - abc - (a + b + c)(ab + be + ca) -1 
Mat khac: 

(i ab + bc + caf > 3abc[a + b + c) = 3 (a + b + c) => ab + be + ca > ^3 (a + b + c) . 
Vay bai toan dugc chung minh neu bat dang there sau dung: yj 

(a + b + c)j 3(a + b + c) -l>4(a + b + c-l). 

That vay, dat t - \Ja + b't c,[t > V3 j.Xct ham so / (t) = ^31 3 - 4t 2 + 3 voi 
t>yj 3 . 

Ta co f\t)-3yj3t 2 -St>0yt>y/3nen fit) dong bien tren ^V3;+oojhay 
/(0>/(V3) = 0. 

Dodo (a+b + c)yj3(a+b + c) - \>4(a + b + c -\). 

Bat dang there dugc chung minh. Ngoai ra bai toan tren co the thuc hien bang 
phuong phap don bien(xem chuong 4). 

Bai 15. Cho x,y,z la cac so thuc duong thoa man dieu kien 
(x + y)(y + z)(z + x) = 8. 


Tim gia tri nh d nhat cuabieu thuc P-- 


1 


1 


1 


3[xyz x + 2 y y + 2z z + 2x 

L&i giai 

Ser dung bat dang thuc AM-GM ta co: 

1 | 1 | 1 ^_9_ 3 

x + 2 y y + 2z z + 2x x + 2y + y+ 2z + z+ 2x x + y + z 
Mat khac: 

8 9 

(x + y)(y + z)(z + x)>-(x + y + z)(xy + yz + zx)^x + y + z<———. 

Suy ra 

P>A_ + ^ + ^z + z, a 2 1 + 1 + 3^y7> 3 

yjxyz 3 \jxyz Ijxyz Ijxyz 

Vay gia tri nho nhat cua P bang 3 dat tai x = y = z = 1. 

Bai 16. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 3. 
Chung minh rang \[a +y[b + 4c >ab + be + ca . 

L&i giai 

Taco: 2(ab + be + ca) = (a + b + cf a 2 +b 2 +c 2 ) = 9-(a 2 +b 2 +c 2 J. 
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Vay ta chung minh bat dang thuc: a 2 +b 2 +c 2 + l(yfa +yfb + yfc'j > 9 . 

Theo bat dang thuc AM-GM ta co: 

a 2 +4a+4a> 3a,b 2 +4b + \[b> 3b,c 2 +y[c + \[c > 3c. 

Cong theo ve ba bat dang thuc tren ta duoc: 

a 2 + b 2 + c 2 + 2\fa + 2yfb + 2 \[c >3(u + Z? + c) = 9 . 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b = c . 
Bai 17. Cho x,y,z, t la cac so thuc khong am thoa man dieu kien x+y+z+t- 4. 
Tim gia tri Ion nhat va gia tri nho nhat cua bieu thuc 

P = Xy/3 + yz + yyj3 + zt + zy/3 + tx + tyj3 + xy . 


Loti giai 

Do x,y,z,t khong am nen 

P>xyj3 + y\[3+z^3+ty[3 - (x + y + z + t)yf3 = 4^3 . 

Vay gia tri nho nhat cua P bang 4^3 dat tai x = 4, y = z = t - 0 hoac cac hoan vi. 
De tim gia tri Ion nhat cua P ta sir dung bat dang thuc AM-GM cho hai so duong: 
P = y/3x + xyz + 2 -\Jy^3y + yzt + 2\[z~j3z + ztx + 2yfty]3t + txy j 

< ^-(4x + 3x + xyz + 4y + 3y + yzt + 4z + 3z + ztx + 4t + 3t + txy) 

= ^(x + y + z + t) + ^(xyz + yzt + ztx + txy) = l + -^(xyz + yzt + ztx + txy ) 

Mat khac: 

xyz+yzt + ztx+txy = xy[z + t)+zt{x+y)<^~Y^ (^ + ?) + ( x + t ) 

= ^{x + y)(z + t)(x + y + z+t) = (x + y)(z+t)< ^ +y+ ^ + t ^ =4 
Vay gia tri Ion nhat cua P bang 8 dat tai x = y = z = t- 1. 


Bai 18. Cho cac so thuc a,b,c thay doi thoa man dieu kien a 2 + b 2 + c 2 = 1. 
Tim gia tri Ion nhat, gia tri nh o nhat cua bieu thuc 
P-a 3 +b 3 +c 3 - 3 abc . 


L&i giai 

Taco: P = (a + b + c)(a 2 +b 2 +c 2 -ab-bc-ca^ = (a + b + c)(l-ab-bc-ca). 

Suy ra: P 2 - (a + b + cf (l -ab-bc- caf 

= (l + 2 ab + 2be + 2ca)(l - ab - be - ca){\ - ab - be - ca) 
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Do ab + be + ca < a + o + c - 1 nen cac so trong tich cua P~ khong am ta su 
dung bat dang thuc AM-GM ta duoc: 

p 2 J 1 + 2ab + 2bc + 2ca + 2(\-ab-bc-ca ) 

1 3 

Vay gia tri nho nhat cua P bang -1 dat tai a = -\,b = c - 0 hoac cac hoan vi. 

Gia tri Ion nh at cua P bang 1 dat tai a = \,b = c = 0 hoac cac hoan vi. 

Bai 19. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c- 1. 

Tim gia tri Ion nhat cua bicu thuc P = [a i + b 3 ^)[b 3 + c 3 + a 3 j. 

Ldi giai 

Khong mat tinh tong quat ta gia sir c - min )a,b,c). 

Khi do : 

P < [a 3 + b 3 )(z > 3 + b 2 c)(a 3 + a 2 cj = (a + b)(a 2 - ab + Z> 2 )(a + c)(b + c)a 2 b 2 
= (a + b)(b + c)(c + a)[a 2 -ab + b 2 ^a 2 b 2 
Mat khac: 

(a + b)(b + c)(c + a) = (a + b + c)[ab + bc + ca) - abc <(a + b + c)[ab + bc + ca) 
Suy ra: 

P<(a + b + c)(ab + bc + ca)^a 2 -ab + b 2 ^)a 2 b 2 

/ , n. (ab + bc + ca + a 2 -ab + b 2 +ab + ab\ 

^(fl + i + c). --- 

{a + b + c)\^a + b) 2 +c{a + b)\ [ ^ a + b ^^ a + b + c -f ( a + b + c f _ , 


Vay gia tri Ion nh at cua P bang dat tai a = b = -^,c = 0 hoac cac hoan vi. 

Bai 20. Cho a, b,c,d,e,f\k cac so thuc khong am co tong bang 1 va ace + bdf > . 

Chung minh rang abc + bed + ede + def + efa + fba < —. 

36 

Ldi giai 

Su dung bat dang thiic AM-GM cho ba so duong ta duoc: 

abe + bed + cde + def + efa + fba + ace + bdf - (a + d)(b + e)(c - f f) 

fa + d + b + e + c + f^_ 1 

“l 3 J “27 
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Suy ra abc + bed + ede + def + efa+ fba < —— (ace + bdf ) < —-— = —. 

27 v ’ 27 108 36 

Bat dang thuc dugc chung. 

1 


Bai 21. Cho cac so thuc khong am a,b,c thoa man dieu kien ab + bc + ca> Ova 
a + 2b + 3c = 4. 

1 1 


Tim gia tri nho nhat cua bieu thuc P = - 


ylab + bc + ca Jab + bc + c 2 

L&i giai 

Nhan xet. De P nho nhat tit a + 2b + 3c = 4 ta se suy ra a ldn nhat va c nh o nhat. 

1 1 2 

Dir doan vdi c-()=>P- . — + .— = .— ,a + 2b = 4. P luc nay dat gia tri 
dab dab dab 

nho nhat tai a = 2 ,b = 1. 

Ta co: 

1 1 2 


P = 


'Jab + bc + ca Jab + bc + c 2 4j(ab + bc + ca){ab + bc + c 2 j 

2V2 2J2 4V2 


V lab + 2bc + ca + c 2 J{a + c)(2b + c) a + 2b + 2c a + 2b + 3c 
Vay gia tri nh o nhat cua P bang V 2 xay ra khi 
\ C = ° 

2 b + c-a + c \a 2 

2 o\b = l. 

\ab + bc + ca-ab + bc + c 

c = 0 

[a + 2Z? + 3c = 4 

Bai 22. Cho a,b,c la cac so thuc thoa man 0<a<b<cva 
a 2 -l . b 2 - 1 . c 2 -l 
a b 


= Jl 


- = 0 . 


2014 2015 


Tim gia tri nh o nhat cua bieu thuc P-a+ 0 4 + c‘ 

L&i giai 

Tir 0<a<Zi<csuyra 0 = -^-- + —-- + --->3.—-- 

abc a 
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Ta co: 

b 2 -1 | c 2 - \ _l~ a 
b c a 
Mat khac: 


>0 =>Z) + c- — — > 0 <=> (h + c)[ 1 —— j > 0 <=> he > 1. 


be ) 


c a b K \ab J [ab J 


= 2 [ —- sfab 1 > —- \[ab 


\4ab 


4ab 


Suyra c 


-%> ^ab « [c S-Y1 +—} 


yfab 


4ab 


> 0 « c <=> abc > 1. 

Jab 


Khi do su dung bat dang thuc AM-GM ta duoc: 

p = a+b 2 014 +c 2015 


-3fe 201 V 015 =3 


Vay gia tri nh d nhat cua P bang 3 dat tai a = b = c = 1. 

Bai 23. Cho a,b,c,d la cac so thuc duong. 

, . . b(a + c) c(b + d) d(c + a) a(d + b) 

Chung mmh rang — - - + — - - + - - + —;- - > 4 . 

c(a + b ) d(b + c ) a(c + d ) b[d + a) 


Led giai 


Dat P la ve trai cua bat dang thuc. 
Viet lai P dudi dang: 

b + d 
[c(a + h) a(c + d) 


P-(a + c ) 

= (abc + bed + eda + dab) I - 


d(b + c ) b(d + a ) 
a+c b+d 


(b + d) | 

a + c 

\_ac(a + b)(c + d ) bd(b + c)(a + d ) 


(i i i r 

ya b c d, 


{1 1 1 1 

ya b c d , 


1 1 

— + - 

a c 


1 1 

-1- 

b d 


v a b Jyc dJ 


i + i i + r 

yb cjya d j 


4fl + l] 


4fi + i] 

U c) 


U d) 


"1 1 1 1\ 

y a b c d J 


i + i + i + l 

ya b c d) 


Bat dang thuc duoc chung mi nh . Dang thuc xay rakhi va chi khi a-b = c-d . 
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Bai 24. Cho a,b,c la cac so thuc khong am. Chung minh 

0 + ^3 +C “ a ^ c + ~^ a ~^)iP~ c )i. c ~ a> i ■ 


Bat dang thuc tuong duong voi: 
a 3 + b 3 + c 3 - 3abc 3 


Lai gidi 


3 

(^a + b + c^a-bf +(b-cf +(c-af 1 ^ 3 


Su dung bat dang thuc AM-GM cho ve trai ta duoc: 

(a+b + c^a-bf + (b-cf +(c-fl) 2 ]^( a + z, + c )^(a-Z)) 2 (*-c) 2 (c-fl) 2 
6 “ 2 

Vay ta chung minh 

(o+t+c )^-*) i (t-of(c-A a 2| (a _ 6)(6 _ e)(c _ a) | 

<^>2(a+Z? + c)>3^|(a-i)(Z?-c)(c-a)|. 

Khong mat tinh tong quat gia su a>b>c ta can chung minh 
2[a + b + c)> 3 %](a -b)(b-c)(a -c) . 

Su dung bat dang thuc AM-GM cho ve phai ta duoc: 

3 %J(a -b)(b -c)(a -c) <a-b + b-c + a-c = 2a-2c<2(a + b + c). 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c . 
Mot so ket qua tuong tu: 

Bai 1. Cho a,b,c la cac so thuc khong am. Chung minh 

a +b 3 + ° ^ abc+ j^b~ b \ b - c \ c - a )\- 

Bai 2. Cho a,b,c la cac so thuc khong am thoa man 2min{ a,b,c} > max{a,b,c } 

Chung minh ° + C > abc + jj=\(a -b)(b- c ) (c - (Mg 

3 y/2 

Bai 25. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c- 1. 

Tim gia tri nh d nhat cua bieu thuc 

1 1 1 


P = 


, ( b ~ c ) 


, ( c ~ a ) 


, ( a ~ b ) 

4 
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Ldi giai 

Khong mat tinh tong quat gia su c - max{a,b,c }. 


Taco: Ja 2 + j ^ -a I -,Jb 2 + ^ 

i 7 ^ 2 1 

<b ! C . 

4 2 

,L 2 + ( “" i ’ ) <TTT 2 7^2?si 


\ 4 V 

l V l V 


Dat x-a + ^,y-b + ^,[x,y> 0)va x + y = 1. 

^ , , . , , 11 1 5 

Ta chung mmh duoc: — + — + = >-. 

x y ^2(x 2 + y 2 ) x+ y 


Do do P> 5 . 

Vay gia tri nho nhat cua P bang 5 dat tai a = b = 0,c = 1 hoac cac hoan vi. 


C. BAI TAP REN LUYEN 
BAI TAP TRUNG BINH 

Bai 1. Cho x,y la hai so thuc duong. Tim gia tri nh o nhat cua bieu thuc 
p _ x 3 +y 3 + lxy(x + y) 
xy^Jx 2 +y 2 

Bai 2. Cho x,y la hai so thuc duong. 

Chungminhrdng j^x 2 + y + ^ j 2 + x + -^ j > |^2x + ^2y + -^ 


Bai 3. Cho a,b la cac so thuc duong. Chung minh 

(l + o) + (l + £>) >128 ab(^a + b^ . 

Bai 4. Chung minh rang voi moi so thuc x,y,z ta co 

x 2 +y 2 +z 2 >V2x(y + z). 

Bai 5. Cho a,b,c la cac so thuc thoa man dieu kien (a + c)(a + Z? + c) < 0 . 

Chung minh rang (b - c) > 4a(a + b + c). 

Bai 6. Cho a,b,c la cac so thuc khong am thoa man dieu kien 
ab + bc + ca + abc = 4. 

Chung minh rang 3 (a 2 +b 2 +cj + abc >10. 
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Bai 7. Cho a,b la cac so thuc thoa man dieu kien -2 < a < 2, -3 < b < 3; ab = -1 . 


Chung minh rang- — H-- > — . 

4 -a 2 9 -£> 2 5 

Bai 8. Cho x,y la hai so thuc duong co tong bang 2. Chung minh 

—+ —+ I 2 

V* yfy \X 2 +xy + y 2 


4 


Bai 9. Cho a,b,c la cac so thuc duong thoa man dieu kien -1-1-= 2 . 

' a+l b+\ c+\ 

Tim gia tri nho nhat cua bieu thuc P = ab + be+ ca. 

Bai 10. Cho a,b,c la cac so thuc duong thoa man dieu kien 
1 | 1 | 1 
a+ 1 b+ 1 c +1 

Chung minh rang abc > 8 . 

Bai 11. Chung minh rang yjx^25-y 2 ^j + yV 25-x < 25 . 

Bai 12. Chung minh rang ^x(l08-y 2 ) + yJlOS-x < 108. 

Bai 13. Cho x,y la hai so thuc thoa man dieu kien 

x^2014-y 2 +yV 2014 -jc 2 =2014. 

Chung minh rang : x 2 + y 2 = 2014 . 

A 

r >3. 


Bai 14. Cho hai so thuc x > v > 0. Chung minh x + - 

(x-y)(y+1) 2 

Bai 15. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c < 3 . 
Chung minh rang - 


1 


2014 


>2015 

a 2 + b 2 + c 2 ab+bc + ca 3 
Bai 16. Cho a,b,c la cac so thuc duong thoa man dieu kien a 3 +b 3 +c 3 < 3 . 

1 8 4 


Chung minh rang — 


->- 


a 3 +b 3 +c 3 (a + Z?)(Z? + c)(c + a) 3 
Bai 17. Cho a,b la hai so thuc duong thoa man dieu kien —-—h 


Chung minh rang ab 2 < —. 
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Bai 18. Cho n so thuc duong thoa man dieu kien- 1 - 

' 1 + a, 1 + a 2 

Chung minh rang a ] a 2 ...a n >(n- 1)". 

Bai 19. Cho a,b,c la cac so thuc duong. Chung minh 
a + b + c 


fa 2 +b 2 +c 2 ^ 11 

r ab ^ be ^ ca^| 

1 3 ^3' 

v c a b ) 


Bai 20. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 = 1. 

Chung minh a + b + c + > 4^3 . 

abc 

Bai 21. Cho a,b,c la do dai ba canh mot tarn giac co chu vi bang 1. 

Tim gia tri nh d nhat cua bieu thuc 

p (a + b-cf ^ ( b+c-af ^ (c + a-bf 
~ 3c + 3a + 3 b ' 

Bai 22. Cho a,b,c la cac so thuc khong am thoa man a + b + c = 3 . 

Chung minh rang a 2 b + b 2 c+ c 2 a +abc < 4. 

Bai 23. Cho a,b,c la cac so thuc khong am thoa man a + b + c = 3 . 

Chung minh rang a 2 b + b 2 c + c 2 a + labc + 4 > 3 (ab + be + ca) . 

Bai 24. Cho a,b,c la cac so thuc khong am. Chung minh rang 

(i a 2 b + b 2 c + c 2 a)[ab + bc + ca) <-^[a + b + cf . 

Bai 25. Cho a,b,c la cac so thuc duong. Tim gia tri 1cm nhat cua bieu thuc 
abc[^a + b + c + yja 2 +b 2 +c 2 j 


( a 2 +b 2 +c 2 ^[ab + bc + ca) 


Bai 26. Cho a,b,c la cac so thuc thoa man dieu kien abc=l . 

b + c c +a a + b t— rr r 

Chung minh rang: —H--=- > v« + Vo + \Ic +3. 

Va \lb vc 

Bai 27. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 

Tim gia tri nhd nhat cua bieu thuc 

P = {a + b)(b+c)(c + a) + \ + ^ + \. 

abc 

Bai 28. Cho a,b,c la cac sd nguyen duong co tdng bang 100. 

Tim gia tri ldn nhat cua tich ba sd do. 
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Bai 29. Cho a,b,c la cac sd nguyen duong co tdng bang 2014. 

Tim gia tri Ion nhat cua bieu thuc P = abc. 

Bai 30. Cho x,y,z la cac so thuc duong. Chung minh rang 

1 | 1 | 1 ^ 27 

x 2 +xy y 2 +yz z 2 +zx 2(x + y + zf 
Bai 31. Cho a,b,c la cac so thuc duong thoa man dieu kien ab + be + ca = 3. 

Chung minh rang yja 6 +b 6 + 1 + \lb 6 + c 6 +1 + Vc 6 +a 6 +1 > . 

Bai 32. Cho a,b,c la cac so thuc duong chung minh 

\la 2 +2b 2 +yjb 2 +2c 2 + \lc 2 +2a 2 >y/3 (a + b + c) . 

Bai 33. Cho n s 6 thuc duong co t 6 ng bang 1. Chung minh 

Bai 34. Cho a,b la cac so thuc duong thoa man dieu kien a + b < 1. 


Tim gia tri nh d nhat cua bieu thuc P =-1-- H——. 

1 + a 2 +b 2 lab 

Chu y. Co the dua ve ham so(xem chuong sau). 

Bai tap tuo ng tvr 

Cho a,b la hai so thuc duong thoa man dieu kien a + b <2. 


Tim gia tri nhd nhat cua bieu thuc P = ---- H-. 

1 + a~+b~ ab 

Bai 35. Cho a,b,c la cac so thuc duong thoa man dieu kien a + lb + 3c > 20. 


Tim gia tri nhd nhat cua bieu thuc P = a + b + c-\ -1-1- —. 

a 2b c 

Bai 36. Cho x,y,z la cac so thuc duong. Chung minh 

2 xy 2 yz 3 xz ^ 5 

- 1 --- 1 -> —. 

(■x + z)(z + y) (x + y)(x + z) ( y + z)(y + x ) 3 

Bai 37. Cho a,b,c la cac so thuc thoa man a,b,c> 1. 


Chung minh rang 


a[b 2 + 3) b[c 2 + 3) c(a 2 +3) 


3c 2 +1 3a 2 +1 3b +1 

Bai 38. Cho x, y, z la cac so thuc duong co tich bang 1. 
Tim gia tri nhd nhat cua bieu thuc 
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(l + y)(l + z) (l + z)(l + x) (l + i)(l + y)' 
Bai 38. Su dung bat dang thuc AM - GM cho bon so duong ta co: 


(l + ^)(l + z) 

H-1-1— ^ 

8 8 4 

y 4 

1 + z 1 + x 1 > 

(l + z)(l + x) 

+ ^T + Y + 4“- 

z 4 

1 + x 1 + y 1 ^ 

+-+ —^ + -> 


[(1 + jc)(1 + >0 8 8 4 “ 

Cong lai theo ve ba bat dang there tren ta duoc: 

Bai 39. Cho a,b,c lacac so thuc duong thoamandieukien a + & + c > — + — + — . 

a b c 

3 2 

Chungminhrang a + b + c> -1-. 

a + b + c abc 

Bai 40. Cho x,y la cac so thuc duong. Chung minh 


(x + y) 2 (x + l) 4 (y + l) 4 “l8j ' 

Bai 41. Cho x,y,z la cac so thuc duong thoa man dieu kien z(z-x-y) = x + y + \. 

Tim gia tri Ion nhat cua bieu thiic M =---. 

(x + yz)(y + zx)(z + xy ) 

Bai 42. Cho x,y,z la cac so thuc thoa man dieu kien x 2 + y 2 + z 2 = 3 . 

Chung minh rang |x| + |y| + |z| - xyz < 4. 

Bai 43. Cho a,b,c la cac so thuc duong co tong bang 3. Chung minh 


>3. 


V ab +1 v be +1 

Bai 44. Cho a,b,c la cac so thuc duong co tong bang 3. Chung minh 
a(a + c-2b) b[b + a-2c ) c(c + b-2a) ^ 
ab +1 be +1 ca +1 

Bai 45. Cho x,y,z la cac so thuc Ion hon 1. Chiing minh 

* , y 4 , 


o. 


(y-l) 2 (z-1) 2 (x-1) 2 


r >48. 
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Tim gia tri nhd nhat cua bieu thuc P = - 


Bai 46. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = — abc . 

4 

, a b c 3 

Chung mi nh rang-1-1-> —. 

a+2 b+2 c+2 2 

Bai 47. Cho a,b la hai so thuc duong thoa man dieu kien a+b> 4. 

3a 2 +4 2 + b 3 
4a b 2 

Bai 48. Cho a,b,c la cac so thuc duong tim gia tri Ion nhat cua bieu thuc 

„ a b c 

P — -1-1- 

3 a + b + c 3 b+a + c 3 c + b + a 
Bai 49. Cho cac so thuc duong a, b, c thoa man dieu kien 

a 2 +b 2 +c 2 +(a+b+cf <4. 
ab +1 bc +1 ca +1 


Chung minh rang - 


r>3. 


3 ( a+b) 2 {b + c) 2 {c+of 

Bai 50. Cho x,y la hai so thuc duong. Chung minh rang 

Bai 51. Cho x > 2 ,y > 3 ,z > 4. Tim gia tri Ion nhat cua bieu thuc 
xy\jz-4+yzy!x — 2+zx<Jy—3 
xyz 

Bai 52. Cho a,b,c la cac so thuc duong co tong bang —. Chung minh 

4 

tjx+3y + ljy+ 3 z + ljz+3x < 3. 

Bai 53. (TSDH Kh6i B 2007) Cho x,y,z la cac s6 thuc duong. Tim gia tri nho nhat 

cuabiiuthuc P = x\ - + — 1 +y[ - + — ^1 +z\ — + — \. 

^2 yz) \2 zx) 1^2 xy) 


Bai 54. Cho a,b,c la cac so thuc khong am thoa man dieu kien ah + be + ca > 0 ■ 

, a 2 b 2 c 2 1 

Chung minh rang -=- H-- H-- < —. 

3 a 2 +(b + c) 2 3 b 2 +(c+af 3 c 2 +(a + bf 2 

Bai 55. Cho a,b,c la cac so thuc khong am co tong bang 3. Chung mi nh 

9 

a+ab + 2abc< 
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Bai 56. Cho a,b,c la cac so thuc duong co tong bang 3. Chung minh 


ab 


be 


yjc 2 + 3 Vo 2 + 3 *Jb 2 + 3 2 

Bai 57. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 = 1 
ab be ca < 3 
a 2 +1 b 2 +1 4 


Chung minh rang - 


BAI TAP REN LUYEN NANG CAO 

Bai 58. Cho x,y,z la cac so thuc duong thoa man x> yw a xy + (x + y'j z + z 2 =1. 

Tim gia tri nho nhat cua bieu thuc P =---y H--—y H--—y. 

4(x-j;) (x + z) (t + z ) 

Bai 59. Cho a,b,c la cac s 6 thuc duong thoa man a> bva (a + c)(Z> + c) = 1. 

Tim gia tri nho nhat cua bieu thuc P =--—- 4 --—y H-——-. 

( a-b ) (Z> + c) (a + c) 

Bai 60. Cho a,b,c,x,y,z la cac so thuc duong thoa man dieu kien 
a+x = b+y = c+z = l- 

Chung minh rang (abc+xyz^ — + — + — | >3. 

\ay bz ex) 

Bai 61. Cho x,y,z la cac so thuc duong. Chung minh rang 


y z x y(y+z) z(x+z ) x(x+>>) 

Bai 62. Cho a,b,c la cac so thuc khong am thoa man dieu kien c 2 > ab. 

Chung minh rang 3^a 3 + b 3 + c 3 j > 2c{ab + bc + ca). 

Bai 63. Cho a,b,c la cac s6 thuc khong am thoa man dieu kien ab + bc + ca> 0 

„ , . , , „ 8 abc Yliab + bc + ca) 

Chung minh rang 3 + ? - — - v -r > —)--- 

{a + b){b + c){c + a) ( a+b + c ) 

Bai 64. Cho so nguyen duong n va cac so thuc duong x, ,x 2 ,...,x n - 
Chung mi nh rang 

(1 + x,Xl■+ + x 2 )...(l + x, +...+ x„) > ^(n+]) n,1 ^x ] x 2 ..jc n . 

Bai 65. Cho a,b,c la cac so thuc duong. Chung minh 

abc < (a + £>)(a + Z> + 2c) 

(a + b){b + c)(c+a ) (3a+3Z» + 2c) 2 
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Bai 66. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca> 0. 
Tim gia tri nhd nhat cua bieu thuc 


P = (a+ 26 +2014c) 


^a{b + c) + 2c 2 ^b[a + 4c ) 


Bai 67. Cho a,b,c la cac so thuc doi mot bhan biet thoa man/ ab + bc + ca > 0 va 
a + b + c = 1 . ^ ^ 

Tim gia tri nho nhat cua bieu thuc 

p _ 2 | 2 | 2 | 5 

\a-b\ \b-c\ \c-a\ yfab + bc + ca 

Bai 68. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
x 2 +y 2 +z 2 = 2 (xy+yz+zx). 

Chung minh rang x+ y +z > ^2xyz . 

Bai 69. Cho a,b,c la cac so thuc duong thoa man dieu kien 
(a+ b){b + c)(c + a) = 8. 

a+b+c^ a 3 +b 3 +c 3 
Chung mi nh rang ---> 2 ^l ---. 

Bai 70. Cho a,b,c la do dai 3 canh mot tam giac thoa man dieu kien 
{a+b-c){b + c-a){c + a-b) = \. 


Chung minh rang - 


a+b+c ^ Ja 2 +b 2 + c 2 


3 V 3 

Bai 71. Cho a,b,c la cac so thuc khong am. Chung minh 

a 3 + b 3 +c 3 - 3abc > ( ab 2 + be 2 + ca 1 - 3abc). 

Bai 72. Cho x,y,z la cac so thuc duong thoa man dieu kien xy+yz + zx= 3xyz. 

, yzyjl + 3x 2 zxJl + 3/ xyyjl + 3z 2 3 

Chung minh rang - 1 ---h —-> —. 

y+3zx z + 3xy x+3yz 2 

Bai 73. Cho a,b,c la do dai 3 canh mot tam giac co chu vi bang 3. 

1119 


Chung minh rang - 


yja+b-c \lb+c-a -Jc+a-b ab + bc+c 
Bai 74. Cho x,y,z la cac so thuc khong am thoa man dieu kien 

[x+y+zf +xy+yz+zx>0. 
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1 y +z , | 

1 Z+X i 

1 x+y 

12x+y+z \ 

2 y+z+x \ 

2 z+x+y 


Tim gia tri nhd nhat cua bieu thuc 
P = 

Bai 75. Cho a,b,c la cac so thuc khong am thoa man dieu kien a+ 2b + 3c — 4- 
Chung minh rdng (2a 2 + bc)(2b 2 + ca)(2c + ab) < 32 • 

Bai 76. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 1 + b 2 +c 2 = 3. 

Chung minh rdng 8(2 - a)(2 - b){2 - c) > (a+bc){b + ca){c+ab). 

Bai 79. Cho a,b,c la cac so thuc duong co tong bang 3. 


Chung minh rang 


a 2 

r* 5- , 1 

Y a 2 +b+c ^ 

b 2 +c+a V 


<V3. 


\c 2 +a+b 

Bai 80. Cho a,b,c la cac so thuc duong thoa man dieu kien 

a<b<cr,a+b+c = — . 

a b c 

Chung minh rang h >---. 

a + c — 1 

Bai 81. Cho a,b,c la cac so thuc duong thoa man dieu kien 

a<b<c;a + b+c-— + — + -. 

a b c 

Tim gia tri nhd nhat cua bieu thuc P = b-\ - - - . 

a+c -1 

Bai 82. Cho a,b,c la cac so thuc khong am co tong bang 2 chung minh 


^(a 2 ab+b 2 ){b 2 be+c 2 ) ^(b 2 Ac l c 2 )(c 2 ca\ a ) ¥ ca+a 2 )(a 2 ab+b 2 ) 

Bai 83. Cho x,y,z la cac so thuc khong am thoa man dieu kien xy+yz+zx = 1. 
Tim gia tri nhd nhat cua bieu thuc 

P i H — I H— i 

^x 2 +xy+y 2 yjy 2 +yz + z l yz 2 +zx + x 2 

Bai 84.(Viet Nam TST 2010) Cho a,b,c la cac so thuc duong thoa man dieu kien 


f — <16 {a + b + c). 


Chung minh rang 

1 


^a+b + yj2{a+c) j {b + c+ ^2{a+b) j \c+a+ ^2{b+c)^ 
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Bai 85. Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 
a—bc + b — ca + c — ab<3 
a+bc b + ca c+ab 2 

Bai 86. Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 

_ 1 _ + _ 1 _ + _ 1 _ > _ 1 _ . 

ab+2c 2 + 2c bc+2a 2 + 2a ca+2b 2 + 2b ab + bc+ca 


Bai 87. Cho a,b,c la cac so thuc duong co tong bang 3. Chung minh 

-V +-V +-V > a 2 + 6 2 + c 2 . 
a b c 

Bai 88. Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 


ab + c bc + a ca + b 2 

Bai 89. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca= 1. 


Chung minh rang : 


3ab-t 


3bc + \ 3ca+l 


>4. 


a+b b + c c + a 

Bai 90. Cho a,b,c la cac so thuc khong am co tong bang 3. Chung minh 

y[a + 4b + 4c > ab + bc+ca- 
Bai 91. Cho a,b,c la cac so thuc duong. Chung minh rang 
1 | 1 | 1 > 9 

(a + b)b ( b+c}c (c + a)a 2{ab + bc + ca ) 

Bai 92. Cho a,b,c la do dai ba canh mot tam giac co chu vi bang 3. Chung minh 
1119 

I H — i = H — I = + -. 

\ja+b~c sjb + c-a yjc+a-b ab + bc + ca 

Bai 93. Cho a,b,c la cac so thuc duong. Chung minh 

y +bc)(b + c ) \{b 2 +ca)(c + a) ((c 2 +ab){a + b) ^ ^ [ - 

a(b 2 + c 2 ) + ]j b(c 2 +a 2 ) + ]j c(a 2 +b 2 ) 

Bai 94. Cho a,b,c la cac so thuc khong am thoa man dieu kien ah + be + ca > 0 ■ 
Chung minh rang 


a(b 2 


b{c 


c(a 2 +b 2 ) 


y (a 2 +bc}(b + c} ^ 6 2 +caj(c + a) \^[c 2 + ab^{a+b} 
Bai 95. Cho a,b,c la cac so thuc thoa man dieu kien 

a 2 + b 2 + c 2 = 2{ab + be + ca) > 0 . 
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. , 6 \a-b\ \b-c\ \c-d 

Chung minh rang , =■ + , = + . =- >2. 

\lc 2 + 2ab sa 2 + 2bc yb 2 +2ca 


Bai 96. Cho a,b,c lacac sothuc duong thoaman dieukien a + b+c> — + — + —. 

a b c 


Chung minh rang - 


b c 3 

9 - 1 -^ —• 

o+l b +1 c +1 2 

Bai 97. Cho x,y,z la cac so thuc duong co tich bang 1. Chung mi nh 
x 3 +l 


y 3 + l z 3 + 1 i - 

TV i 4 = £ 2\Jxy+yz+z 


yjx 4 +y+z sjy 4 +z + x ^z 4 +x+y 
Bai 98. Cho a,b,c la cac so thuc duong. Chung mi nh 




Bai 99. Cho x,y,z la cac so thuc duong co tich bang 1. Chung mi nh 

xv yz zx 

---1---1-< 1. 

x 5 +_y 5 +xy y s +z s +yz z 5 +x 5 +zx 

Bai 100. Cho a,b,c la cac so thuc duong co tong bang 3. Chung minh 

1 1 1 ^ 9 

l+ab 1 +bc \+ca~ 2{4a + 4b + 4c} 

D. H U ONG DAN GIAI - DAP SO 

Bai 1. Su dung bat dang thuc AM-GM ta duoc: 

x 3 + y 3 + 7xy (x + y) = (x + yf + 4xy (x + y ) > 4,/xy (x + yf . 

fxy 2xy + x 2 + y 2 _ yjxy (x+yf 

IT 2 “ 2 V 2 ' 

Do do P> 8a/ 2 . Dang thuc xay ra khi va chi khi x = y . 

Nhan xet. Ngoai ra ta co the dat x = t.y, [t > 0) dua ve khao sat ham mot bien voi t. 
Bai 2. Ta co: 

f x ——1 = x 2 -x + — = fx 2 +>> + —l-fx + y + —l=>x 2 +y + — >x + y + — 

l 2J 4 i - 4) { * 2) 4 2 
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2 3 1 

Tugng tu y +x + — >x+y+—. 

Suy ra: 



Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y = — . 
Bai 3. Su dung bat dang thuc AM - GM cho hai so duong ta co 
(l + a) 8 +(l + Z>) 8 > 2(1 +a) 4 (l + ^) 4 

= 2[(a& + l) + (a + Z?)] 4 > 2^2^(aZ7 + l)(a + Zj)J . 

= 32(ab + \) 2 (a + bf>l2Sab(a + b) 2 
Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = 1. 

Bai 4. Su dung bat dang thuc AM - GM ta co 

x 2 +y 2 +z 2 >x 2 + ^(y+zf> = >/2|x(y+z)| > yfl.x(y+z). 

Bai 5. Taco: ( b-c)~ =[a + b + c-a-2cf > 4(a + Z? + c)(-a-2c). 

Vay bat dang thuc dugc chung minh neu ta chung minh dugc: 

(a + Z> + c)(-a -2c) >a(a + b + c) (a + c)(« + £> + c) < 0(luon dung theo 

gia thiet). 

Bai 6. Ta co: 

4 = ab + be + ca + abc<^(a+b + c) 2 + ^ a + ^ + c j =>a + & + c> 3. 

Khi do 

3 (a 2 +b 2 + c 2 ^ + abc = 3 [a 2 +b 2 +c 2> ) + 4-(ab + bc + ca) 

>(a + b + c) 2 + 4-^(a + b + c) 2 

= —(« + £> +c) 2 +4>—.3 2 + 4 = 10 
3 V ’ 3 

Bat dang thuc dugc chung minh dang thuc xay ra khi va chi khi a = b = c = 1. 
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Bai 7. Sii dung bat dang thiic AM - GM ta co 

4 , 9 ^ 12 

4 -a 2 + 9-b : ~~^ = 


4-a 2 )[9-b 2 ) 

12 


12 


4<?b 2 -9a 2 -4b 2 +36 ^37-(9a 2 +4b 2 ) 

12 12 

5 

Bat dang thuc dugc chiing minh. Dang thiic xay ra khi va chi khi 

y/e . 76 , „ 76 , 76 

a =-=-hoac a =-- o =-. 

3 2 2 3 

Bai 8. Sii dung bat dang thiic AM - GM ta co 




\x +xy+y 


3.3xy(x 2 +xy+y 2 ) " 


372 


372 


, f x 2 +xy+y 2 +3xyX 

\ - 2 -J 

372 


\J(x+y) 2 +2*y} i(x +y ) 1 + i(x +y ) 1 '] 


■4 




Cong theo ve hai bat dang thiic tren ta co dpcm. 
Bai 9. Theo gia thiet ta co 


a + l b + 1 c + 1 b + 1 c + 1 ^ + l)(c + l) 

, b ^ 2 

Tuong tu ta co: -> , . 

4+1 V( a+1 )( c+1 ) 

Nhan theo ve hai bat dang thiic tren ta dugc: 
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4y(a + l)(Z> + l) 


(a + l )(6 + l) ( c + l)^(a + l)(b + l) 


Tuang tu ta co: be > 


\\(b- 








b + hl 


Cong lai theo ve 3 bat dang thuc tren va su dung AM-GM ta dupe: 

P = ab + bc + ca> 12. 

Dang thuc xay ra khi va chi khi a = b = c = 2. 

Bai 10. Theo gia thiet ta co ° =1 - -— = —- —I—- —. 

a +1 a + \ b + \ c + \ 


Su dung bat dang thuc AM-GM ta co: 
b 


Tuong tu ta co: 


a + 1 yl(b + l)(c + l) 
2 c 2 


b +1 ^(a + l)(c + l) c + 1 ^(a + l)(Z? + l) 

Nhan theo ve 3 bat dang thuc tren ta co ngay dieu phai chung minh. 

Dang thuc xay ra khi va chi khi a = b = c = 2. 

Nhan xet. Vdi each lam tuong tu tren ta xu ly duoc bai toan tong quat cho n 
so duong. 

Bai toan. Vdi x.,x 2 ,...,x >0thoaman —-- 1 --- f ...4 --— = ltaluonc 6 

1 + JCj l + x 2 l + X n 

x l x 2 ...x n >(n-l) n . 

Bai 11. Su dung bat dang thuc AM - GM cho hai so ta co 

- y 2 + 25-x 

-x <- 


yy/25-x< 

z 

Cong lai theo ve hai bat dang thuc tren ta co dpem. Dang thuc xay ra khi va chi 
khi x = 25-y 2 ;y>0. 

Bai 14. Su dung bat dang thuc AM - GM ta co 

4 y 4-1 _y-l-l 4 


T= X -y+- 


(x-y)(y+lf 2 2 (x-y){y+lf 


r-1 
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Bat dang thuc duoc chung minh. 


y+l_ 


Dang thuc xay ra khi va chi khi x-y = - -= 


Bai 15. Daubang dat tai a=b = c= 1 => 
Su dung bat dang thuc AM - GM ta co 


2 (x-yfo+lf 
+ +b 2 +c 2 = 3 
ab + be + ca = 3 


yt>x = 2;y = 1. 


1 


2014 


1 


ab + bc + ca ya 2 +b 2 + c 2 ab + bc + ca) ab + bc + ca 

3 2012 




a 2 +b 2 +c 2 ^(ab + bc + ca) 2 a+b + cf 


(a + b + c) A( a + Z , + C ) 2 3 

Bat dang thuc dugc chung minh . Dang thuc xay ra khi va chi khi a = b = C = 1. 
Bai 17. Theo gia thiet ta co 


-L = 2-^- = - 

a +1 b +1 b 


2b 


b + 1 a + 1 b + 1 a + 1 6+1 \(a + l )(6 + l) 

Nhan theo ve hai bat dang thuc tren ta co dpem. Dang thuc xay ra khi va chi khi 

a = b = —. 

2 


x ”1 

Bai 18. Ta co —-— = V-> - 

>+^ 1^*1 + ^ 


V l<i#t 

Nhan theo ve n bat dang thuc tren ta co dieu phai chung minh. 
Dang thuc xay ra khi va chi khi x, =x 2 = -~ = x n = n— 1 
Bai 19. Bat dang thuc ve trai la hien nhien theo C - S. 

Bat dang thuc ve phai tuong duong voi 
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fab be ca\ 2 / , ,, 

—+ —+ — >31 c?+b 2 

V c a b) v 


->a 2 +b 2 +c 2 


(ab_bc^Jbc_caY( 

\c a) v a b) c) 


Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a=b = c. 
Bai 20. Su dvmg bat dang thuc AM-GM cho ba so duong ta dugc: 

\ = a 2 +b 2 +c 2 > 3 yja 2 b 2 c 2 - 


> abc < > 3>/3 

3V3 abc 

Su dung bat dang thuc AM-GM cho bon so duong ta dugc: 

4 


9 abc 


Suyra a + b + c + 


-—>4 Jabc .—- 
ibe \ 9 al 


9 abc y/3 


abc 


9 abc J 9 abc y/3 9 


j|?U°.3V3=4V3. 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = —j= . 

V3 

Bai 21. Su dimg bat dang thuc AM-GM cho ba so duong ta dugc: 


(a + b-c) cl , 

-- — + — + — > a + b-c- 

3c 3 3 


(a + b-c) 4 1 

-—> a + b +—c —. 

3c c 3 


Tuongtu: 


(b + c-a) 4 (c + a-b ) 4 

u: - —>b + c + — a-\\- -— > a +c + -b - 1 . 

3a 33 b 3 

Cong theo ve 3 bat dang thuc tren ket hgp vdi dieu kien a + b + c = 3taco ngay 
P > 1 .Dang thuc xay ra khi va chi khi a=b = c = 1. 

Vay gia tri nhd nhat cua P bang 1 dat tai a=b = c = 1. 

Bai 22. Khong mat tinh tong quat gia su b la so nam giua a va c. 

Ta co: 

( b-a){b-c ) < 0 <=> b 2 +ac < ab + bc => b 2 c + c 2 a < abc + bc 2 

=> a 2 b + b 2 c + c 2 a + abc < a 2 b + bc 2 +2abc = b(a + cf 


b + 


a+c a+c 


= — (a+b + c) =4 

27 V ’ 


3 
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Bat dang thirc dugc chimg minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Bai 23. Ta co 

3{ y ab + bc + ca) = {a + b+c)(ab+bc+ca) = [a 2 b+b 2 c+c 2 a}+[ab 2 +bc 2 + ca 2 ^ + 3abc. 

Do vay ta chi can chung minh ab 2 + be 2 + ca 2 + abc < 4. 

Day la mot bai toan quen thuoc da dugc chung minh o bai toan tren. 

Bai toan dugc chung minh dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 24. Khong mat tinh tong quat gia sir b la so nam giua a va c. 

Ta co: 

{b - a)(b - c) <0 <=> b 2 + ac < ab + bc => b 2 c + c 2 a < abc + be 2 

=> a 2 b + b 2 c + c 2 a < a 2 b + be 2 + abc = b[a 2 +ac + c 2 ^ 

Sir dung bat dang thirc AM-GM ta co: 

, / 2 2 \ / 7 , \ „ , f a 2 +ac + c 2 +ab + bc + c 

bya'' +ac + c j[ab + bc + ca)<b\ --- 

&|~(a + c) +&(a + c)l b( a+c) 2 (a+b + c) 2 a + c a + c , 

= -!=-^ = —^- — - — = b. -.- .(a + b + c 

4 4 2 2 V 


< (a + b + c)~ 


a+c a+c 


= — [a+b+c] 


Bat dang thirc dugc chung minh. Dang thirc xay ra khi va chi khi a = b = c. 
Bai 25. Sir dung bat dang thuc C-S ta co: 

3 [a 2 +b 2 +c 2 ^>(a + b + c) 2 a + b + c< ^3[a 2 +b 2 + c 2 ) . 

Suy ra 

a6c^3(a 2 + b 2 + c 2> ) + yja 2 + b 2 + c 2 (j3 + \^abc 

(a 2 +b 2 +c 2 ^)(ab + bc + ca) (ab + bc + ca)yja 2 +b 2 +c 2 

Mat khac: (ab + bc + ca)yja 2 +b 2 +c 2 > 3 y/a 2 b 2 c 2 .\l3^ja 2 b 2 c^ = 3a/3 abc. 
Suy ra P < = ^ ■ Dang thirc xay ra khi va chi khi a = b = c. 

Vay gia tri ldnnhat cua P bang dat tai a=b = c. 
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Bai 26. Su dung AM -GM cho 2 so duong ta duoc 
b 


4a 


+ 4a>2\fb 


-4= + 4a>2yfc 
=> b -^>2{S+4~c- VS) 

Xay dung tuong tu cho 2 bat dang thuc con lai roi cong lai theo ve 3 bat dang 
thuc ta duoc 

b ^ + c J^. + ^±>2(^ + 4b + To)>ra + Jb + Tc + 3. 

\la \jb vc ' ' 

Bai 27. Theo gia thiet va bat dang thuc AM - GM ta co: 

->a 2 +b 2 +c 2 >3tla 2 b 2 c 2 . 

4 

Suyra abc<—. 

8 

Su dung bat dang thuc AM - GM ta co 
(a+6)(6+c)(c + a) > 8 abc 

Sabc H— ^-r H— > 4f — -— > 4 
4c? 4b 4c V 8 abc 

Su dvmg bat dang thuc Cauchy - Schwarz ta co 
7 > 12 . 


111^ 9 

a 2 + b 2 + c 2 ~ a 2 +b 2 +c 2 


Suy ra P > 8 abc + 


-7 d- 7 3- T ^ -f 7 3—yd—y 1 — 1 

4a 2 4 b 2 4c 2 4 la 2 b 2 c 2 ) 


Dang thuc xay ra khi va chi khi a = b = c= —. Vay gia tri nho nhat cua P bang 13. 
Bai 28. Neu khong co dieu kien rang buoc a,b,c nguyen duong ta co ngay 


Dang thuc xay ra tai a = b = c= —. 

Vi vay ta du doan dau bang dat tai a = 34,6 = c = 33 
Khong mat tinh tong quat gia su a>6>C=>«> 34, c < 33 ta co 
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- < 

34 33 33 


34 33 33 

3 


_( 34(a + 6 + c)-aV < r 34.100 —34 V 
3.33.34 J H 3.33.34 J 


^>abc <34.33 2 

Dang thiic xay ra khi va chi khi a = 34,6 = c = 33hoac cac hoan vi. 
Bai29. Giasir a>6>c=>a>p^J + 1 = 672,c<671. 

Sir dung bat dang thuc AM - GM ta co 


672 671 671 


=> P = abc < 671 2 .672 

Bai 30. Sir dung bat dang thuc AM-GM cho ba so duong ta dupe: 

1 | 1 | 1 > _ 3 

x 2 +xy y 2 +yz z 2 +zx 


r a b c ' 

3 

f 672(u + 6 + c)-al 


672 671 671 


H 1 

3 

V J 

671.672.3 


j(x 2 +xy)(y 2 +yz)( 

3 


+ zx I 


ljxyz(x+y)(y+z)(z+x) *j(xz + yz)(xy + zx)(yz + xy) 

, 3 > 27 2 
2 (xy+yz+zx) 2(jc+y + z) 

3 

Bat dang thuc duoc chirng minh. Dang thiic xay ra khi va chi khi x = y = z . 
Bai 31. Sii dung bat dang thiic AM - GM cho 3 s 6 duong ta duoc 

a 6 +b 6 +1 > 3a 2 6 2 ^ sla 6 + b 6 +1 > Sab. 

Tuong tu cho hai can thiic con lai roi cong lai theo ve ta co dpcm. 

Dang thiic xay ra khi va chi khi a — b — C = \ 

Bai 32. Sii dung bat dang thiic AM - GM dang luy thira ta dupe 

2 >_ (a+26) 


a 2 +2b 2 =a 2 +b 1 +b 2 2 




———r a+2b 
>yja +2b > — t =— 

s 


Tuong tu ta co 
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rr 7 —r~T b + 2c r%—c + 2a 
yjb +2c > — 7 =-;vc + 2a >— 

V3 V3 

Cong lai theo ve ba bat dang thuc tren ta co dieu phai chung minh. Dang thuc 
xay ra khi va chi khi a = b = C- 

Bai tap tu ong tir 

Cho a,b,c la cac so thuc duong. Chung minh 

lla 3 + 7 b 3 + lib 3 + 7c 3 + tjc 3 + la 3 >2(a+b + c). 

Bai 33. Su dung bat dang thuc AM - GM cho (n-1) so duong ta duoc 


lL a i 


,k = \,n. 


Nhan theo ve n bat dang thuc tren ta co dpcm. Dang thuc xay ra khi va chi khi 

1 

a. = a 7 — ... = a = —. 


Bai 34. Ddu bang dat tai a = b = 


l + cf+b 1 = - 
2 


Ta viet lai P va su dung bat dang thuc AM - GM cho hai so 

4 


k 1 + a 2 + b 2 


f—l + _L>— 

6 abJ 3 ab 1 +a 


+ b 2 +6ab 


3(^T 


+ (a + bf + 4 ab 3(a + bf 


Vay gia tri nhd nhat cua P bang — dat tai a = b = ^ - 

Bai 35. Viet lai P va su dung bat dang thuc AM - GM ta co 
a + 2b+3c 


{a+bf +{a+bf 3 {a+bf 3 
1 


,2l + f* + AVG + il H 

a) v2 2b) U c) 


Dau bang dat tai a = 2,b = 3,c = 4. 

Bai 36. Bat dang thuc da cho tuong duong voi: 
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2xy(x+y) + 2yz(y+z)+ 3xz(x+z) ^ 5 
(x+y)(y+z)(z + x) ~3 

■o 2xy(x+y)+ 2yz(y+z) + 3xz(x + z) > ^ (x +y)(y+ z)(z + x) 

<=> jy(x+y)+yz(y +z)+ 4xz(z+x) > lOxyz 
x+y y+z 4(x+z) 


r > 4x v v 4 z x x 

Den day chi can ap dung AM-GM ta co:- V — >4; — H- >4; + >2. 

y x z y x z 

Cong lai theo ve ba bat dang thuc tren ta co dpcm. 

Bai 37. Su dung bat dang thuc AM - GM cho ba so duong ta duoc 

a (^ + 3) i(c z + 3) c(a- + 3l R^+3) *(c> + 3 ) 3) 

3c +1 3a 2 + 1 3b 2 + ] \ 3c 2 +1 ' 3a 2 + l ' 36 2 + l 

a(b 2 + 3\ &(c 2 + 3) c(a 2 + 3) „a(a 2 + 3) 

Chuy - L.-L- -/=n-L-^>lboivi 

3c 2 + 1 3a 2 +1 3b 2 +1 11 3a 2 + 1 

^_ 1 = (£ zD !> 0 . 

3a 2 +1 3a 2 +1 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a — b = C — 1 • 
, 3(x+y+z) 3 3 


P>- 


2 4 


Bai tap trnrng tu - 

Cho x, y, z la cac so thuc duong co tich bang 1. 
Tim gia tri nho nhat ciia bieu thuc 


(l+y)(l+z) (l+z)(l+x) (l+x)(l+y) 
ai 39. Theo gia thiet ta co 

abc(a+b + c)>ab + bc + ca \abc(a + b + c)>^3abc(a + b 


+ c) 


a+b+c>-+-+- 
a b c 


abc 
a+b+c>3 
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Do do : 


a+b + c 


3 2 / \ 2 3 2 

- (a + 6 + c)> —.-=-. 

a + b + c 3 V 3 abc abc 


Cong lai theo ve hai bat dang thuc tren ta co dieu phai chung minh . 
Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 40. Su dung bat dang thuc AM - GM cho bon so duong ta dupe 

, x x x . ^ . x 3 , ^ 4 4 , 

x + l = - + - + - + l>4. 4 — =>(x+l) >—x 3 . 

3 3 3 V27 V } 27 

Tuong tu ta co (y + 1) 4 > — y 3 . 


(x+^P+lffy+l)' 


(x+yf.—x’.—S 
V ’ 27 27 


£_SL_<f2V 

4* (*+*)■ 


Bat dang thuc duoc chung minh . Dang thuc xay ra khi va chi khi x = y= 3. 
Bai 42. Bat dang thuc da cho la tong cua hai bat dang thuc 

M+W +\ z \ ^ p( x2 +y 2+z2 ) = 3 


2 2 2 Jx 2 +y 2 +z 2 X t 
tyz < I -- I 1 = > xyz < I 


Bat dang thuc dupe chung minh. 

Dang thiic xay ra chang han tai x — y= 1 ,z = —1. 

Chu y. Ncu can tim Max cua x+y+Z-xyz ta su dvmg bat dang thuc C -S (xem 
chu de bat dang thuc C -S ). 

Bai 43. Su dung bat dang thuc AM - GM cho ba so duong ta dupe 

lb +1 


I a +1 6 + 1 c +1 

>3f-.-.-. 

ca + 1 \ab +1 bc +1 ca + 1 


I a+ 

Va6 + 1 \6c+l 

Ta chi can chung minh 

a+ 1 6+1 c+1 

a6 + l be + 1 ca+1 

a 2 6 2 c 2 + 2a6c - 3 < 0 (a6c - l)(a6c + 3) < 0 


Bat dang thuc cuoi dung vi abc < ^ a + ^ j = 1. 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = 6 = c = 1. 
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Bai 45. Dudoan daubang dattai x = y = z^> - j = 48 =>x = 2 . 

(x-1) 

Vay ta su dung bat dang thuc AM - GM nhu sau 

r ^ r? + 16( > .-l) + l6(^-l)+16>32^ r ^ ? >32(x-^) + 16 

(V-1) (V-1) 

(£ f a32 ^- 2 ) +16 

(^r 32 <^ +16 

Cong theo ve ba bat dang thuc tren ta co dpcm. 

Bai 46. Bat dang thuc da cho tuong duong voi: ab + bc + ca> 12. 

9 


Bat dang thuc dung vi - + — + — 


ab + bc+ca> 12. 


ab be ca ab + bc+ca 
Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a — b = c = 2. 
Bai 47. Ap dung bat dang thuc AM - GM ta co 
3a 2 +4 2 + b 3 3a 2 + 4 2 


4 a 


4 a 


n+b 


3a 1 2 b b\ b 

= — + -+ — + — + 

4 a \b 2 4 4) 2 

. 3a 1 12 b b b a + b a 1 3 

4 a Hb 2 4 4 2 2 4 a 2 


a+b 

2 


V4 a 2 2 


Vi vay P = - khi a = b = 2. 

2 

Bai 48. Dat x = 3a+b + c,y= 3b + a+c,z = 3c+b + a. 

4x—y—z , 4y-z— x 4z—x—y 

=>a = - :: ,b = — - ,c — - 

10 10 10 

3 f=i[l 2 -(^ I ++ + z t i)]< 3 . 

10 L V x y z x z y JA 5 


x y z x z y 


x y z x z y 
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Vay MaxP = ^ dat tai a=b = c. 

Chu y. Ta co the chung minh bang bat dang thuc C -S. 

Bai 49. Theo gia thiet ta co: 2 > or 2 + b 2 + c 2 + ab + be + ca. 
Chuy 

ab +1 2ab + 2 2 ab + a 2 + b 2 + c 2 +ab + bc + ca 


{a + tif 2 {a + tif 2 {a+b'f 

{a+bf + (Z> + c)(c + a) 1 (Z> + c)(c + a) 

2 {a+tif 2 2{a + by 

Tuang tu cho hai bieu thuc con lai suy ra 

(b + c){c + a ) (c + a)(a + b ) (a + b)(b + c ) 

(a + 6) 2 (Z? + c) 2 (c + a) 2 


P>- + - 

2 2 


> 3 3 (b + c)(c + a) (c + a)(a + b ) ( a + b)(b + c ) 

_ 2 2^ (a + Z?) 2 (Z? + c) 2 (c + a) 2 

Bat dang thuc duoc chung minh . 

Bai 50. Su dung bat dang thuc AM - GM ta co 


y/x + 3y \x + y x + 3 y 2fx + y x + 3y 

JZ 


1 2v 


2v 


y[x + 3y \2 x + 3 y 2f2 x + 3 y 
Cong theo ve hai bat dang thuc tren ta duoc 


>Jx + Jy if y 3\ 

Tuong tu ta co . ^ < —- 1 - — . 

■yjy+3x 2 Vx+y 2) 

Cong theo ve hai bat dang thuc tren co depm. 
Dang thuc xay ra khi va chi khi x — y. 

Vx-2 | yjy-3 | yjz-4 

y z 


x , 3 1 

y/x + 3y 2 v.x+_y 2) 


Bai 51. Ta co P = 


Vfo-2) | j3(y-3) | V4(z-4) 
xV2 yV3 2z 

< 2 + x-2 3 + y-3 4 + z-4 _ 1 1 j_ 

2>/2x 2yj3y 4 z ~ : 2V2 2^3 4 
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Dang thiic xay ra khi va chi khi x — 4,y = 6,z = 8. 

Bai 52. Sii dung bat dang thiic AM - GM ta co 

^3~y = ^M^y)< l + l+ * + 3y 
yjy + 3z = l]l .1 .(y+ 3z) < 1+1 + ^ + ^ 

ijz + 3x = ^/l. l.(z+3x) < - - - X 

Cong theo ve 3 bat dang thuc tren ta co dieu phai chiing minh. Dang thuc xay ra 
khi va chi khi x = v = z = —. 

J A 


nn , x 2 +y 2 +z 2 xy+yz+zx 

Bai 53. Tac 6 P= --- + -. 

2 xyz 

Du doan dau bang dat tai khi ba bien bang nhau, khi do 

p= 3S + 3 = 3S + 3_ + 3_l3S ~T 3_ = 9 
2 x 2 2x 2x 1 2 2x 2x 2 
Tuc dau bang dat tai x = y = z = 1. 

Vay ta su dung bat dang thiic AM - GM nhu sau 
p x 2 +_y 2 +z 2 + xy+yz+zx + xy+yz+zx 
2 2 xyz 2 xyz 

> 3^/x 2 _y 2 z 2 | 3 tjx 2 y 2 z 2 | 3 ^x 2 y 2 z 2 
2 2xyz 2xyz 


>3? : 

\ 2 2 xyz 2x_yz 

Dang thiic xay ra khi va chi khi x = y = z— 1 
Bai 54. Sii dung bat dang thiic AM - GM ta co 


3 a 2 +(b + cf 2 a 2 +[a 2 + (6 + c) 2 J 2<z 2 + 2a(/> +c) 2(a + 6 + c) 

^ , b 2 b 

Tuong tu ta co-- —7 -r 

36 2 +(c + a) 2(a + b + c) 


3c 2 +(a + bf 2{a + b + c) 
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Cong lai theo ve 3 bat dang thuc tren ta co dieu phai chung minh. 
Dang thuc xay ra khi va chi khi a = b,c = 0 hoac cac hoan vi. 

Bai 55. Su dung bat dang thuc AM - GM ta co 


_a(7-2a) 2 


( i A 

b + c + — 

j\ c + -\<2a 

2 

l 2) 

2 


Ta chi cdn chung minh a + —-— < — <=> (4 - a)(2a - 3) 2 > 0. 

8 2 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi 

3 , . 1 

a = —,b = 1, c = —. 

2 2 

Bai 56. Chu y (a + b + c ) 2 >3 [ab + be + ca)^ ab + be + ca < 3 . 

„ , ab ab ab 

Ta co sj &F-,-- " i 


( ab 


iyc + a 

c+b) 


Tuong tu cho 2 can thuc con lai cong theo ve 3 bat dang thuc ta co dieu phai 
chung minh. 

Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 57. Su dung bat dang thuc AM - GM ta co 


ab 1 

(a + bf 


c 2 +1~4' 

(c 2 + a 2 ) + (c 2 +b 2 

4^c 2 +a 2 c 2 +Z? 2 J 

be < 1 ( 

' b 2 c 2 " 


a 2 +\~ 

a 2 +b 2 a 2 +c 2 y 

r& 2 +1 "4^2 +c 2 b 2 + a 2 J 


Cong theo ve 3 bat dang thuc tren ta co dieu phai chung minh. Dang thuc xay ra 
1 


khi va chi khi a-b-c- — 1 =. 

V3 

Bai 58. Ta co: 

1 1 x 2 +y 2 +2z[x + y) + 2z 2 


{y+z) 


= JC 2 + / + 2(1 - xy) = (x - y) 2 + 2 


Suyra P = - 


1 


I xy + xz + yz + z 


+ (x-yf + 2>2 


4(x-y)- 
Dang thuc xay ra khi va chi khi 


4 {x- y y 


.{x-yf+ 2 = 3. 


, 1 x2 =( x ~y) 2 < ^ x ~y = ~Tx do x> y . 
4(jc —y) v2 



Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Khi do z la nghiem duong cua phuong tri nh : z 2 + z(x + y) + xy - \ -0 . 

r -2- f -2- J__, 

_-x-y+^(x + y) -4(xy-l) _-x-y + \j{x-y) + 4_..fe 


bang 3 (Lt 


Vay gia tri nh d nhat cua P bang 3 dat tai 
3 




* 2 r " w 

Nhan xet. Day la mot bai toan kha don gian dua vao bien doi chu y dieu kien 
(z + x)(z + y) = lngoai ra ta co the dat a = x + z,Z> = z + y=>a& = lva khi do 


1 1 

f “T + 72 ' 
a b 


4 (a-b) 

Day la dang toan quen thuoc dupe de cap den trong chu de tinh dang cap hoac 
ser dung ham so ta co 2 each xer ly nhu sau: 

ab ab ab 1 a b 

.achl: P = -- + — + — = —-- 7 - + - + -. 

4 (a-b) a b 2 J“_ 2 + h \ b a 


Dat t - — +—,(t > 2) dua ve khao sat ham so f (t) = ———- + 1 hoac danh gia 
b a y ’ 4(t-2) 

dera vao bat dang there AM-GM nhu sau: 

P = 7 1 = . 1 , +(t-2) + 2>2 

4(t-2) 4(t-2) V ’ 

1 , 1 1 2 
Cach 2: The b- — dua ve khao sat ham so f(a) = -- + —+ a ta tim 


4(<-2) 


(t-2) +2 = 3. 


duoc Min cua f(a) bang 3 va co ket qua tuong ter hai each de cap tren. 

Bai 59. Nhan xet. Hinh there bai toan nay tuong ter bai toan treroc do tuy nhien hai 
nhan ter sau khong co dang doi xemg ta can kheo leo khai thac gia thiet tich 
(b + c)(a + c) = 1 . 


Taco: 


12 6\(a + cf +2(b + cf^ r 

7 +-y = —-r-^ = 6 T (a + c) + 2(b + c) 1 . 

2 (n + A 2 \-(„ + A(h^Al 2 A } J 


(b + c) (a + c) [(a + c)(Z? + c)] 

Theo gia thiet ta co: 

(a-b) 2 =[(a + c)-(Zr + c)] 2 - (a + c) 2 +(b + cf -2 . 
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Dat x = a + c,y = b + c^>xy = 1 


1 6 12 

va P = —---+ —+ —= 

*?+y 2 -i y * x 2 +\-2 


1 12 2 X 2 6x 4 +12 

+ —- + 6x = -- +--—. 


Den day ta co the khao sat ham so / (t) = 


6t 2 +12 




voi t = x 2 ,(t>l)do 


a>b^>t-a + c> ^(a + Z?)(a + c) =1. 
Hoac bien doi tuong duong nhu sau: \[ 

p \tet 2 + n 


— 20 


(t-2) 2 (6t 2 -8t + 3) 

+ 20 = --—V-.-- + 20>20(voi f>l). 


Vay gia tri nho nhat cua P bang 20 dat tai t = 2 o a + c = 42,b + c = —. 

42 

Bai 60. Ve trai bat dang thuc duoc viet lai duoi dang 

be ca ab zx xy yz 
— + — + — + — + —+ — 


c a b z x 

=—+—+—+—+— 
y z x a b 


h —-3 = f—+ 
c \z 




Bai 61. Bat dang thuc da cho tuong duong voi: 

o 

y y + z 

« £ £r£>o„ S (£zi +1) >3„ S £±2:>3' 

y+z y+z v+z 

Dung theo AM - GM. 

Bai 62. Ta co a 2 +b 3 >^(a + bf. 

Do do su dung bat dang thuc AM - GM ta co 

3(„ 3 + b 3 + c 3 ) > 3^(» + bf + y +^j a A_c 2 (a+4). 

Vay ta chi can chung minh 

^=c 2 (a + b) > 2c(ab + bc + ca) <=> ( a + b)~ 2abc. 




Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Bat dang thuc cuoi luon dung do - 2 > 1 ;c> -[ah 
2i]2 

Bat dang thuc duoc chung minh. 

Bai 63. Su dung bat dang thuc AM - GM ta co 


/ , w, w s (a+b+b+c+c+a[ 8/ , 

(a + Z>)(Z> + c)(c + a)<|^ --- j =—{a+b + c) . 

Do vay ta chi can chung minh 

9 abc > \2(ab + bc + ca) 

(i a + b + cf (a + b + cf 

(a + b + cf + 3 abc >4 (a + b + c)(ab + be + ca) 

•»a 3 + Z? 3 +c 3 +3 abc>ab(a + b) + bc(b + c) + ca(c + a) 

Bat dang thuc cuoi dung theo BDT Schur bac 3. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b = c . 
Bai 64. Ta dat 


a \ 


x i 

l + x l 


a 2 = 


*2 

(l + x 1 )(l + x 1 +x 2 ) 


X n 

(1 + Xj +x 2 H-t- X n _\ )(1 + X t +x 2 +--- + x n ) 


a n +1 


_ 1 _ 

1 + x 1 + x 2 + • • • + x n 


Khi do ta co a x + a 2 + ■ ■ • + a n + a n+l = 1. 


Ta can chung minh: a x a 2 • • • a n+l < 


1 

(n +1)" +1 ' 


Bat dang thuc cuoi dung theo AM - GM nen co dpem. 

Bai 65. Su dung bat dang thuc AM - GM ket hop ve trai la ham dong bien voi tich 
ab ta co 
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(a + d)(d + c)(c + a) (a + b){c 2 + c(a + b) + ab) 


(a + Z>)| 
c(a + b ) 


%ic{a+b) + 


(a + Z> + 2c) 

c(a + b ) < (a + Z?)(a + Z? + 2c) 

(a + Z) + 2c) 2 (3a + 3Z> + 2c) 2 

<=> c(3a + 3Z) + 2c) 2 <(a + Z> + 2c) 3 
Su dung bat dang thuc AM - GM ta co 
c(3a + 3 b + 2 cf = ^.8c.(3a + 3 b + 2c)(3a + 3 b + 2c) 

^\(8c + 3a + 3b + 2c + 3a + 3b + 2c^ 


Vay ta chung minh - 


8l 


3 


= (a + b + 2cf 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b = c . 

Bai 66 . Ta co: 

112 2V2 


^a(b + c) + 2c 2 ^b(a + Ac ) 4 j + ac + 2 c 2 + 46c) ^2ab + ac + Abc + 2c 2 

_ 2 V 2 ^ 4V2 ^ 4V2 

+ 2c)(2b + c) a + 2b + 3c a + 2b + 2014c 

\42 


Suyra P>(a + 2Z? + 2014c).- 


- = 4>/2. 


a + 2b + 2014c 

Vay gia tri nho nhat cua P bang 4^2 xay ra khi c = 0, a = 2b > 0. 
Bai 67. Khong mat tinh tong quat ta gia su a > b > c ta co: 

„ 2 2 2 5 

a-b b-c a-c ylab + bc + ca 
. , 1 1 4 

Su dung bat dang thuc: — + — >-, Vx, y > 0 ta duoc: 

x y x + y 
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a-b + b-c a-c sjab + bc + ca ya-c sjab + bc + ca J 

5.2V2 _ 20 


yj(a- c) 2 (ab + bc + ca ) yj[a - cf (dab + Abe + 4ca) 

20 20V2 20V2 


[a-cf +4ab + 4bc + 4ca sj(a + c) 2 + 46(a + c) sj(a + c)(a + c + 4b) 
2 

20V2 _ 20V6 40^6 


~7(l-6)(l + 36) p-3b)(l + 3b) 3-3b + \ + 3b 


= 10^6 


Dang thuc xay ra khi va chi khi 


a-b-b-c 
2 1 


a-c sjab + bc + c 
3-36 = 1 + 36 


_ 2 + V6 
6 

_ 1 . 

“3 

_ 2-V6 

6 


Vay giatri nho nhat cua P bang 1 0\[6 dat tai a-- + —j =,6 = —,c = — —hoac 

3 yj 6 3 3 yJ6 

cac hoan vi. 

Nhan xet. Ta co the xu ly bai toan tren bang phuong phap ham so xem chuong 3. 
Bai 68. Khong mat tinh tong quat gia su z = min \x, y, z) ta co 
x 2 +y 2 + z 2 =2 (xy + yz + zx) 

<=>(x + y) 2 +z 2 -2z(x + y) = Axy <=> (x + y - z) 2 = Axy 
Su dung bat dang thuc AM - GM ta co 


x+y-z x+y-z 


x + y + z _ 2 

3 ” 


Dang thuc xay ra khi va chi khi 


J z(x + y-z) 


= yj2xyz . 


x + y-z = 4z \x+y = 5z fx = 4z,y = z 


x + y-z = 2y[icy \xy = 4z 2 [x = z,y = 4z 


Ta can chung mi nh 


(.x + y + zf 4 

^ 1 


(.x + y + zf 54 



Tim tai lieu Toan ? Chuyen nhd - www.toanmath.o 


fz x + y + z \ab + bc + ca = - 


Ta can chung minh P = abc < — (xem chu de ky thuat su dung ti nh dang cap). 
54 

Bai 69. Theo gia thiet ket hop su dung bat dang there AM - GM ta co 


8 = (a + b)(b + c)(c + a). 


2(a + b + c)~? 


Bat dang there tuemg duong voi: 

(a + Z> + c) 27 >3 26 (a 3 +6 3 +c 3 ) 

<=> (a + Z? + c ) 27 >3 26 |(a + b + cf -3 (a + b)(b + c)(c + a)^ 

<^>(a + b + cf 1 > 3 26 1 (a + b + cf - 24J 

x 9 

Dat x-(a + b + c) =^> x > 27 ta can chung minh->3 26 . 

x 9 

Xet ham so /(x) =-vdi x > 27 ta co 

x-24 

8 x 8 (x-27) 

f'(x) = ---^>0,Vx>27. 

(x-24f 

Do do f(x) la ham dong bien tren [27; +oo) . Vi vay /(x) > /(27) = 3 26 . 

Bat dang there duoc chung minh. Dang there xay ra khi va chi khi a = b = c = 1 
Bai 70. Dat x = b + c-a,y = c + a-b,z = a + b-c=>xyz -1 va 


_y + z z + x _ x + y 


Bat dang there trb thanh 


3 V 6 

f x + y + z*f (x + y + z'f -(xy + yz + zx) 


Chu y dieu kien xyz -1 
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Suy ra (x + y + z ) 2 - xy - yz - zx < (x + y + z ) 2 - 3. 


Vay ta chung minh 


j'x + y + z J > (x + y + zf- 3 


- > 1 ta can chung minh 


3 1 




C +t\ --) + [ t 2 -- 


>0. 


Bat dang there dugc chung minh. Dang there xay ra khi va chi khi a = b = c = 1. 
Bai 71. Gia ser a = min{a,d,c}. 

Dat b - a + u, c = a + v, (u, v > 0) bat dang there trd thanh 

(3bfe)(a 2 - uv + v 2 )a + m 3 - iwv 2 + v 3 > 0 . 
yjA <J 4 

Bat dang there cuoi luon dung do 

,,3 „ 3 La, 6 i 

u 3 +v 3 =u 3 + ^ + ^>3 3 = ^uv 2 . 

2 2 \ 4 3/4 


Bai 72. Dat a = l/x;d = l/y;c = l/ zbat dang there trd thanh: 

Va 2 + 3 | Vh 2 + 3 | Vc 2 + 3 ^3 
ac + 3b ba + 3c cb + 3a 2 
Ser dung bat dang there C -S ta co 

Va 2 + 3 _ ^/ 4 ( fl2+ ^j _ ^ 4 ( g2+3 ) ^ a+ 3 

ac + 3& 2[ac + Z>(a + Z> + c)] 2(d + a)(d + c) 2(Z? + a)(d + c) 

Jb 2 + 3 ^ 6 + 3 yjc 2 + 3 ^ c + 3 

ba + 3c 2(c + a)(c + 6)’c6 + 3a 2(a + 6)(a + c) 

Vay ta chi can chung minh 

a + 3 6 + 3 c + 3 > 3 

2(6 + a)(6 + c) 2(c + a)(c + 6) 2(a+ 6)(a+ c) _ 2 

<=> (a + 3)(a + c) + (6 + 3)(a + 6) + (c + 3)(6 + c)>3(a + 6)(6 + c)(c + a) 
<=>a 2 + 6 2 +c 2 + ab + bc + ca +18 >3 (a + 6)(6 + c)(c + a) 

Theo bat dang there AM - GM ta co 



Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


a 2 + b 2 + c 2 + ab + be + ca + 18 = (a + b + c) 2 ~(ab + bc + ca) +18 

> [a + b + c) 2 - j (a + b + cf +18 = 24 

3(o + *)(* + c)(c + o) < + * + ^ + = 24 

Do do bat dang thuc cuoi dung va ta co dpem. Dang thuc xay ra khi va chi khi 
x = y = z = 1. 

Bai 73. Dat x = \!a + b-c,y = \/b + c-a,z = sjc + a-b . 


x+y+z~=a + b + c = 3 
\x 2 y 2 +y 2 z 2 + z 2 x 2 = ^(a + b - c)[b + c - a) 


= '^ J {b 2 -(a-c) 2 ^-A[ab + bc + ca)-9 


^ - , , .,111 
Ta can chung minh — + — + — > 


~ y z 9 + x 2 y 2 + y 2 z 2 + z 2 x 2 
<z> [x 2 y 2 +y 2 z 2 +z 2 x 2 +9^(xy + yz + zx) > 36xyz . 

Sir dung bat dang thuc AM - GM ta co 
x 2 y 2 + y 2 z 2 + z 2 x 2 + 9>\2ljxyz 


Nhan theo ve 2 bat dang thuc tren ta co ngay dieu phai chung minh. 
Dang thiic xay ra khi va chi khi a = b = c = 1. 

Bai 74. Dat a = x + y,b = y + z,c = z + x^> a,b,c>0;ab + bc + ca>0 . 


Khi do P = 


Tim gia tri nho nhat: 



2b 


2c 


\b + c a + b + c \c + a a + b + c \a + b a + b + c 

Cong theo ve ba bat dang thiic tren ta dugc P>2. 

Dau bang dat tai x > 0; y = z = 0 hoac cac hoan vi. 

Bai 75. Truoc het ta chung minh 

(2o 2 + 4o)(24 2 + ca)(2c 2 + ab)<^fl^fi£l^L. 


That vay ta co ~[(2a 2 + bc){2b 2 + ca)(2c 2 + ab ) - 9 abc^ - 
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= (a + 2b)(2c * 2 + ab^ + (b + 2c)[2a 2 + bc^ + (c + 2a)[2b 2 +caj 

>3^j(a + 2b)^2c 2 + abj(b + 2c)^2a 2 +bc^(c + 2a)[2b 2 + ca) 

Mat khac (2a 2 + bc)(2b 2 + ca)(2c 2 + ab) - 9abc < (2a 2 + bc)(2b 2 + ca)(2c 2 + ab). 
Suy ra 

^j(a + 2b)(2c 2 +ab\b + 2c)(2a 2 +bc\{c + 2a)[2b 2 + ca\ < 

)l < (2a + bc)(2b 2 + ca)(2c 2 + ab) 

2 

2 2 2 (a + 2i) 2 (i + 2c) 2 (c + 2a) 2 

=> (2a 2 + bc)(2b 2 + ca)(2c 2 + ab) < i- 

Su dung bat dang thiic AM - GM ta co 

(a + 2 ti)(b + 2c)(c + 2a) = ^-.(a + 2Z?)(4Z? + 8c)(c + 2a) 

a j 3(a + a,+3c) J =16 

Tu do suy ra dieu phai chung minh. Dang thuc xay ra khi va chi khi 
a = 2,b = \,c = Q. 


Bai 76. Khong mat tinh tong quat gia sit c = min [a,b,c] => c < 1 . 

Sit dung bat dang thuc AM - GM ta co 

, a 2 +b 2 3 -c 2 -c 2 + 2c + 3 

c + ab<c-\ - = c-\ -=-; 

2 2 3 


(i a + bc)(b + ca)< 


(a + b + bc + ca ) 2 (a+ Z>) 2 (c + l) 2 


2(2 -a)(2-Z>) = 8 -4(a + b) + 2ab 

-A-a 2 - b 2 + {a + b- 2) 2 > 4 - a 2 - Z? 2 = c 2 +1 
Do vay ta chi can chung minh 
8(2-c)>(3-c 2 )(3 + 2c-c 2 )^(7-c 2 )(c-1) 2 >0. 

Bat dang thuc cuoi dung va ta co dpcm. Dang thuc xay ra khi va chi khi 
a = b = c = 1. 

Bai 79. Su dung bat dang thuc C - S va AM - GM ta co 
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a 2 + b + c^(\ + b + c)>(a + b + cf =9 

a 2 < a-Jb + c + l _ a^3(b + c + \) <a(b + c + \ + 3) 

a 2 +b + c~ 3 ~ 3^3 ~ 6y/3 

I Z? 2 b(a + c +1 + 3) I c 2 c(b + a +1 + 3) 

Tuongtutaco -< V - r --<-^- r -k 

\b 2 +c + a 6V3 \c 2 + a + b 6V3 

Goi P la bieu thiic ve trai va cong theo ve 3 bat dang there tren va chii y 
1 2 

ab + bc + ca<—(a + b + c ) =3. 

Ta c6 p ^{a + b + c) + 2(ab + bc + ca) ^ 4.3 + 23 
6^3 6^3 

Bat dang thiic dupe chiing minh. Dang thiic xay ra khi va chi khi a = b = c = 1. 
Bai 80. Theo gia thiet ta co (ab + bc + caf >3abc(a + b + c) = 3(ab + bc + ca) 

=^> ab + be + ca>3;ab < ac < be be >\ 

(a-1) 2 (c-b)(bc-1 ) 

a be 

<^>a + c + - + --2-b-->Q 
a c b 

a + c + \ a + b + c-—1 -2-6- — >0 

l b) b 

<=>a + c-l- — >0<=>Z?>--- 

b a+c-l 

Bat dang thiic dupe chiing minh. Dang thiic xay ra khi va chi khi a = b = c = 1. 
Bai 82. Khong mat tinh tong quat gia sir c - mi n { a, b, c) => c 2 - be < 0; c 2 - ac < 0 . 

Suy ra . ^ = j > —. 

J(b 2 -bc + c 2 )(c 2 -ca + a 2 ) ab 


_ 1 _ _ 1 _ 

^a 2 -ab + b 2 ^[b 2 -bc + c 2 j ^c 2 -ca + a 2 ^{a 2 -ab + b 2 j 


1 

f 1 | 1 

k 1 | 


'la 2 -ab + b 2 

y'Jb 2 -bc + c 2 ylc 2 -ca + a 2 , 

'Ia 2 -ab + b 2 

K a b) 


Sii dung bat dang thiic AM - GM ta co 
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Jab + bc + ca 


2s! ab + bc + ca 


Ja 2 -ab + b 2 ^a 2 -ab + b 2 ^(ab + be + ca) a + c(a + b) + b 

2sjab + be + ca _ 2si ab + bc + ca •Jab 

(a + b)[a+b + c)-2ab 2 (a + b-ab) a + b-ab 
Goi P la bieu there ve trai ta co 

P > ^ fl + lV± = ± + J_ + ^ 

a + b-ab\a bj ab ab slab a + b-ab 
3 ^ 3 


> 33 -.- 1 ^ 


V ab Jab a + b-ab ^Jab(a + b-ab) ^ a + b'j 2 

Dang there xay ra khi va chi khi a = b = \,c = 0 va cac hoan vi. 
Bai 83. Khong mat tinh t6ng quat gia sir x>y>z khi do ta co 

xy + yz + zx |ft§z _ xy + yz + zx jjjjiz 
y 2 +yz + z 2 y + z ’ x 2 + zx + z 2 x + z 

xy + yz + zx (*+*)(y+z) 


>3 


(i) 

(ii) - 


\2 ' 


x~ +xy + y (x + z)~ + (x + z)(y + z) + (y + z) 

Cac bat dang there (i) va (ii) xem chemg minh trong chucmg 1. 
Ap dung vao bai toan ta co 



f\t) = 1- 


Vi vay f(t) dong bien tren nera khoang [2;+co) suy ra f(t)> /(2) = 2 + —j= . 

si 3 

Voi x = y = l,z-0 thiPbang 2 + . VaygiatrinhonhatcuaPbang 2 + . 

s/3 v3 
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Bai 84. Su dung bat dang thuc AM - GM ta co 


^( a+b )( a+c ) 


=>_i__ j_ { 

(a + b +x [y^cjf 21 (o+^Ho + c) 

Xay dung tuong tu cho^ai bieu thuc con lai va dua ve chung minh 

1 1 1 

-1-1-<12 

(a + Z?)(a + c) (b + c)(b + a ) (c + a)(c + b) 

o- -^7--r<12<=>6 (a + b)(b + c)(c + a)>a + b + c 

(a + b)(b + c)(c + a) \ )\ )\ ) 

Chu y sii dvmg bat dang thuc quen thuoc 
9(a + b)(b + c)(c + a)>8(a + b + c)(ab + be + ca) . 

, 3 

Bai toan dua ve chung minh ab + bc + ca> — <=> 16 [ab + bc + ca) > 3. 
Bat dang thuc cuoi dung theo gia thiet vi 

ab + bc + ca< 16 abc[a + b + c) <^-[ab + be + ca) 2 => ab + bc + ca>-^. 


d'-oc ^ - a ~ bc i 2bc i 2bc i 2bc 

Bai 85. Taco- = 1-= 1- - - - - = 1---—- 

a + bc a+bc a[a + b + c) + bc [a + b)[a + c) 


Bai toan dua ve chung minh 
be ca 


ab 


3 


[a + b)[a + c) (b + c)(b + a) (c + a)(c + b ) 4 

<=> ab + bc + ca> 9abc <^>[a + b + c)[ab + bc + ca) > 9abc 
Bat dang thuc cuoi dung theo AM - GM. 


Bai 86. Chu y dieu kien bai toan ta co 


ab + 2c 2 +2c ab + 2c 2 + 2c[a + b + c) (2c + a)(2c + b) 

_ ab > ab _ ab 

(2bc + ab)(2ac + ab) ( 2bc + 2ca + 2ab % f (ab + bc + caf 
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Tuang tu ta co- t->- y\ -»->- y. 

be + 2a" + 2a (ab + bc + ca ) ca + 2b + 2 b (ab + bc + ca ) 

Cong lai theo ve ba bat dang thiic tren ta co dpem. Dang thiic xay ra khi va chi 

khi a =b=c=- 
3 

Bai 87. Su dung bat dang thiic AM - GM ta co 
1 | 1 | 1 ^ 1 | 1 | 1 _ a+b+c 
a 2 b 2 c 2 ab be ca abc 


abc(a + b + c) ( a b + bc + ca ) 2 
Vay ta chiing minh 


>a 2 + b 2 +c 2 (a 2 +b 2 +c 2 Yab +be+ caf <21. 


(i ab + bc + ca 
Bat dang thiic cuoi dung theo AM - GM vi 


(a 2 +b 2 +c 2 Mab + bc + ca) < 


2 \ a 2 +b 2 +c 2 +2(ab + bc + ca) 


3 


= 27. 


Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a-b = c = 1. 

1 — c | l-o | 1 -b ^ 9 
ab + c bc + a ca + b 2 
a + c ^ 9 


Bai 88. Viet lai bat dang thiic duoi dang 
a+b b+c 


(c + a)(c + Z?) (a + Z?)(a + c) (b + a)(b + c ) 2 

Sii dung bat dang thiic AM - GM cho ve trai dua ve chiing minh 
(a + b){b + c\c + a)<^. 

Bat dang thiic cuoi dung theo AM - GM. 

Bai 89. Thay 1 boi dieu kien vao bat dang thiic da cho va dua ve chiing minh 
4 ab 4be 4ca 
a+b b+c c+a 
Sir dung bat dang thiic C -S ta co 

ab be ca ^ (ab + bc + caf 1 

- 1 - 1 ->----->-. 

a + b b + c c + a ab(a + b) + bc(b + c) + ca(c + a) a + b + c 

4 

Ta chi can chiing minh- + a+b + c> 4. 

a + b + c 


-+a+b+c> 4. 
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Bat dang there cuoi dung theo AM - GM. Dang there xay ra khi va chi khi 
a = b - \,c = 0 hoac cac hoan vi. 


a 2 + b 2 + c 2 + 2{yfa + 4b + Vc j > 9 . 

Bat dang thiic tren la tong cua cac bat dang there 
a 2 + 4a + 4a >3a 

b 2 + 4b + 4b > 3c 

c 2 + 4c + 4c > 3c 

Bat dang there duoc cherng minh. Dang there xay ra khi va chi khi a = b = c = l. 
Bai 91. Bat dang there da cho tuong duong voi 
ab + be + ca ab + be+ ca ab + bc + ca ^ 9 

-H-H-> — 

(a + b)b (b + c)c (c + a)a 2 

a b c a + b b + c c + a 15 

0a -+-+-+-+-+-> — 

a+b b+c c+a a b c 2 

Bat dang there cu6i la t6ng cua hai bat dang there 


a | b | c | W 

a+b | b+c | c+aV 

a+b b+c c+a 4\ 

y a b c ) 


3( a + b b + c c + a^l 


Bai 92. Dat x = 4b + c-a;y = 4c + a-b;z = 4a + b-c => x 2 +y 2 + z 2 =3 . 

Bai toan dua ve cherng minh 

J_ J_ b _36_ 

x y z~ 9 + x 2 y 2 +y 2 z 2 +z 2 x 2 
^ x 2 y 2 + y 2 z 2 +z 2 x 2 + 9j(xy + yz + zx) > 36 xyz 
Bat dang there tren la tich cua hai bat dang there 
xy + yz + zx> 3 yjx 2 y 2 z 2 ;x 2 y 2 + y 2 z 2 + z 2 x 2 + 9 > 12^jxyz . 

Bat dang there duoc cherng minh. Dang thiic xay ra khi va chi khi a - b - c = 1. 
Bai 93. Chii y dang there: 

^a 2 +bc^(b + c) = b[c 2 +a 2 ^ + c[a 2 + Z> 2 ); 

[b 2 +ca^[c + a)-a[b 2 +c 2 j + c^a 2 +b 2 j; 

(c 2 + ab )(a + b) = b[a 2 +c 2 ^ + a(b 2 + c 2 j 
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Bai toan dua ve chung mi nh voi ba so duong x,y,z ta co 


Bat dang thuc nay dung theo AM - GM 

+7 , , jIT7^ 3 ^ p+y)(y+z)(z+x7 ^ 3 ^ 27^.2^.2V^ 


Bai 94. Tuong tu bai toan tren bat dang thuc dua ve chung minh voi ba so khong 


amx,y,ztaco 


>2. 


\jy + z \z + x \x + y 
Bat dang thuc cuoi dung(xem chung minh trong bai tap mau). 

Dang thuc xay ra khi va chi khi a = b,c = 0 hoac cac hoan vi. 

Bai 95. Ta co c 2 + 2 ab -a 2 +b 2 + 2 c 2 - 2 be - 2 ca = (a-cf +(b-cf. 


D„d6 Jte* 


(' a ~ b ) 


\lc 2 +2ab \(c-af +(c-bf 


Bai toan dua ve chung minh -+ , I— —+ I —I—>2. 

\y + z \z + x ]Jx + y 

Voi x = (a - Z>) 2 , y = (Z> - c) 2 , z = (c - a) 2 xem bai tap mau. 

Bai 96. Bat dang thuc tuong duong voi 3 abc + ab + be + ca>3 + a + b + c. 

Bat dang thuc luon dung do a + b + c> — + — + — > ——-— 

b c a ab + be + ca 


=> ab + be + ca> a + b + c 

a b c if 2a b^\ l(2 b if 2c a~\ a + b + c 

b c a 3 \b c) 3^ c a) 3y a b) Ijabc 

=> abc > 1 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Bai 97. Su dung bat dang thuc AM - GM ta co 

x 3 + j x(x 2 +yzj x[x 2 + yz^yjxy + yz + zx 

y]x 4 +y + z Jx 4 +xyz(y + z) ^x 2 (y + z) + l)(x 3 +yz(y + z)J 

2 x[x 2 +yz)jxy + yz + zx _ 2 x^y + yz+zx 
x 2 (y + z) + l + x 3 +yz(y + z) x + y + z 

Tuong tu cho 2 can thuc con lai roi cong lai theo ve ta co dieu phai chung minh. 
Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x-y = z = 1. 
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Bai 98. Sii dung bat dang thiic AM - GM ta co 
1 ^ 3 


H-i 

b+c J 


J b + c b+c ~ b+c | b+c |1 
V 2a ‘ 2a ' 2a 2 a 


3 a 

a + b + c 


Tuang tu ta co 


2b 
c + a 


T> 36 ->l 


\> 3C 

J a+b+c \ 

ya + b) 

a + b + c 


Cong theo ve ba bat dang thiic tren ta co dpcm. Dang thuc xay ra khi va chi khi 
a=b=c. 

Chu y. Ngoai ra ta co the chiing minh bang bat dang thuc Bemoulli(xem chu de sau). 
Bai 99. Chu y x 5 +y 5 > x 1 2 y 2 4 (x + y) 

xy ^ xy 1 _ z 

x 5 +y 5 +xy x 2 y 2 (x + y) + xy xy(x+y) +1 x + y + z 


yz 


y 


Tuong tu ta co - 

y D +z D +yz x + y + z z D +x D +zx x + y + z 

Cong theo ve ba bat dang thuc tren ta co dpcm. Dang thuc xay ra khi va chi khi 
x = y = z = 1. 


Bai 100. Su dung bat dang thiic AM - GM ta co 


1 


ab 

1 4ab 

1 + ab 

1 + ab 

2 yfab 

2 

1 j 

i— ^>i- 
1 + bc 

bc _! 

4bc 

1 + bc 

2 yfbc 

2~ 

_J_ = ] 



4ca 

1 + ca 

1 + ca 

2yfca 

2 


Cong theo ve ba bat dang thiic tren ta duoc 


1 | 1 | 1 >3 Jab+Jte + y&i _\5 (Va+^ + Vc) 

\ + ab \ +be \ + ca 2 4 4 

15 i4a+Jb + 4c\ 9 

Vay ta chi can chiing minh-2- !— > -—-— . 

4 4 2 (4a+Jb+^c) 

Dat t = 4a+y[b + 4c,{^Fs < t < 3 j dua ve chiing minh 


— - — > — Ot 3 -l5t + l8<0^(t-3)(t 2 + 3t-6)<0. 

4 4 21 y ’\ ) 

Bat dang thiic cuoi dung va ta co dpcm. Dang thiic xay ra khi va chi khi 
a-b = c = 1. 
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CHUDE2: kythuAt ghep cAp trong 
CHUNG MINH BAT DANG THUC AM- GM 

A. NOI DUNG PHlTONG PHAP 

1. Ghep cap true tiep 2 hoac 3 hang tir <r mot ve cua bat dang thuc 

Ta can chung minh bat dang thuc 

A+B+C>X+Y+Z. 

Ndu X<JaB,Y<JbC,Z<4cA. 

Ta thuc hien ghep cap sir dung bat dang thuc AM- GM cho 2 so duong nhu sau: 

A + B>2y[AB>2X 
B + C>24BC>2Y 
C + A> 2\[CA > 2Z 

Cong theo ve 3 bat dang thuc tren ta co ngay dieu phai chung minh. 

2. Ghep cap ket hop 2 giua hoac 3 nhan tir o’ ca 2 ve cua bat dang thuc 

Ta can chung minh bat dang thuc A + B + C>X + Y + Z . 

Ta co the thuc hien danh gia nhu sau 

A + X> 2\[AX > 27 
B + Y>2^BY>2Z 
C + Z>2JCZ>2X 

Cong lai theo ve 3 bat dang thuc tren ta co ngay dieu phai chung minh. 

3. Bien doi dieu kien hoac bat dang thuc tmuc khi ghep cap 

Ap dung voi cac bat dang thuc co dieu kien chua tuong dong vdi bat dang thuc 
can chung minh. Thong thuong ta su dung phep binh phuong 2 ve, quy dong 2 
ve bat dang thuc(xem bai tap mau). 

B. BAI TAP MAU 

Bai 1. Cho x,y,z la cac so thuc duong thoa man dieu kien 2^/xy + Vxz = 1. 

, . , i 3yz 4zx 5 xy _ . 

Chung mmh rang +-H-— > 4 . 

x y z 

L&i giai 

Goi P la bieu thuc ve trai cua bat dang thuc. 

Ta viet lai P duoi dang 



Su dung bat dang thuc AM - GM ta co 
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—+ —>2 =2z; 

x y y x y 

^ + W> 2 JSjl = 2y; 

x z V x z 
xy zx fxy zx_ 



\ + c(^ + ™) 

J V X Z J 

U y) 

= fc + ^l + 2( 


[x yj \ 

V * 2 J 1 


Suy ra P > 2z + Ay + 6x = 2(x + z) + 4(.v + y) >4 zx 4^xy = 4. 

fx = y = z i 

Dang thiic xay ra khi va chi khi ■ ,— ,— ci>x=y = z = —. 

[2<Jxy + ^ = l 3 

Nhan xet. Be co phan tich tren ta sir dung dong nhat thirc nhu sau: 

3 yz + 4zx + 5 xy _ yz ^zx ^) 
x y z 
a + b-3 
b + c = 5 <=> 
c + a-4 [c = 3 

Bai 2. Cho x,y,z la cac so thirc duong thoa man dieu kien x z +y z +z z = 3 . 

Chung minh rang — + — + — > 3 . 

z x y 

Lifi giai 

Phan tich tim loi giai: 

N6u su dung ghep cap chang han — + — > 2 y nhung dieu kien cho dudi dang 

z x 

bac 2 do vay ta khong the ghep cap su dung true tiep duoc va can tao ra cac 
nhan tir co chira x 2 ,y 2 ,z 2 nhu vay lua chon phep binh phuong 2 ve cua bat 
dang thiic. 

Loi giai chi tigt: 

Binh phuong 2 ve bat dang thiic can chiing minh duoc viet dudi dang 
- + 2(x* + S + z>)>9 

y 

,2^2 „2,JS 

>3 


x y y z z x‘ 


z x y 

Sir dung bat dang thiic AM -GM cho 2 so duong ta duoc 
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-=2 /■ 


Tuong tu ta co 


/z 2 


2 2 


2 2 


. Z ~ X 2 X y , z X 

— >2z ; — + — . 

y z y 

Cong theo ve 3 bat dang thuc tren ta co ngay dieu phai chung minh. Dang thuc 


xayrakhi vachikhi x = y-z = \. 

Bai 3. Chung minh rang voi moi a,b,c duong ta luon co 

111 9 


b(a + b ) c{c + b') a(a + c) 2 (ab + bc + ca) 

Ldi giai 

Bat dang thuc can chung minh tuong duong voi 
ab + be+ ca ab + be+ ca ab + bc + ca ^ 9 
“2 


b[a + b ) c{c + b') 


a(a + c) 
c 9 


b + c + ^ 2 f b + c _ _ 

4Z? Z? + c 4b b + c 


c b a a b 

<=> — + — + — +-+--t--^ — 

b a c a + b b + c c + a 2 

b+c a+b c+a a b c _ 15 

<=>-+-+-+-+-+-> — 

b a c a + b b + c c + a 2 

Su dung bat dang thuc AM - GM cho 2 so duong ta co 

b + 

4b 

^ , a+b a , c+a c 

Tuong tu ta co:-1--> 1;-+ ——1. 

4 a a + b 4c c + a 

Cong theo ve 3 bat dang thuc tren ta duoc 
1 (a + b b + c c + a} a b c 
4y a b 

Mat khac 

3( a + b b + c c + a 
4V a b c 


a+b b+c c+a 


= 4 3 + - + ^ + - >4 3 + 33-.f.- 


Cong theo ve 2 bat dang thuc tren ta co ngay dieu phai chung minh. Dang thuc 
xay ra khi va chi khi a-b-c. 

Bai 4. Chung minh rang voi moi so thuc duong x,y,z ta co 

2 (x + y + z) 

^xyz 

L&i giai 

Khai trien ve trai viet lai bat dang thuc da cho duoi dang 


1 + - 


1 + - 


M+ - 2 + 
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1 - ++ 1 - ■ 

y z x IJxyz \ yz \ zx \ xy 

Sir dung bat dang thirc cho 3 so duong ta co - 


# 


- 3 \“- 

\yz 


Tuongtutaco: — + — + — > 3 ? - — —>3? — . 

zzxyzxxxy' 1 ”■ 

Cong theo ve 3 bat dang thuc tren ta co dieu phai chimg minh. Dang thuc xay ra 
khi va chi khi x = y = z. 

Bai 5. Chung minh rang voi moi so thuc duong x,y,z ta co 

x 3 / y 3 z 3 z 3 x 3 fx 2 y 2 z 2 ^ 

y x 3 z 3 y i x 3 z 3 yyz zx xy J 

L&i giai 

Su dung bat dang thuc AM -GM cho 3 so duong ta co 


-t + ^ +1 ^K-^- 1=3 - 
y z v > r z y z 


-.1=3 

z 
3 z' 


r 


44 +l> J44^ 

x 3 y 3 ]jx 3 y 3 xy 


Cong theo ve 3 bat dang thuc tren ta co dieu phai chung minh. Dang thuc xay ra 
khi va chi khi x = y = z . 

Bai 6. Cho x,y,z la cac so thuc khong am. 

Chung minh rang (x + y - z)(y + z - x) (z + x - y) < xyz . 


L&i giai 

Do tong 3 thira so ve trai bang x + y + z > 0 nen co cac khanang sau 
+ TH1: Neu co 1 thira so am va 2 thua so duong lire nay bat dang thuc luon dung. 

+ TH2: Neu co 2 thira so am va 1 thira so duong(dieu nay vo ly) vi tong cua 2 thira 
so changhan (x + y - z) + (y + z - x) = 2y > 0 . 

+ TH3: Neu ca 3 thira so deu khong am luc do ta sir dung bat dang thirc cho 2 so 
duong ta duoc 
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( \t x + y-z + y + z-x} 2 2 

(■x + y-z)(y + z-x )<' 2 ' v -J =y 2 

( \t \ y + z-x + z + x-y) 2 2 

(y + z-x)(z + x-y)< ^---J = z 

/ w ^ ^(z + x-y + x + y-z) 2 2 

(z + x-y)(x + y-z)< ^^-'-J =x 2 

Nhan theo ve 3 bat dang thuc tren ta dugc 

[{x + y ~z){y + z - x){z+x - y)] 2 < x 2 y 2 z 2 _ 

<=> (x + y - z)(y + z - x )(z + x - y) < xyz 
Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x-y = z. 
Nhan xet. Vi chua biet tinh am duong cua moi thua so ve trai nen chua the ap 
dung true tiep bat dang thuc AM - GM va ta can phan chia cac trubng hgp. 

+ Day la mot dang cua bat dang thuc Schur bac ba co rat nhieu ung dung trong 
viec giai quyet mot lop bai toan(xem chu de sau). 

Chang han voi x,y,z co tong bang 3 ta co bat dang thuc 
4(xy + yz + zx) - 3xyz < 9. 

Bai tap tuo ng tu 

Cho x,y,z la cac so thuc duong. Chung minh 

I y+zjv *+*A x+ y) 8 

Bai 7. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 +b 2 +c 2 = 3 . 

, j a 3 b 3 c 3 ^ 3 

Chung mmh rang . + . + . > —. 

V^ 2 +3 Vc 2 + 3 ya 2 +3 2 

Lai giai 

Su dung bat dang thuc AM - GM cho 3 so duong ta co 

a 3 a 3 b 2 + 3 3 2 

, wm ->-« 

Vz> 2 + 3 Jb 2 + 3 8 2 

b 3 b 3 c 2 +3 3,2 

.- + -^= +- >-b l 

VTAV VTA 3 8 2 

c 3 c 3 a 2 + 3 3 2 

, -H tesj sf t-> -c 

Va 2 + 3 Va 2 +3 8 2 

Cong theo ve 3 bat dang thuc tren va ket hgp voi dieu kien a 2 + b 2 + c 2 - 3 ta 
co ngay dieu phai chung minh. Dang thuc xay ra khi va chi khi a = b = c- 1. 
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Bai 8. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 3 . 

(l + a) 2 (l + Z>) 2 (\ + b) 2 (\ + cf (l + c) 2 (l + a) : 


l + b 2 


Chiing minh rang - 

1 + c 2 1 + a 2 

Loti giai 

Goi P la bieu thuc ve trai cua bat dang thuc. 

Su dung bat dang thuc AM - GM cho 2 so duong ta dupe: 

(l + a) 2 (l + Z>) 2 = (1 + ab + a + bf> 4(1 + aZ>)(a + Z>) = 4a(l + Z> 2 ) + 4Z>(l + a 2 ). 

(l + a) 2 (l + Z?) 2 l + b 2 1 + a 2 

Suyra -— J —>4a. - ¥ +4b. - T 

1 + c 1 + c a + c 

Tuong tu ta co: 


, (l + *) 2 (l + e)= 

1 ^ AU 1+ ° 2 

->4b. - T 

A 1 + 1,2 

+ 4 c. - T 

1 + a 2 

1 + a 2 

1 + a 2 

(l + c ) 2 (l + a)" 

‘ . 1 + c 2 

->4a.-- 

. 1 + a 2 
- + 4c.- t- 

l + b 2 

l + b 2 

l + b 2 


Cong theo ve 3 bat dang thuc tren ta co 


l + b 2 l + c 2 ^| f 1 + a 2 l + c 2 ^l . fl + a 2 l + Z? 2 
- v + -V + 46 -v +-V + 4c -v +-V 


1 + a 2 
+ 8c, 

\l + c" 1 + a" 

= 8(a + Z> + c) = 24 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c - 1. 


1 + c 2 

+ ll + a 2 

1 + c 2 

'l + b 2 

+ \ 1 + c 2 

1 + a 2 


ll + a 2 

l + b 2 

h+b 2 

1 + a 2 


Tim gia tri nho nhat cua bieu thuc P-ab + bc + ca. 

L&i giai 

Theo gia thiet ket hop su dung bat dang thuc AM -GM cho 2 so duong ta co 


a -I b +1 C - ^ 

a+1 b+l c+l b+l 


Tuong tu ta co: 


6 + 1 J(a + l)(c + l) 

-^> . 2 
c + l V(a + l)(d + l) 


_i_A>_ l _ 

c + l p + l)( c + l) 
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Lan lugt nh an theo ve hai bat dang thiic ta dugc: 


4 J(a + l)(b + l) 


(a + l)(Z? + l) (c + l) x /(a + l)(Z> + l) 


Tuang tir ta co: bc> 


4\J(b 4 -1) 4 A /(c +1 J(q +1) 


b+tr 

Cong lai theo ve 3 bat dang thuc tren va su dung AM-GM ta dugc: 


tiif 



Bai 10. Cho x,y,z la cac so thuc duong thoa man dieu kien xy + yz + zx- 1. 

2 2 2 

Chung minh rang 3-V3+ — + — + — >(x + y + z) 2 . 

y z x 

Lifi giai 

Truoc het ta chung minh bat dang thuc sau 

x 2 / z \{x + y + z)(x 2 +y 2 +z 2 ) 


y z x xy + yz + zx 

That vay, bat dang thiic tuang duong vai: 

f 2 2 2 "N 

(xy + yz + zx)\ — + — + — >(x + y + z)(x 2 +y 2 +z 2 ) 


Su dung bat dang thiic AM-GM ta co: + —— > 2x 2 y. 

y z 


y x 

Cong theo ve 3 bat dang thiic tren ta co dieu phai chiing minh. 
Ggi P la bieu thiic ve trai bat dang thiic ban dau ta co 

P>3- VJ + (x + y + z)(x 2 + y 2 + z 2 ). 
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Vay ta can chung minh 

3 - V3 + (x + y + z)(x 2 + y 2 + z 2 ) > (x + y + z) 2 

<=> (x + y + z)(x 2 +y 2 + z 2 )>x 2 + y 2 +z 2 +*J 3-1 

»(x 2 +y 2 +z 2 )(x + y + z-l) > V3-1 

<=> [(x + y + zf - 2(xy + yz + zx) J (x + y + z- l) > V3 -1 

o[(x + y + zf -2j(x + y + z-l)>j3-l 

Bat dang there luon dung do x + y + z > ^3(xy + yz + zx) = y/3 . 
Bat dang thiic duoc chung minh. Dang thiic xay ra khi va chi khi 

x ’ y = z =Ti' 

Bai tap tiro’ng ty 

Cho x,y,z la cac so there duong co tong bang 1. 

222 

Chung minh rang — + — + — >3 (x 2 + y 2 +z 2 ). 

y z x ' ’ 

C. BAI TAP REN LUYEN 

Bai 1. Chung minh rang voi moi so thuc x ta co 

(IHtHt)'”'*'* 5 ' 

Bai 2. Chung minh rang voi moi so duong x,y,z ta co 


Bai 3. Chung minh rang voi moi x,y,z la cac so there duong ta co 

X 5 y 5 z\ 3 3 3 

—+ ^- + ^->x +y + z . 
y z x 

Bai 4. Chung minh rang voi moi so there duong x,y,z ta co 
x 3 y 3 z 3 

— + —+ — > x + y + z . 
yz zx xy 

Bai 5. Cho x,y,z la cac so there duong thoa man dieu kien x + y + z = xyz. 


Chung minh rang — + Ar + — > 1. 

y z x 
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Bai 6. Cho a,b,c la do dai 3 canh mot tam giac. Chung minh rang 

a b c 

- 1 - 1 -> 3 . 

a+b-c b+c-a c+a-b 

Bai 7. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 +b 2 +c 2 = 3 . 

s a 3 b 3 c 3 3 

Chung minh rang -frff— , > ~rx ■ 

yjb 2 +1 Vc 2 +1 Va 2 +1 

Bai 8. Cho x,y,z la cac s6 thuc duong thoa man dilu kien 2 \[xz + yfyz + 3^ = 1- 

Chvmg minh ring ^+^ + ^4. 

x y z 

Bai 9. Cho x,y,z la cac so thuc duong thoa man dieu kien xyz = 1. 

Chung minh rang ^x + — -lj^y + — -lj^z + — — 1J < 1. 

Bai 10. Cho a,b,c la cac so thuc duong thoa man —-—t- —— + —— = 1. 

a +1 b +1 c+1 

Chung minh rang abc > 8. 

Bai 11. Cho x,y,z la cac so thuc duong. Chung minh 



D. HirdNG DAN GIAI - DAP SO 

Bai 1. Sir dung bat dang thuc AM - GM cho 2 so duong ta co 



Cong lai theo ve 3 bat dang thuc tren ta co dieu phai chung minh. Dang thuc 
xay ra khi va chi khi x = 0. 

Bai 2. Su dung bat dang thuc AM - GM cho 3 so duong ta duoc 


— + — + / > 3.3 —.—./ = 3x 2 

y y V y y 
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— + — + z 2 >3?l—.—.z 2 =3y 2 

z z V z z 

— + — + x 2 >3{l—.—.x 2 =3z 2 

XX \ X X 


Cong theo ve 3 bat dang thuc tren ta co dieu phai chung minh. Dang thuc xay ra 
khi va chi khi x = y = z. 

Cach 2: Su dung bat dang thuc AM - GM cho 2 so duong ta co 

— + xy>2.—.xy = 2x 2 ;^ + yz>2y 2 ;— + xz>2z 2 . 

y v y z x 

Cong theo ve 3 bat dang thuc tren ket hop vdi x 2 + y 2 + z 2 > xy + yz + zx ta co 
dieu phai chung minh. 

Bai 3. Su dung bat dang thuc AM - GM cho 2 so duong ta co 



^r + zx 2 > 2.1^—-.zx 2 = 2 z 3 

X \X 

Cong theo ve 3 bat dang thuc tren ta co 

7 + 7 f + ^ + A+A+zr 2 >2 (* 3 + /+z 3 ). 

Vay ta chi can chung minh x 3 + y 3 + z 3 > xy 2 + yz 2 + zx 2 . 

Bat dang thuc nay hien nhien dung theo AM - GM cho 3 so duong 
Vi x 3 +y 3 +y 3 >3 xy 2 ;y 3 + z 3 + z 3 >3 yz 2 ;z 3 +x 3 +x 3 >3zx 2 . 

Cong lai theo ve 3 bat dang thuc tren ta co dieu phai chung minh. Dang thuc 
xay ra khi va chi khi x = y = z. 

Bai 4. Su dung bat dang thuc AM - GM cho 3 so duong ta co 
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Cong theo ve 3 bat dang thiic tren ta co dieu phai chiing minh. Dang thiic xay ra 
khi va chi khi x = y = z. 

Bai 5. Theo giathiet taco ——l—— + — = 1. 

xy yz zx 

Vay bat dang thiic can chung minh duoc viet lai duoi dang: 
x y z 1 1 1 

y z J x xy yz zx 

^ x 4 z 3 + y 4 x 3 + z 4 y 3 > x + y + z 
x 3 y 3 z 3 xyz 

<=>x 4 z 3 +y 4 x 3 +z 4 y 3 >(x + y + z)x 2 y 2 z 2 

2 2 21 X 2 Z y 2 X Z 2 y I , \ 2 2 2 

«• * y z I —+M*+t +*) xy 

x 2 z y 2 x z 2 y _ 

<^^ + ^ + ^>x + y + z 
y z x 

Sii dung bat dang thiic AM - GM cho 3 so duong ta co 

x 2 z y 2 x ^,Jx 2 z y 2 x . 


T± + ^z +x > n jli.£z. x=3y 


- + —— + y>33 


-.y =3z 


Cong theo ve 3 bat dang thiic tren ta co dieu phai chiing minh. Dang thiic xay ra 

khi va chi khi x = y = . 

v3 

Bai 6. Sii dung bat dang thiic AM - GM cho 3 so duong ta duoc 
a b 


* 3 ?- 


a+b-c b+c-a c+a-b \a+b-c b+c-a c+a-b 
Chuy. (a + b-c)(b + c-a)(c + a-b)<abc. 

Ta co dieu phai chiing minh. Dang thiic xay ra khi va chi khi a = b = c . 
Bai 7. Sii dung bat dang thiic AM - GM cho 3 so duong ta co 
a 3 a 3 b2+l ^ 3 2 . 

^/z> 2 7I + ^£ 2 7i + 2V2 ~y[2 a ’ 
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b 3 | b 3 | c 2 +l ^ 3 2 . 

^C I 7i + ^C I 7T + 2 V 2 “V 2 
c 3 c 3 a 2 +1 3 2 

~ r —j=- ^ i=c • 

V77T V77T 2 V 2 V 2 

Cong theo ve 3 bat dang thiic tren va ket hop voi dieu kien a 2 + b 2 + c 2 - 3 ta 
co ngay dieu phai chiing minh. Dang thiic xay ra khi va chi khi a - b = c = 1. 

Bai 8. Goi P la bieu thiic ve trai cua bat dang thiic. 

Ta Vi6< lai P dudi dang P = 3 (A + ^ + 4^+ fj* 5 fe + ^ j. 

Sii dung bat dang thiic AM - GM ta co 


— + — >2 = 2z 

x y \ x y 

^ + 2 l^^ = 2y 

X Z \ X z 

W A2 f^* =2x 

z y V z y 

Suy ra P>6z + 8y + lOx = 4(x + z) + 2(z + y) + 6(x + y) 

>8 ^/xz +4- s fyz +\2- s [xy = 4 

fx = y = z 1 

Dang thiic xay ra khi va chi khi < ,— ,— ,— ox=y = z = —. 

{2^ + y [^ + 3^ = l 6 

Bai 9. Vi x,_y,z la cac so thuc duong thoa man xyz = 1 nen ton tai cac so thuc duong 

a,b,c thoa man x-—,y-—,z = — khi do bat dang thiic dupe viet lai dudi dang: 
b c a 

(a + b-c)(b + c-a)(c + a-b)<abc . 

Day la bat dang thiic da dupe chiing minh. Dang thiic xay ra khi va chi khi 
x = y = z = 1. 

Cach 2: Theo gia thiet ta co 
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Tuong tu taco: f y + — -l][ x- — + 1 |<yx 2 . 


■ 4-0 > 4-0 


= V 7 


Nhan theo ve 3 bat dang thiic tren ket hap dieu kien xyz - 1 ta co dieu phai 
chung minh. Dang thiic xay ra khi va chi khi x = y = z - \. 

Bai 10. Theo gia thiet ta co a =1--— = —— + —!■—. 

a +1 a +1 b +1 c +1 

Svr dung bat dang thiic AM-GM cho 2 so duong ta duoc 
a ^ 2 


« + l p + l)(c + l)' 

b 2 


Tuong tu ta co: 


b+1 V( a+1 )( c+1 ) 


C + 1 J{a + l){b + l) 

Nhan theo ve 3 bat dang thiic tren ta co ngay dieu phai chiing mi nh . 

Dang thiic xay ra khi va chi khi a = b = c = 2 . 

Nhan xet. Voi each lam tuong tu tren ta xii ly duoc bai toan tong quat cho n so duong. 


Bai toan. Voi x l5 x 2 ,...,x n > Othoa man 


1 + Xj 1 + x 2 


x 1 x 2 ...x„ > [n -1) . 

Bai 11. Bat dang thiic duoc viet duoi dang tuong duong: 

8(x + y-z)(y+ z-x)(z + x-y)<(x + y)(y+ z)(z + x). 
Chiiy taco (x + y-z)(y+ z-x)(z + x-y)<xyz . 

8xyz<(x + y)(y + z)(z + x) 

Tu do suy ra dpem. Dang thiic xay ra khi va chi khi x = y = z . 
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CHUDE 3: KYTHUATSUDUNGbAtdAnG THUCAM - GM 

dangcOngmAuso 

111 n 2 

-1-1-... H->-. 

A2 A n Ai + A2 +... + A n 

A. NOI DUNG PHlTGNG PHAP 

Xuat phat tir bat dang thiic 

1 \f 1 1 1 1 1 - n 2 

I a x +a 2 +... + a n I — + — + ... + — > nqa l a 2 ...a n n . 

V a i a 2 a n) qa l a 2 ...a n 

t. 1 1 1 ^ n 2 

a ] a 2 a n a l +a 2 +... + a n 
Dang thiic xay ra khi va chi khi a x = a 2 =... = a n . 

Hai bat dang thiic dang tren hay duoc sii dung nhat la 
4 

a b a + b 

1119 

-1-1-^ - 

a b c a + b + c 

Dudi day toi se trinh bay mot lop bai toan dang tren. 


B. BAI TAP MAU 

Bai 1. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 3 . 


Chiing mi nh rang-H-+- 

a + 3b b + 3c c + 3a 


1 

~a + 3 


1 

~b + 3 


1 

c + 3 ■ 


Lai giai 


Sii dung bat dang thiic 


1 ^ 4 + , 
— >-ta co 

y x+ y 


I ^ > 4 _ n? 

a+3b c+3 a+3b+c+3 b+3 

II 4 2 

Tuong tu ta co-+->-=- 

b + 3c a+ 3 a + b + 3c + 3 c + 3 

1 | 1 4 2 

c + 3a b + 3 3a + b + c + 3 a+ 3 

Cong theo ve 3 bat dang thiic tren ta co dieu phai chiing minh. Dang thiic xay ra 
khi va chi khi a = b = c = 1. 

Bai 2. Cho a,b,c la do dai ba canh mot tam giac thoa man dieu kien 2 c + b- abc. 
Tim gia tri nho nhat ciia bieu thiic 
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b + c-a a+c-b a + b-c 

Ldi giai 

2 1 

Tir dieu kien ta co: — h = 1. 

ab ac 

Sir dung bat dang thirc AM-GM ta dugc: 

I = If2 + I] = I.ip + Il<lf3A + ll^i + 2 + l, 2 ^ 

a\b c) 3 a\b c) \2\a be) a b c 


Ta co: 
P^li- 


1 


1 


1 


1 


yb+c-a a+b-c) 


b+c-a a+c-b) 
4 


+ 3 ' 


1 


1 


ya + c-b a+b-c) 


Su dung bat dang thiic — + — > —— ,x,y > Ota co: 

x y x + y 

P >++± + u =2 (l + l + l)> 4 ji. 

2b 2c 2a ya b c) 

Dang thiic xay ra khi va chi khi a - b - c = -J3 . 

VaygiatrinhonhatciiaPbang 4-^3 dattai a=b=c = yfl . 

Nhan xet. Diem quan trong nhat ciia bai toan la du doan dau bang tai a = b = c . 

Ngoai ra ta co the danh gia P nhu sau: P >2\ — + — + — 1. 

\a b c) 


2 1 


Theo gia thiet ta co: — + — -a suy ra P>2\ — + a\ > 4^3 . Dang thiic xay ra 

be \a ) 

khi va chi khi a = b = c = \f3 . 

Bai tap tiro’ng tu 

Cho a,b,c la do dai ba canh mot tam giac thoa man dieu kien 
2 ab + 3ac + Abe = 9abc. 

5 6 7 


Tim gia tri nho nhat ciia bieu thiic P-- 


b + c-a a + c-b a + b-c 
Bai 3. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 +b 2 +c 2 = 3 . 

1 | 1 | 1 > 4 | 4 | 4 

’ a + b b + c c + a a 2 + 1 b 2 +1 c 2 +1 

Ldi giai 

114 ,1 1 4 


Chiing minh rang 

Sir dung bat dang thiic 


4 + , 1 

—i— c. -ta co « - 1 --^-. 

x y x + y a + b b + c a + 2b + c 
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Theo AM - GM ta co a 2 + 1 > 2 a 

l[b 2 + lj > 4Z? 
c 2 + l> 2c 

Cong theo ve 3 bat dang there tren ta duoc 

2(a + 26 + c) < a 2 +2b 2 +c 2 +4-^a 2 + b 2 +c 2 ^ +4 +b 2 =b 2 +1. 


Suyra - 
Tuong ter taco: 


1 | 1 ^ 8 
a + b b + c b 2 +7 

b + c c +a c 2 + 1 

c + a a + b a 2 +1 

Cong theo ve 3 bat dang there tren ta co dieu phai chung minh. Dang there xay ra 
khi va chi khi a = b = c = 1. 

Bai 4. Cho a,b,c la cac so there duong chung minh rang 

ab be ca <1^111^ 

a 3 + b 3 +a 2 c + b 2 c b 3 + c 3 +b 2 a + c 2 a c 3 + a 3 + c 2 b + a 2 b 4^a b c) 

Ldi giai 

Taco a 3 +b 3 > ab[a + b ). 

ab < ab 

a 3 +b 3 +a 2 c + b 2 c ab(a + b) + c[a 2 +b 2 \ 


ab(a + b) c (a 2 +Z? 2 ) 


1 1 1 ab 1 1 (1 n 1 

-—.-1 —.—~ -v- — — — —I— H —c 

4 a + b 4 a 2 +b 2 c 16U bJ 8 


Tuong ter ta co - 


16U cy 

i / 1 i ^ 

1 8a' 

16yc a j 

l + 8 b 


Cong theo ve ba bat dang there tren ta co dpem. Dang there xay ra khi va chi khi 
a = b = c. 

Bai 5. Cho a,b,c la cac so there duong co tich bang 1 . Chung minh 

1 1 1 3 

-1-1-< — . 

ab +a+ 2 bc + b + 2 ca + c + 2 4 
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Leri giai 

1 = —i—<ir_L + _L] = ir^ + _n 

ab + a + 2 (ab +1) + (a +1) 4\ab+\ a + l) 4 v c +1 a + l) 


1 _ 1 

<!f^+J-' 

|-I 


bc + b + 2~ (bc + \) + (b + \) 

4\bc + l b + lj 

1 4 

U + l b + lJ 

1 1 

<im + n 

l-Il 

^bl) 

ca + c + 2 (ca + 1) + (c +1) 

4Vca + l c + lj 

4U+1 c + \J 


Cong theo ve ba bat dang thuc tren ta co depm. 

Dang thuc xay ra khi va chi khi a = b = c -1 . 

C. BAI TAP REN LUYEN 

Bai 1. Chung minh rang vdi moi x,y,z duong ta co 

1 1 1 xy + yz + xz 

-1-1-<-. 

2 x + y + z 2 y + z + x 2 z + x + y 4 xyz 

Bai 2. Cho x,y,z la cac so thuc duong thoa man dieu kien xy+yz + zx + xyz = 4. 

Chung minh rang----4----4---< — 

2x + y + 6 2y + z + 6 2z + x + 6 3 

Bai 3. Cho a,b,c la cac so thuc duong. Chung minh 

a 2b 3c 6 (a + b + c) 
a+l b+2 c+ 3 a+b+c+6 

Bai 4. Cho a,b,c la cac so thuc duong. Chung minh 

1114 4 4 

-1-1-+-1-1-. 

a + 2b b + 2c c + 2a 3a + 4b + 5c 3b + 4c + 5a 3c + 4a + 5b 

Bai 5. Cho x,y,z la cac so thuc duong thoa man dieu kien x + y 2 +z 3 = 13. 

. , 1 4 12 

Tim gia tri nh d nh at ciia bieu thuc P = -H-1-. 

1 + jt y z 

Bai 6. Chung minh rang voi moi so thuc duong tuy y a,b,c,d ta luon co 
a-d d-b b-c c-a 

r -—+-+->o. 

b+d c+b c+a d+a 

Bai 7. Cho a,b,c la do dai ba canh mot tam giac thoa man dieu kien 
2 ab + 3ac + 4 be = 9abc. 

Tim gia tri nh d nh at cua bieu thuc P = 2\ ---+---+---|. 

\b+c—a a+c—b a+b—c) 

Bai 8. Cho a,b,c la cac so thuc duong co tich bang 1. Chung minh 
a b c 1/2 ,.2 2 

ca +1 ab +1 be +1 2 v 
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Bai 9. Cho a,b,c la cac so thuc duong thoa man dieu kien — + — + — = 1. 

a b c 


Chung minh rang 


(a-l)(Z>-l)(c-l) (a + l)(6 + l)(c + l) 4' 


11 ION C DAN GIAI - DAP SO 


16 


Cl\ &2 @3 #4 + &2 ^3 ^4 


1 1(2 1 1 

-<— —l-1— 

2 x + y + z 16 x y z 


- ta dupe: 


1 


2y + z + x 16yy z x 

1 


2z + x + y 16yz x y) 

Cong theo ve 3 bat dang thuc tren ta co dieu phai chung minh. Dang thuc xay ra 
khi va chi khi x = y = z . 

Bai 2. Goi P la bieu thuc ve trai cua bat dang thuc da cho. 


, , 111 9 

Su dung bat dang thuc — + — + — > - 


U\ «2 a n Cl\+ CI2+ d-t, 


-tadupc: 


2x 

Tuong tu ta co 


J_=_I_ 

+ y + 6 (x + 2) + (x + 2) + (jy + 2) 9^x + 2 y + 2 


2y+z+6 9{y+2 z+2 

1 if 2 1 


2z+x+6 9 y z + 2 x+2) 

Cong theo ve 3 bat dang thuc tren ta duoc 

3yx + 2 y + 2 z + 2 J 

Chu y dieu kien bai toan duoc viet lai duoi dang: 

1 1 1 
x+2 y+2 z+2 

Tir do suy ra dieu phai chung minh. Dang thuc xay ra khi va chi khi x = y = z - 1. 


- = 1 . 
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Bai 3. Bat dang thuc dugc viet lai duoi dang 

—-1 +A?— 2 + A:—3< ^( a + ^ + c ) _6 

a+1 b+2 c +3 a+b+c+6 

1 4 9 36 

<=>-+-+->- 

a+1 b+2 c +3 a+b+c+6 

Bat dang thuc cuoi luon dung. Dang thuc xay ra khi va chi khi 

. b+2 c+3 

a + \- ---. 

2 3 

Bai 4. 

Ta co 

16 _ (l + l + l + l) 2 _^ 1 2 1 

3a+ 46 +5c (a + 26) + (6 + 2c) + (6 + 2c) + (c + 2a) a+ 26 6 +2c c + 2a 

Xay dung tuong tu 2 bat dang thuc nhu tren roi cong lai ta co dieu phai chung minh. 
Bai 5. Diem roi cua bai toan la x = \,y = 2,z-2. 

Su dung bat dang thuc AM-GM ta co 

33 = x + y 2 +z 3 +20 = x + y 2 +4 + z 3 +8 + 8>x + 4y + 12z. 

Su dung bat dang thuc C-S dang phan thuc ta co: 

p _ 1 i 1 1 i i2. 1 ^ ^ 1 + 4 ' 1 + 12 '^ 2 1?2 ^ 17 2 289 17 

1 + x y z l + x + 4y+ 12.z x + 4y + 12z + l 34 34 2 

Dang thuc xay ra khi va chi khi x-l,y = 2,z = 2. 

Vay gia tri nho nhat cua P bang ^ dat tai x = 1, y = z = 2. 

Bai 6. Cong 4 vao 2 ve bat dang thuc tuong ducmg vdi: 

a+6 c+d b+a c+d 

-+-+-+->4. 

b + d c + b c + a d + a 

<0 ( 1 c + d)\ 

Chuy -^— + —^—> -, 

6+c a+d a+b+c+d 

J-+-U 4 

b + d c + a a + b + c + d 

Tvr do suy ra dieu phai chung minh. Dang thuc xay ra khi va chi khi a = b-c = d. 

4 3 2 

Bai 7. Theo gia thiet ta co: 2ab + 3 ac + 46c = 9abc ++ — + — + — = 9. 

a 6 c 

Su dung bat dang thuc AM - GM dang cong mau, ta co 


^6 + c 
4 


+ (a + 6) 


1 

b + d ’ 


-A 

c + a J 
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yb+c-a a+c-b) 


-L- + -H 

ya + c-b a+b-cj 


ya+b-c b+c-a) 


=> P > 2.-1-4.-1-3.—=> P> 2 - + - + - =18 

2c 2a 2b ya b c) 

Daubang xay ra khi va chi khi tam giac ABC deu a-b = c- 1. 

Bai 8. Ton tai cac so thuc duong x,y,z sao cho a - —,b ~—,c = — . 

y z x 


Bat dang thuc trb thanh “V + - 


2x 


2 y 


2z 


y+z z+x x+y 

Chu y su dung bat dang thuc AM - GM ta co 

y 2 z 2 x y z 


Y 


z L x y 


fl + n 

+ T 



T + T| 

lAj 

z) 


<x + yj 


Cong theo ve hai bat dang thuc tren va chu y 

x y z x y z 

y z x z x y 

> 4x + 4y + 4z 
y+z z+x x+y 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b-c- 1. 
Bai 9. Gia thiet ta co ab + bc + ca = abc. 

Suy ra 

1 8 18 


(a-l)(Z?-l)(c-l) (a + l)(& + l)(c + l) a + b + c -1 2abc + a + b + c + \ 


9 

Chuy a + b + c> ——-—- = 9; 

— + - + - 

abc 

abc -ab + bc + ca> ^3 abc(a + b + c) > 3yj3abc => abc > 27 
Tit do ta co ngay dieu phai chung minh. Dang thuc xay ra khi va chi khi 
a-b = c = 3. 
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CH V DE 4: KY THUATSUDUNG bAt dAnG THUC 
CAUCHY-SCHWARZ 

A. NOI DUNG PHlTGNG PHAP 

Cho hai day so thuc (a l ,a 2 ,...,a n );(b l ,b 2 ,...,b n )\chi do ta co 

+ a 2 b 2 ••• 4" + Q 2 4" •••4* d n j + b 2 + ••• + h n j. 

Dang thuc xay ra khi va chi khi a t -kb i ,i = \,n,k eK . 

Chmtg minh. 

Xet tam thuc bac hai 

f (x) = ^u 2 + a 2 +... + u 2 jx 2 — 2(ojZ?j + a 2 b 2 "i" ••• "i" a„b n ) x + ^ b 2 + b 2 +... + b 2 j 

= {a l x-b l ) 2 +[a 2 x-b 2 ) 2 + ... + (a n x-b n ) 2 >0 
Theo dinh ly ve dau cua tam thuc bac hai ta co 
A'<0»(a 1 Z? 1 +a 2 b 2 +... + a n b n ) 2 <(a 2 + a 2 + ... + a^(b? +b 2 + ... + Z? 2 ). 


He qua(Bat ding thuc Mincopski) V6i 2 day so thuc a l ,a 2 ,..,a n va b ] ,b 2 ,...,b n ta co 



Dang thuc xay ra khi va chi khi a ] ,a 2 ,..,a n va b l ,b 2 ,...,b n la 2 bo so ty le. 


B. BAI TAP MAU 

47 

Bai 1. Cho x,y,z la cac so thuc duong thoa man dieu kien x + y + z = —. 

Chung minh rang 3x 2 + 4y 2 + 5z 2 > . 

Lifi giai 

Phan tich tim loi giai: 

Ta can tim cac so a,b,c ducmg sao cho 

^3x 2 +4y 2 +5z 2 j^a 2 +b 2 +c 2 ^>[ay/3x + 2by + cj5z^ . 

Voi ve phai bat dang thuc la mot hang so vi vay chi can chon a,b,c sao cho 
aV3x + 2 by + c\[5z — x + y + z. 
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Loi giai chi tiet: 



Bai 2. Cho x,y,a,b,c la cac so thuc thoa man dieu kien 


(x + a) 2 +(y + b) 2 +(x + y) 2 =c 2 . 

Chung minh rang (a + b f < 3 c 2 . 

Loi giai 

Phan tich tim loi giai: 

Ta can chung minh (a + b) 2 <3^(x + a) 2 + (y + Z>) 2 + (x + _y) 2 j. 

Chuy a + b = (x + a) + (y + b) + (-x-y). 

Nen dua vao bat dang thiic tren ta su dung bat dang thuc C -S cho hai bo so 
(l;l;l );(x + a;y + Z>;-x-y). 

Loi giai chi tiet: 

Su dung bat dang thuc C -S ta co 

(i a + bf = [(x + a) + (_y+ Z>) + (-x-y)] 2 < 3^(x + a) 2 + (_y+ Z>) 2 + (x + y) 2 J = 3c 2 . 
Bat dang thuc duoc chung minh. 

Bai 3. Cho x,y,z la cac so thuc thoa man x > 5,y > 6,z > 7;x 2 + y 2 + z 2 > 125. 

Tim gia tri nh d nhat cuabieu thuc P-x + y + z . 

Loi giai 

x + y + z = yjx 2 + y 2 + z 2 + 2 yz + 2 zx + 2 xy 

> -y/125 + 2xy + 2(x + y)z 

> ^125 + 2xy + 2(x + y)^j 125 - x 2 - y 2 
>Vl25 + 60 + 22^64 =19 

Co so nh d nhat ta ep ve 2 bien co chan dudi nhd nhat la x va y khi do tich xy 
nhd nhat trong cac tich. 
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+ y=9 


xt + yz = 12 


Bai 3. Cho x,y,z,t la cac so thuc thoa man dieu kien 

Chung minh rang |jc + z\ < 5. 

Lori giai 

Chu y he dieu kien ta co dang thuc sau: [xt + yz) 2 - ^x 2 + y 2 ^)(z 2 +t 2 ^) = 144 . 

Dodo x-kt,y-kz. 

Vi vay x 2 + y 2 = k 2 [t 2 + z 2 j => k 2 - ^ 

k k k 2 k 2 

Bat dang thuc duoc chung minh. 

Bai tap tuong tu 

I a 2 +b 2 +c 2 =9 

Cho a,b,c,x,y,z la cac so thuc thoa man dieu kien \x 2 +y 2 +z 2 = 16. 

\ax + by + cz = 12 

Chung minh rang a + y + z< 4^ . 

Bai 4. Cho x,y,z la cac so thuc khong am. Chung minh 

sjx 3 y + y 3 z + z 3 x + <Jx 3 z + y 3 x + z i y < + —* ^ . 

Ldi giai 

Su dung bat dang thuc C -S ta co: 

^x 3 y + y i z + z 3 x + yjx 3 z + y 3 x + z 3 y < yj 2 (x 3 y + y 3 z + z 3 x + x 3 z + y 3 x + z 3 y ) 
^j 2 Y J xy(x 2 + y 2 ) 

< y/2(xy + yz + zx)(x 2 + y 2 + z 2 ) 

< x 2 +y 2 +z 2 + 2 (xy + yz + zx) 

~ 2 

_(x + y + z) 2 < (x + y + 2z) 2 

~ 2 “ 2 

Dang thuc xay ra khi va chi khi x = y,z = 0 . 
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Bai 5. Cho x l ,x 2 ,y l ,y 2 ,z l , z 2 ^ cac so thuc thoa man dieu kien 
Xj, x 2 > 0, x x y x > z\,x 2 y 2 >z 2 . 

Chung minh rang 


1 


1 


x^-zi x 2 y 2 -z 2 ( x , + x 2 )(y,+y 2 )-(z, + z 2 )' 

L&i giai 

Bat dang thuc Prang duang vai: 

1 


1 2 [( x i +x 2){yi+y2)-{ z i+ z 2) 2 ]^%- 

’ z 2 J L 


Wl~ z l x 2 y 2 - 
Su dung bat dang thuc C -S ta co 

(zi+z 2 ) 2 =j^^.-^ + ^.-^j <(x,+X 2 )|^ + 

Ket hop su dung bat dang thuc AM - GM ta co: 

(x l +x 2 )(y l +y 2 )-(z 1 +z 2 ) 2 >(x l +x 2 )(y l +y 2 )-(x l +x 2 )\^ + ^-) 

y x i x 2) 


= (xi+x 2 ) y } — L + y 2 —- 
1 Xj x 2 


= (x 1 + x 2 ) 

v X 1 X 2 


Matkhac - 


1 


= 4 yj( x iyt-Zl )( x 2y2 ~ z 2) 

1 2 


X ^ 2 " Z2 ^t-zi 2 )(x 2 j; 2 -z 2 2 ) 

Nhan theo ve hai bat dang thuc tren ta co ngay dieu phai chung minh. 
Dang thuc xay ra khi va chi khi x l = x 2 ; y 1 = y 2 ; Zj = z 2 . 

Tong quat vdi x k > 0,x k y k > z\,k = l,n ta co 

1 ^ n 3 


z- . 

*=i x kVk- z k 


Z** Zta- - Z z * 

,A=1 A*=l 
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Bai 3. Cho a,b,c,x,y,z la cac s6 thuc duong thoa man dieu kien ax + by + cz = xyz . 
Chung minh rang x + y + z> yfa + b + *Jb + c + yjc + a . 

Ldi giai 

Theo gia thiet taco — + — + — = 1. 

yz zx xy 

Dat a - myz,b = nzx,c = pxy ^>m + n + p-l. 

Bat dang thuc trd thanh 

x + y + z > ^Jz(my + nx) + ^Jx(nz + py ) +y]y(mz + px) . 

Su dung bat dang thuc C -S cho v6 phai ta co 

^z(m_v + nx ) + yjx(nz + py ) + y]y(mz + px) 

< yj(x + y + z) (my + mz + nx + nz + px + py) 

<y](x + y + z)(m + n + p)[x + y + z ) =x + y + z 
Bat dang thuc duoc chung minh. 

Nhan xet. Ta co the tim duoc gia tri nh d nhat cua tong x + y + z bang 
^M(M + a)(M + b)(M + c) . 

Chinh la nghiem duong duy nhat cua phuong truth 
2 111 
M a + M b + M c + M 

Bai 3. Cho x,y la 2 so thuc duong thoa man dieu kien x 2 + y 3 > x 3 + y 4 . 

Chung minh rang x 3 +y 3 <2. 

L&i giai 

Phan tich tim loi giai: 

Bang each su dung C -S lam xuat hien cac bac x 2 , y 4 de tan dung dieu kien bai toan. 
Su dung bat dang thuc C - S, ta co 



Suy ra x i + y i < - 


-<=>x +y <x +y . 


Vay ta chi can chung minh x 2 +y 2 <2. 
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That vay sit dung bat dang thuc C -S ta co 


3 +y 3 )(x + y)<(x 2 +y 2 )(x + y) 


Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y = 1. 
Bai 5. Cho x,y,z la cac so thuc duong thoa man dieu kien 4 xy + 2 yz - zx = 25 

, , |x 2 +4y 2 2 I 9 

Tim gia tri nho nhat cua bieu thuc P - — --— +—y z~ + 4xy . 

\j z + 4 xy 5 

L&i giai 

Ap dung bat dang thuc C -S ta co 

25 = y4xy .^4xy + z(2y - x) 

<J(4xy + z 2 )[4xy + (2y-x) 2 ] 

= ^j(z 2 + 4xy )(x 2 + 4y 2 ) 


25 2 /"l- 

Vi vay P> —-- +—Jz + 4x_y . 

z + 4xy 5 

Ap dung BDT AM-GM ta co: 


25 2 [ *> „ 25 1 / 2 , 1 / ■> . 

s-+ 7 V Z +4xy = —r- + -^Z +4 xy + -yjz +4 xy 

z + 4xy 5 z + 4xy 5 5 

> 33 / 25 ,^V z2 + 4 xyX^z 2 +4xy = 3 

^ z + 4xy 5 5 

Voi x = 3,y = 2,z = 1 thi P bang 3. 

Vay gia tri nho nhat cua P bang 3. 

Bai 4. Cho x,y,z la cac so thuc thoa man dieu kien x + y + z = 0; x 2 + y 2 + z 2 = 6. 
Tim gia tri ion nhat cua bieu thuc P = |(x-y)(_y-z)(z-x)|. 

L&i giai 

Khong milt tinh t6ng quat gia su x > y > z. 

Khi do P = (x-y)(y-z)(x-z). 

Su dung bat dang thuc C - S ta co 
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x-z<^2(x 2 +z 2 )<^2(x 2 +/+z 2 )=2V3. 

Sir dung bat dang thiic AM - GM ta co 

Dang thiic xay ra khi va chi khi x = V3, y = 0, z = -^3 hoac cac hoan vi. 


Bai 5. Cho x,y,z la cac so thuc thoa man dieu kien x 2 + y 2 + z 2 = 2. 

Chung minh rang x+y+z<2+ xyz. 

Ldi giai 

Phan tich tim loi giai: 

Bat dang thiic viet lai dudi dang x(l - yz) + y + z< 2. 

Ta danh gia thong qua tong x 2 + y 2 + z 2 vi vay ap dung C - S cho 2 bo so 
(x;y;z)va (l-yz;l;l) hoac (x;y+ z);(l-yz;l). 

Ta lua chon 2 bo so thii 2 vi khi do ta co mot bieu thiic tich cua yz. 

Loi giai chi tigt: 

Sii dung bat dang thiic C - S ta co 

x(l-yz) + y + z<^(x 2 +(y + z) 2 j((l-yz) 2 +l 2 ) 

= ^2 + 2yz)(l + y 2 z 2 -2yz) 

Vay ta chi can chiing minh J(2 + 2yz)^2 + y 2 z 2 -2yzj < 2 
(l + _yz)^2 + _y 2 z 2 -2yzj< 2 <=> y 3 z 3 <y 2 z 2 . 

Bat dang thiic cuoi luon dung vi 

2 = x 2 + y 2 + z 2 > y 2 + z 2 > 2 |yz| => |yz| < 1 =^> y 3 z 3 < y 2 z 2 . 

Bat dang thiic duoc chiing minh dang thiic xay ra chang han 1 so bang 0 va 2 so 
bang 1. 

Bai tap tiro'ng tu* 

Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 + y 2 + z 2 = 1. 


Chiing minh rang x + y + z < ~J2 + —xyz . 

4 
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Bai 6. Cho x,y,z la cac so thuc thoa man dieu kien x z +y z + z l - Chung minh 

i 0 73 +1 

rang xy + yz + 2zx <—-—. 

L&i gidi 

Chu y vai trd doi xirng cua x va z vi vay sir dung bat dang thuc C -S ta co 


y(x + z)< ]2 (y 2 x 2 +y*z 2 )= 2 y 2 (l-y 2 ) 

2 zx<x 2 +z 2 \=l-y 2 V 

Cong theo ve hai bat dang thirc dua ve chimg minh 

M' 

Den day co the dua ve khao sat ham so hoac sir dung true tiep C -S nhu sau 


^2/ (1 - /)+1 - / = -L V V - V +1 (1 - 2 /)+i 


-+- 4/-4/+1-2/ +-= 


1 _1 + V3 ' 


1 1 


Dang thirc xay rakhi va chi khi x = z - , 1 — \=,y-±l—-t —^ . 

2V 73 V 2 273 

Bai 5. Chimg minh rang neu phuong trinh x 4 + bx 3 + ex 1 +bx + 1 = 0 co nghiem thi 
b 2 +(c- 2) 2 >3. 

Lai gidi 

Neu x 0 la nghiem cua phuong trinh ro rang x () ^ 0 viet lai phuong trinh dudi dang 


2 1 J 1 

x 0 +^+b\ x 0 + — 

4 l x o 


+ c = 0<=> x 0 H- +b\x 0 -\ -+c-2=0 


Dat X = x 0 H- ,\X\ > 2 phuong trinh trd thanh 


X 2 +bX + c-2 = 0^(bX + c-2) 2 =X 4 . 
Sir dung bat dang thirc C -S ta co 

(bX + c-2) 2 < [b 2 + (c-2) 2 ](x 2 +1). 

v-4 1 

Suyra d 2 +(c-2) > —- = X 2 -1+— ->X 2 -1>3. 

v ’ X 2 +\ X 2 +l 

Bat dang thirc duoc chimg minh. 
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Bai tap tiro'ng tu* 

Cha phuang trinh x 4 + ax 3 + bx 2 + 2ax + 4 = 0. 
Tim nghiem cua phuang trinh biet a 2 + b 2 - . 


Bai 3. Cho x,y,z lacac so thuc thoamandieukien x,y,z> 1 va — + — + — -2. 

x y z 

Chung minh rang y/x + y + z > y/x -1 + yfy -T + y/z -1 . 

Loi giai 

Viet lai dieu kien gia thiet duai dang 

1 = 1 _I + 1 _I +1 _I 

x y z 

x-l y -1 z —1_ 


Su dung bat dang thuc C -S ta co 


/ x[ x-l y-1 z — 1 

x + y + z = {x + y + z)\ - + - -+- 


=>y/x + y + z>y/x-l+y/y-l+y/z-l 

r , , 3 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y - z = —. 

Bai 4. Cho x,y,z la cac so thuc thuoc doan [—1; l] va thoa man dieu kien 
x + y+ z + xyz = 0. 

Chung mi nh rang \jx +1 + yjy +1 + yjz +1 < 3 . 

Leri giai 

+ Neu x + y + z<0tacongay dieuphai chung minh vi 
yfx + l + yjy +1 + y/z + \ < + l + l)(x + l + y + l + z + l) 

= ^3(x + y + z) + 9<3 

+ Ta xet voi x + y + z>0^> xyz - -(x + y + z) < 0 do do phai ton tai it nhat 1 so 
am va 1 so duong. 
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, , f xy > 0 

Khong mat tinh tong quat gia su z < 0 => < =^> x, y > 0. 

[x + y>-z>0 

Khi do vai tro cua xvay nhu nhau nen ta ap dung C - S cho 2 can thiic dau tien 
ta duoc 

Vx +1 + Jy + 1 + 4z + \ < ^2(x + l + y+ l) + \fz~- i-T 
= ^2(x + y) + 4 + y/z + l 

Bat dang thiic duoc chiing minh neu ta chiing minh duoc 
^2(x + y) + 4 + z + 1 < 3 
<=> ^2(x + y) + 4 -2 < 1 - z + 1 

«_ 4*±A <_ i_ 

-p{x + y) + 4 + 2 1+ - + l 


Chiiy x + y =-z(xy+ l);l + z = - 


xy+ 1 


(i-yp-y) 

1 + xy 


Vay ta di chung minh 


-2z(xy+ l) 


p(x + y) + 4 + 2 l (l-x)(l-y) 

V 1 + xy 


>xy + 7(l-x)(l-y)(l + xy)<l + ^l + ^Z 


Bat dang thiic luon dung vi 

xy + ^-x)(l-y){l + xy) ^Vx.^xy 1 + X(l-x)^J(l-y)(l + xy) 
<.J(x + l-x)(xy 2 +(l-y)(l + xy)) 


= y/l + xy-y=Jl + y(x-i)<l<l + Jl- 


Bat dang thiic duoc chiing minh. Dang thiic xay ratai x-y = z- 0. 
Bai 6. Cho a,b,c la cac so thuc duong. Chiing minh rang 

(a 2 +l)(z > 2 +l)(c 2 +l)>^-(a + Z? + c + l) 2 . 


x + y 
2 


Loi giai 

Dir doan dfiu bang dat tai a = b = c thay vao bat dang thiic ta tim duoc a-b-c = . 

Sii dung bat dang thiic C -S ta co 
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^(„ 2 + l)[l + (i + c + l) 2 ]. 


—(a + Z? + c + l) =— a.1 + 1.- 


Vay ta chi can chung minh [b 2 +lj^c 2 +1 j > ^^1 + (b + c +1) 2 J 

o 16 b 2 c 2 +1 lb 2 +1 lc 2 + 6 > 106c +106 + 10c. 

Bat dang thuc tren la tong cua cac bat dang thuc sau 
\6b 2 c 2 +l>Sbc 
b 2 +c 2 > 2bc 

lo[V+-^j>10Z> 


Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a-b = c = . 

Cach 2: Chu y. Voi moi so thuc a x ,a 2 ,...,a n > -1 va cung dau ta luon co 

(l + Uj)(l + U2)-"(l"^®«) — 1 + U] + (?2 + ••• + Cl n . 

Trong 3 so a 2 ~—,b 2 - — ,c 2 - — co it nhat 2 so cung dau khong mat tinh tong 
4 4 4 

, 2 1,2 1 , 

quat gia su a — ;b — cung dau ta co: 

(••* l )(»’* i )-|-‘- jH] 


Bat dang thuc duoc chung mi nh neu ta chung minh duoc: 
25 


1+ l(“ 2 4) + !( 42 4)](‘ :2+l )^ ( ‘ ,+i,+<:+1)2 ' 

5 [ i+ j(“ 2 -i] + ?(* ,2 4)]( c2+i ) £(,i+4+Mi)2 ' 


• ^4a 2 + 4 b 2 + 3^c 2 + lj > (a + b + c + 1) 2 






Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Theo C-S ta co 

[da 2 + 4b 2 +?^[c 2 + \^ = [da 2 +Ab 2 + l + l + l)|^ + -^ + c 2 +-^ + -^j 

>^2aX+2bX+\£+\X + \.^ =(a + b + c + \f 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b = c 


1 _ 
2 ' 


Bai tap tuong ty 

Cho a,b,c la cac s6 thuc duong chung minh 

(a 2 + 3)(Z> 2 + 3)(c 2 + 3) > 4(a + b + c + 1) 2 . 

Bai 10. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c + 1 = 4 abc. 

_ , . , i 1 1 1.3 

Chung minh rang —-+ —-+ —-<-. 

a 4 +b + c b 4 +c + a c +a+b a + b + c 


Loti giai 


Su dung bat dang thuc C - S ta co 


(a 4 +b + c\(\ + b 2, +c 2, \>( a 2 +b 2 + c 2 Y 


Tuong tu taco 


a 4 +b + c ( a 2 +b 2 +c 2 ) 

J_^ l + c 3 +a 3 . 1 < 1 + a 4 +b 4 

( a l +b l +c 2\ 2 ’c 4 +a + b~ ( n 2+ h 2+^2 


a " + b +c 


Cong theo ve ba bat dang thuc tren ta duoc 

3 + 2(a 3 +6 3 +c 3 ) 
p< _i_ L 


Ta chi can chung minh 
3 + 2(a 3 +^ 3 + c 3 ) 3 

(0 2 +i» 2 +c 2 ) 2 " a + * +c 

<=> a 4 + b 4 + c 4 + 6 {a 2 b 2 + b 2 c 2 + c 2 a 2 j > 2 [a’b + b 2 a + b 2 c + c’b + c 2 a + a 3 c j + 3 (a + b + c) 
<=>(a 2 +b 2 +c 2 -ab-bc-ca^ +'h[a 2 b 2 +b 2 c 2 +c 2 a 2 -a-b-cj>0 
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Chuy 

a 2 b 2 + b 2 c 2 + c 2 a 2 > ^3 a 2 b 2 c 2 {a 2 +b 2 +c 2 ^>abc(a + b + c)>a + b + c 
bod vi 4 abc = \ + a + b + c>\ + 2>l[abc =^> abc> 1. 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a-b = c = 1. 

Bai tap tiro’ng tu 

Cho a, b, c la cac so thuc duong thoa man dieu kien 


a+b+ 1 b+c+ 1 c+a+1 

Chung minh rang a + b + c> ab +be+ ca . 

Bai 11 . Cho a, b, c la cac so thuc duong. Chung minh 



j(a + b + c)l 

(i i n 

ya b c) 

\>l + ^5 + j(a 2 + b 2 + c 3 )\ 

(i i n 

Ka 2+ b 2+ c 2 ) 


Lai giai 

Tac6 




aV-c 2 


> )| 0 3+ t 3 + nfl + 1 IV 3( 0 +t)(i. + c)(c + a ) 


Chuy 

(a + b)(b + c)(c + a) _ (a + b + c)(ab + bc + ca) . , , Jl , 1 , H l 

abc abc v a b c) 


Do do 


3(a + Z> + c)p-+ -^- + -j-3 >3(a + 6 + c)|^—+ ^- + -j-3^(a + Z> + c)^—+ ^- + -j +6 
Vi (a + Z? + c)j^- + ^ + -j>9. 
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Tir do suy ra 


'(a + Z? + c)[- + - + -] -1 I >5+ l(a 3 +b 3 + c 3) 


( a + Z , + c )[I + I + i]>l + 3 5+ ( fl 3 +z , 3 +c 3 )(J_ + J_ + 1 


Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c . 


Bai tap tiro’ng ty 


C. BAI TAP REN LUYEN 

Bai 1. Cho a,b la cac so thuc chung minh ^l + a 2 j^l + Z> 2 j > -J=(a + b + ab- 1). 
Bai 2. Cho x,y,z la cac so thuc thoa man dieu kien l<x<y<z<4. 

Tim gia tri nho nhat cua bilu thuc P = (x -1) 2 + ^— -1 j + -1 j + -1 j 

Bai 2. Su dung bat dang thuc C -S ta co 


Chu y su dung bat dang thuc AM - GM ta co 

x + — + — + — > aJx.—.—.— = 4a/2 => P > — ( 4 V 2 -4) 2 = 4(^2-if . 
x y z y x y z 4 V ' v ' 

Dang thuc xay ra khi va chi khi x = — = — = — <z>x = V2 ,y = 2,z = 2y[2 . 

x y z 

Bai 2. Chung minh rang voi moi x,y,z la cac so thuc duong ta co 
x y z 9 

(y+zf (z+xf (x+yf'Hx+y+lf 
Bai 3. Cho x,y,z la cac so thuc khong am. 

Chung minh rang yjx 2 +1 + yjy 2 +1 + \lz 2 +1 > ^6(x + y + z) . 

Bai 4. Chung minh rang voi moi x,y,z la cac so thuc duong ta co 
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Bai 5. Cho cac so thvrc a,b,c thay doi thoa man dieu kien a 2 +b 2 +c 2 - 1. 

Tim gia tri ldn nhat, gia tri nho nhat cua bieu thvrc P-a 3 +b 3 +c 3 - abc. 

Bai 6. Cho a,b,c la cac so thvrc thoa man dieu kien a 2 + b 2 + c 2 = 2. 

Chung minh rang | a 3 +b 3 +c 3 - abc\ < 2\fl . 

Bai 7. Cho a,b,c la cac so thvrc thoa man dieu kien a 2 + b 2 + c 2 = 9 . 

Chung minh rang 2(a + b + c) - abc < 10. 

Bai 8. Cho a,b,c la cac so thvrc thoa man dieu kien x 2 + y 2 + z 2 = k,(k > 0). 

Chung minh rang 18 A:(x + y + z) - xyz < 270 kyfk . 

Bai 9. Cho x,y,z la cac so thvrc khong am thoa man dieu kien x 2 +y 2 + z 2 = 1. 

Chung minh rang x + y + z<sj2 + —xyz . 

4 

Bai 10. Chung minh rang voi moi a,b,c la cac so thvrc duong ta co 
ViTc + + VaTi > 4 (a + b + c) 

abc ^(a + b)(b + c)(c +a) 

Bai 11. Chung minh voi moi a,b,c la cac so thvrc duong ta co 

a 2 +b 2 + b 2 +c 2 + c 2 +a 2 > ( 

2 [a 2 +b 2 ^ + c(a + b) 2 {b 2 +c 2 ^ + a(b + c) 2 {c 2 +a 2 ^ + b(c + a) 

Bai 12. Cho a,b,c la cac so thvrc duong. Chung minh + .1 + J < 3 

V a + b \b + c \c + a 

Bai 13. Cho a,b,c la cac so thvrc duong. Chung minh 

I a 2 | / b 2 | I c 2 ^ 3 
yb 2 +(c + a) 2 ]jc 2 +(a + bf ]]a 2 +(b + c) 2 V5 

Bai 14. Cho a,b,c la cac so thvrc duong chung minh 

(a 2 + 3)(b 2 + 3)(c 2 + 3) > 4(a + b + c + 1) 2 . 

Bai 15. Cho a,b,c la cac so thvrc duong thoa man dieu kien 

—!—+—!—+—!—ii. 
a+b+l b+c +1 c+a+1 

Chung minh rang a + b + c>ab + bc + ca. 

Bai 16. Cho a,b,c la cac so thvrc duong co tich bang 1. Chung minh 
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a +b+c b +c +a c +a +b 
Bai 17. Chung minh rang voi moi so thuc a,b,c ta co 

2(1 + abc) + ^2(l + a 2 )(l + b 2 )(1 + c 2 ) > (1 + a)( 1 + Z?)(l + c) . 

Bai 18. Cho x,y,z,t la cac so thuc khong am thoa man dieu kien 
\x-y\ + \y-z\ + \z-t\ + \t-x\=d. 

Chung minh rang x 2 + y 2 + z 2 +1 2 > 2. 

Bai 19. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 - 3 . 


Chung minh rang 

5a 2 5 b 2 5c 2 

i -1— , —-1— . =- -— ^ 3 . 

V5a 2 +Abc + 2*Jbc \l 5b 2 + 4ca + 2^[ca \l 5c 2 + 4ab + 2yfab 
Bai 20. Cho a, b, c khong am thoa man dieu kien a + b + c - 1 . 

Tim gia tri nh d nhat cua bieu thuc P = yja+b + y/b + c + \lc + a . 

Bai 21. Cho a,b,c la do dai 3 canh mot tam giac. 

Chung minh rang yja + b-c + yjb + c-a + Jc + a-b < \Ja + yfb + 4c . 

Bai 22. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 + b 2 + c 2 - 8 . 
Chung mi nh rang 4(a + b + c)~abc < 16. 

Bai 23. Cho x,y,z la cac so thuc thoa man dieu kien x 2 +y 2 + z 2 = 1. 

Tim gia tri ldn nhat va gia tri nho nhat cua bieu thuc 

P = x 3 + y 3 + z 3 - 3xyz . 

Bai 24. Chung minh rang voi moi a,b,c la do dai 3 canh mot tam giac ta co 
a 2 b(a -b) + b 2 c(b-c) + c 2 a(c -a)> 0. 

Bai 25. Cho x,y,z la cac so thuc duong chung minh 

1 + yz + zx + 1 + xy + zx + 1 + xy + yz 
(1 + x + y) 2 (1 + y + z) 2 (1 + z + x) 2 

Bai 26. Cho a,b,c la cac so thuc duong thoa man dieu kien 



Chung minh rang I a 4 + b 4 + c 4 I —j + —j + —r > 2304. 

v \a 4 o c ) 

Bai 27. Cho a,b,c la cac so thuc duong thoa man dieu kien 
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( a+b- 


ya b c) 


Tim gia tri nho nhat cua bieu thuc P -ia^ + b i + c 3 jf -y + -y + -y ] 


D. H IONG DAN GIAI - DAP SO 
Bai 1. Taco 


(l + a 2 )(l + Z> 2 ) = (a + h) 2 + (ab- 1) 2 >-^(a+b + ab- 1) 2 

^(l + a 2 )(l + Z> 2 )> J=(a + Z> + aZ?-l) 

Dieu phai chung minh. 

Bai 2. Su dung bat dang thuc C -S ta co 


(x + y + z) 


X V z 

_l_ J _l_ 


_(y + z ) 2 (z + x) 2 {x + yf_ 

yy + z z + x x + y J 


Mat khac 


y+z z+x 



1 

z + x 



-3 


= i[(, + ,) + b + z) + (z + ,)](-^^i|i^3 

^i(l + l + l) 2 -3 = | 

Ta co dieu phai chung minh. Dang thuc xay ra khi va chi khi x = y = z . 
Bai 3. Su dung he qua bat dang thuc C -S (Mincopski) ta co 

\lx 2 +1 + yjy 2 +1 + \lz 2 +1 > ^/(x + y+ z) 2 +(l + l + l ) 2 . 


Vay ta can chung minh (x + y + z) 2 + 9 > 6(x + y + z) (x + y + z - 3) 2 > 0 
Bat dang thuc luon dung. Dang thuc xay ra khi va chi khi x = y = z = 1. 

Bai 4. Su dung bat dang thuc C - S ta co 

x 3 y 3 z 3 V v f x 2 y 2 z 2 V 

y z 2 x 2 ) [y z x 

— + — + —] (y + z + x)> (x + y + z) 2 
y z x I 


Nhan theo ve 2 bat dang thuc tren ta co dieu phai chung minh. Dang thuc xay ra 
khi va chi khi x = y = z . 
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Tong quattaco — + — + — + — + —k>\. 

Bai 5. Ser dung bat dang there C-S ta dupe: 

P 2 Jy a 3 +b 3 + c(c 2 = ^a.a 2 +b.b 2 + c[c 2 -ab^ 

<(a 2 +b 2 +c 2 )[a 4 +b 4 +(c 2 -abfj 


-a 4 + b 4 +c 4 -2abc 2 + a 2 b 2 
<a 4 +b 4 + c 4 + a 2 b 2 + c 2 {a 2 + Z> 2 ) 

<a 4 +b 4 +c 4 +l{a 2 b 2 +b 2 c 2 +c 2 a 2 ^ = (a 2 +b 2 +c 2 ^ = 1 


Voi a = l,b = c = 0 thi P bang 1; vdi a = -1 ,b = c = 0 thi P bang -1. 

Vay gia tri Ion nhat cua P bang 1 dat tai a = \,b = c = 0 hoac cac hoan vi. 

Gia tri nho nhat cua P bang -1 dat tai a = -\,b = c = 0 hoac cac hoan vi. 

Bai 6. Goi P la bieu there ve trai. 

Su dung bat dang thuc C-S ta co 

P 2 = [a 3 + b 3 +c{c 2 = |^a.a 2 +b.b 2 + c[c 2 -ab^ 

<(a 2 +b 2 + c 2 )[a 4 +b 4 +(c 2 -abf^ 

= l(a 4 +b 4 +c 4 - 2abc 2 +a 2 b 2 ) 

<2 [a 4 + b 4 + c 4 + a 2 b 2 + c 2 (a 2 +b 2 j] 

<2[ a 4 + b 4 + c a + 2( a V + b 2 c 2 + c 2 a 2 )] 

= 2 (a 2 +b 2 +c 2 ^ = 8 => P < 2^2 

Bat dang there duoc chung minh. Dang there xay ra khi a = +V 2 ,b -c- 0hoac 

cac hoan vi. 

Bai tap trnrng tu 

Cho x,y,z la cac so there khong am thoa man dieu kien x 2 + y 2 +z 2 = 3 . 

Chung minh rang x 3 +y 3 +z 3 - xyz < 3^3 . 

Bai 7. Su dung bat dang there C - S ta co 
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a(2-bc) + 2(b + c)< J^ a 2 + (b + cf j|^(2-Z>c) 2 +2^j 

= J ^2bc + 9)(b 2 c 2 -4bc + 8)- 
Vay ta can chung minh J 

(2 be + 9) ( b 2 c 2 - Abe + 8) < 100 «(be + 2) 2 (2Z>c - 7) < 0. 
Bat dang there cuoi dung n6u ta gia ser a 2 = max|a 2 ,Z? 2 ,c 2 |. 


That vay ta co 2 be <b L + c = 9- a < 9 - 3 = 6 => 2 be — 7 <— 1. 

Bat dang there duoc chung minh. Dang there xay ra chang han tai a--\,b = c = 2. 

Bai 9. Khong mat ti nh tong qua gia ser x = max \x,y,z) => x > — 1= . 

V3 

Ser dung bat dang there C -S ta co 


x ( l ~y z }+y+z< \(x 2 +(y+ z y 




81 2 2 9 

—y z-yz + 2 

16 ^ 2 y ) 


Ta can chung minh (2_yz+ l)|^_y 2 z 2 -^yz + 2j<2 
«yz(l62y 2 z 2 -63yz-8)<0 

Bat dang there luon dung vi yz < ^ * Z = - * < ^. 

Bat dang there duoc chung minh. Dang there xay ra khi va chi khi 

x = , z = 0 hoac cac hoan vi. 

V 2 

Bai 10. Bat dang there can chung minh tuong duong voi 
-i b + c 


^- -j(a + b)(a + c) >4 (a + b + c). 

Ser dung bat dang there C - S ta co 

A J(a + b)(a + c ) >a + yfbc 
yj(b + c)(b + a)>b + \[ca 
yj(c+a)(c+b) >c+yfab 
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Ap dung va ta can chung minh 


+ C 4bc + C + U 4ca + U+ 4ab >2(a + b+c). 
a b c 


Khong mat tinh tong quat ta gia ser 

^ yfbc £ yfca < 4ab 
b c 

Su dung bat dang there Chebyshev ta co 


a>b>c^>b + c<c + a<a+b 


b + c r— c + a t — a + b r~r 1 /, ,\('Jbc \[ca yfab 

- yjbc H-yea-1- \Jab >-[b + c + c + a+a+b)\ H-h 


“3 

m(a + b+c y^^M = 2(a + b + c) 

Bat dang there dugc chung minh. Dang there xay ra khi va chi khi a = b = c. 
Bai 11. Ser dung bat dang there C - S ta co 

a 2 +b 2 1 ^ 1 a + b 

2(a 1 +b 2 Yc{a + b) 2 , c{a+b) ~ ^ | c(a + b ) 2(a + b + c)' 


a 1 +b 2 


\{a + bf 


Tuong ter ta co 


b 2 +c 2 > b + c 

2 (b 2 +c 2 } + a(b + c) 2 (a + b + c) 
2 2 

c+a > c + a 

2 {c 2 + a 2 } + b(c + a) 2 [a + b + c) 


Cong theo ve 3 bat dang there tren ta co dieu phai chung minh. 
Dang there xay ra khi va chi khi a - b = c . 

Bai 12. Goi P la bieu there ve trai va ser dung bat dang there C -S ta co 


1 2a(a + c) I 2b(b + a) 


1 2 c(c + b) 

y (a + b)(a + c ) y(b + c)(b + a 

) + ^ 

l(c + a)(c + b) 



2 a 

[a + b){a + c) 


J 8 (a + b + c)(ab + be + ca) 
(<a + b)(b + c)(c + a ) 


Ta chi can chung minh 


8 (a + b + c)(ab + be + ca) 
[a + b)[b + c)[c + a) 
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<=>(a + 6)(6 + c)(c + a)>—(a + 6 + c)(a6 + 6c + ca)<=>(a + Z>)(Z> + c)(c + a)>8a6c 

Bat dang thiic cuoi luon dung theo AM - GM. 

Bai 13. Sii dung bat dang thiic C -S ta co 


(l + 4)[i 2 +(c + a) 2 ]>[Z) + 2(c + a)] 2 ^^-^— 


f yj5(b + 2a + 2c)' 


Tuong tu cho 2 can thiic con lai bai toan dua ve chiing minh 

a b c 3 

-1-1-< — 

b + 2a + 2c c + 2b + 2a a + 2b + 2c 5 

b + 2c c + 2a a + 2b 9 

<=>-+-+->- 

b + 2a + 2c c + 2b + 2a a + 2b + 2c 5 

Sii dung bat dang thiic C -S ta co 

b + 2c c + 2a a + 2b 

- 1 - 1 -> 

b + 2a + 2c c + 2b + 2a a + 2b + 2c 

^ (£(* + 2 c)r _ 9(a + Z? + c) 2 _ 9 ' 

Y,{b + 2c)(b + 2a + 2c) 5 (a + b + cf 5 

Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a-b-c . 

Bai 14. Du doan dang thiic dat tai khi 3 so bang nhau thay vao bat dang thiic ta co 
a = b = c = 1. 

Ta sii dung dung bat dang thiic C -S 


4(a + 6 + c + l) 2 =4 a. 1 + -s/3.— 




<4(a 2 +3) 


Vay ta chiing minh 4^1+ ^ + < ^ + ^ j<^ 2 +3^c >2 + 3^ . 

o 3 b 2 c 2 + 5b 2 + 5c 2 +11 > 8 be + Sb + Sc 
Bat dang thiic cuoi la tong ciia 3 bat dang thiic sau 
3>{b 2 c 2 +lj> 6bc 
b 2 +c 2 > 2bc 

4 (b 2 + c 2 + 2) > 4(26 + 2c) = 86 + 8c 

Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a = b = c = 1. 
Cach 2: Xem bai tap mau. 

Bai 15. Sii dung bat dang thiic C -S ta co 
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Tuong tu ta co 


(a + b + \)(a + b + c 2 ^>(a + b + c)' 
b + c + a 


: 1 ^ a+b+c 2 

=> - < - 

a + b + l (a + b + c ) 2 

1 c + a + b 2 


b + c + \ (a + b + c ) 2 c + a +1 (a + b + c) 2 

Cong theo ve ba bat dang thuc tren va ket hop voi dieu kien ta duoc: 

a 2 +b 2 +c 2 +2( a + b + c) , , , 

- -- >l<=>a + Z> + c>aZ> + Z>c + ca. 

(a + Z> + c) 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a —b = c = 1. 
Bai 16. Bat dang thuc tuong ducmg voi: 

1 1 1^3 

a 5 +b 2 +c 2+ b 5 +c 2 + a 2 + c 5 + a 2 + b 2 ~ a 2 +b 2 +c 2 


Su dung bat dang thuc C -S ta co 


+ b 2 +c 2 \\-+b 2 +c 2 }>(a 2 +b 2 +c 2 


+ b 2 +c 2 ~ ( a 


: +b 2 +c 2 


Tuong tu ta co 

— + a 2 +b 2 
c _ 

[a 2 +b 2 +c 2 ) 2 

Cong theo ve ba bat dang thuc tren va dua ve chung mi nh 

oa 2 +b 2 +c 2 >ab + bc + ca 

Bat dang thuc cuoi dung vay ta co dpcm. Dang thuc xay ra khi va chi khi 
a = b = c = 1. 

Bai 17. Bat dang thuc tuong ducmg voi: 

^2(1 + a 2 )(1 + b 2 )(1 + c 2 ) >a + b + c + ab + bc + ca- abc - 1. 

Chu y 2(1 + a 2 )(1 + b 2 ){\ + c 2 ) = ({a + b) 2 + (1 - ab) 2 )((1 + c) 2 + (c - 1) 2 ). 

Su dung bat dang thuc C -S ta co 


b 5 +c 2 +a 2 ^ a 2 +b 2 +c 2^ , c 5 +a 2 +b 2 
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a/ 2(1 + a 2 )( 1 + b 2 )( 1 + c 2 ) = Vt(« + ^) 2 + (1 - «^) 2 ][(1 + c) 2 + (c -1) 2 ] 
>(a + Z?)(l + c) + (c-l)(l-aZ?) 

= a + Z> + c + aZ> + Z>c + ca- abc -1 
Bat dang thiic dupe chiing minh. 

Bai 18. Su dung bat dang thiic C -S ta co 


+y +z +t = 


2 2 2 2 

A*-y) 2 I (y-z) 2 , Q-0 2 , (t-x) 2 

2 2 2 2 

S \ x - y \ + \ y - z \ + \ z - t \ + \ t ~ x \) 2 


Bat dang thiic duoc chiing minh. 

Dau bang xay ra chang han tai x = z = 1, y = t - 0. 


Bai 19. Sii dung bat dang thiic C -S ta co 

P? + 44c + 2 4bc = V 3 .^Z±i^ + & 

* ^ 3 + 2)(^^^ + 2fcj = ^(5„ 2 + N»c) 

5a 2 ^ 2 I 3 

=> I = S-> a A—z -T- 2 

y5a 2 +Abc+ 2^bc Va + 6 +c 

Tuong tu roi cong lai theo ve ta co dpcm. 

Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a-b-c. 
Bai 20. Ta co P 2 = 2(a + Z? + c) + 2^^(a + Z?)(a + c). 

CM y sii dung bat dang thiic C -S ta co 

+ b)(a + c) > ^[a + \fbc^ = a + b + c + y[ab +4bc+Jca . 

Dodo P 2 > 4(a +b + c) + 2^yfab +yfbc + yfca j > 4=> P> 2 . 

Dau bang dat tai a = 1, b = c = 0 hoac cac hoan vi. 

Vay gia tri nho nhat ciia P bang 2. 
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Bai 21. Sit dung bat dang thitc C - S ta co 

yja + b-c + -Jb + c-a < ^2(a + b - c + b + c - a) = 2yfb 
yjb + c-a + y/c + a-b < ^2(b + c - a + c + a -b) = 2 yfc 
yjc + a-b + sja + b-c < ^2(c + a -b + a + b -c) < 2yfa 

Cong theo ve 3 bat dang thitc tren ta co dieu phai chimg minh. 

Dang thiic xay ra khi va chi khi a = b = c . 

Bai 22. Khong mat ti nh tong quat gia sit a = max{ a,b,c} => a > . 

Sit dung bat dang thitc C -S ta co 

a(4-bc) + 4(b + c)< ^[a 2 + {b + c) 2 j|(4-Z>c) 2 + 4 2 j 
= ^(8 + 2bc)(b 2 c 2 - Sbc + 32j 

Tachimgminh (8 + 2Z?c)^ 2 c 2 -86c + 32)<16 2 <=> 2(bc-4)b 2 c 2 <0. 


Bat dang thitc luon dimg vi be < - 


_ 8 -a 
2 


Bat dang thitc duoc chimg minh. 

Dang thitc xay ra khi va chi khi a=b = 2,c = 0 hoac cac hoan vi. 

Bai 23. Ta co xy + yz + zx< x 2 + y 2 + z 2 - 1. 

Khi do P = (x + y + z)(x 2 + y 2 + z 2 -xy-yz-zxj 
= (x + y + z) (l - xy - yz - zx) 

=> P 2 - (l + 2 ( xy + yz + zx)) (l - xy - yz - zx) 2 
-2 (xy + yz + zx) 3 -3(xy + yz + zx) 2 +1 
= (xy +yz + zx) 2 (2(xy + yz + zx) - 3) +1 < 1 

Vay gia tri Ion nhat cua P bang 1 dat tai x = l,y = z = 0 hoac cac hoan vi. 

Gia tri nhd nha t cua P bang -1 dat tai x = -l,y = z = 0 hoac cac hoan vi. 

Bai 24. Dat a = y + z, b = z + x, c = x + y, x, y, z> 0 bat dang thitc trb thanh 
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x 3 z + y’x + z 3 y > xyz (x + y + z) 

x 2 y 2 z 2 

<=>— + —+ — >x+y+z 
y z x 

o[j + ?- + ^-j(y + z + x )>(x + y + y. 

Luon dung theo C - S. 

Bat dang thiic dugc chiingminh. Dang thiic xay rakhi va chi khi a-b-c . 

Bai 25. Sii dung bat dang thiic C -S ta co 

[l + z(x + y)]j\ + ^Zj>(l + x + y) 2 

1 + yz + zx < 1 z 

(l + x + yf~ i + x +y x + y + z 
z 

Tuang tu cho hai bieu thiic con lai roi cong lai theo ve ta co dpcm. Dang thiic 
xay ra khi va chi khi x = y = z = 1. 

Bai 26. Theo gia thiet ket hop sii dung bat dang thiic AM - GM ta co 

(o+6 - c (rr ,! } 5 ‘ ( ‘ ,+4) («4) +1 '[ c( “ +i ’K« + ^] 

Suyra i| ( “ +4 (^)“ la Wf + ^ 223o § + ^ 7 ' 

Khi do sii dung bat dang thiic C -S ta co 



Bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi ab = c 2 va 
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CHV DE 5: KYTHUATSUDUNGbAtdAnG THUC 
CAUCHY-SCHWARZ DANG PHAN THUC 

A. NOI DUNG PHlTONG PHAP 

B. BAI TAP MAU 

Be mo dau ta xet bai toan quen thuoc sau day 
Bai 1. Chung minh rang voi moi so thuc duong a,b,c ta co 
a + b + c > 3 
b + c c + a a + b 2 

L&i giai 

Day la bat dang thuc Nebits noi tieng co rat nhieu lbi giai danh cho no. Duoi 
day toi de cap 2 phuong phap tiep can cung chinh la ky thuat chinh chung ta can 
ap dung trong chu de nay. 

Cach 1: Cong them vao moi hang tu ve trai voi 1 ta dupe 



Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a - b = c = 1. 
Cach 2: Nhan them vao moi hang tu ve trai tuong ung vod a,b,c de xuat dai lupng 
binh phuong ta dupe: 

a + b + c _ a 2 + b 2 + c 2 

b + c c + a a + b a(b + c) Z?(c + a) c(c + a) 

> (a + b + c ) 2 (a + b + c ) 2 

a(b + c) + b(c + a) + c(c + a ) 2 (ab + bc + ca) 

> 3 (ab + bc + ca) 3 
2 (ab + bc + ca) 2 

Dang thuc xay ra khi va chi khi ——^—- = —— —- = „ ° —- +=> a - b = c . 

a(b + c) b{c + a) c(c + a) 
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Nhan xet. Nhu vay 2 ky thuat ta can ap dung do la: 

+ Cong them vao moi phan there 1 he so thlch hop de tat ca cac phan thiic co dung 
tii there. 

+ Nhan them vao moi phan there mot bien thich hop nham tao binh phuong trinh 
tren tu thiic d moi phan there. 

+ Khi co them dieu kien rang buoc giua cac bien ta can kheo leo van dung C -S 
dua ve bien chung. 

Bai 2. Cho a,b,c la cac so thuc duong thoa man dieu kien —— > —. 

b + c 2 


Chung minh rang 


b+c c+a a+b 


Ldi giai 


Ser dung bat dang thiic C -S ta co 

b , c ( b + c f 

c + a a + b b(c + a) + c(a + b ) 
a(b + c) + ^(b + cf 


( b + c f 

a(b + c) + 2bc 

1 

a 1 
b + c 2 


Goi P la bieu there ve trai ta co 


b + c 2 

Bat dang there dupe chung minh. Dang thiic xay ra khi va chi khi a-3b = 3c. 
Bai 3. Cho x,y,z la cac so there thoa man dieu kien x + y + z = 0 . 


(2*-V . 


Chiing minh rang 


*(* + 2 ) ^ + 2 )^ + 2 ) ' 

2x 2 +1 2y 2 +1 2z 2 +1 


Lai giai 

Gia sii |z| = max | x } ta co bat dang thiic da cho tuong duong vdi: 

^ + i+ K^2) + , + z(z + 2)_ li 0 

2x 2 +1 2 2y 2 +1 2 2z 2 +l 

(2x + l) 2 (2y + l)^2(z-l) 2 

2x 2 +1 2y 2 +1 2z 2 +1 

Sii dung bat dang thiic C -S cho ve trai ta co 
(2x + l) 2 (2y+ l) 2 ^ (2x + 2y+ 2) 2 2(z-l) 2 

2x 2 +1 + 2y 2 +l ” 2x 2 +2y 2 +2 _ x 2 +y 2 +r 
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Vay ta chi can chung minh ^( z > ^( z 0 ^ 2 Z 2 > x 2 _|_ y 2 

x +y +1 2z 2 +1 

Bat dang thuc cuoi dung ta co dpcm. 

Dang thuc xay ra khi va chi khi x = y = --^,z = 1 hoac cac hoan vi. 

Bai 4. Cho cac so there x,y,z> 1 va thoa man 3 (x + y + z) = x 2 + y 2 + z 2 + 2xy. 

Tim gia tri nho nhat cua bieu there P =--1- —^—. 

(x + yy +x z + x 

Lai giai 


Ta co x > x suy ra: P > x\ 
Theo gia thiet ta co: 


1 


1 


4x 


(x+ y y+x Z +xj (x + y) +Z 2 + 2x 


(x + y) 2 +z 2 =3[(x + y) + z]<3^2[(x + y) 2 +z 2 ]^(x + y) 2 +z 2 <18. 

c 4x 2(2x + 18)-36 „ 18 ^ „ 18 1 

18 + 2x 2x + 18 x + 9 1 + 9 5 

Vay gia tri nho nhat cua P bang i dat tai x = 1, y = 2, z = 3. 

Bai 5. Cho a,b,c la cac so there duong thoa man dieu kien a 2 +b 2 +c 2 = 3. 

Tim gia tri nho nhat cua bieu thuc P = ——-1---1-—-. 

b + 2c c + 2a a + 2b 

Loi giai 

Phan tich tim loi giai: 

Moi phan there co dang binh phuong tren ter thuc tuy nhien ta can su dung triet 
dc dicu kien gia thiet a 2 + b 2 +c 2 = 3. 

Ta xu ly nhu sau: 


a b 4 c 

a 2 {b + 2c j b 2 [c + 2a} c 2 (a + 2b} 

(a 2 +b 2 +c 2 ) 2 

a 2 b+b 2 c+c 2 a+2^a 2 c+b 2 a + c 2 bj 
_9_ 

a 2 b+b 2 c + c 2 a+2[a 1 c+b 2 a+c 2 b\ 
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Theo gia thiet ta co: 

3(a+ b + c) = (a+ b + + b * 2 + c 2 ) 

= a 3 + b 3 + c 3 + cfb + b 2 c+ c 2 a + a 2 c + b 2 a + c 2 b 
Su dung bat dang thuc AM - GM cho 3 so duong ta duoc 
a 3 + a 3 + c 3 > 3 a 2 c 
b 3 +b 3 + a 3 > 3b 2 a 
c 3 + c 3 + b 3 > 3 c 2 b 

Cong theo ve 3 bat dang thuc tren ta duoc 

a 3 + b 3 + c 3 >a 2 c+b 2 a+c 2 b. 

Suy ra 3(a + £ + c) > a 2 b + b 2 c + c 2 a+2 (a 2 c + b 2 a + c 2 b ). 

Matkhac a + b + c<^3(a 2 +b 2 + c 2 ) = 3. 

Suy ra p^- r -2. - T >1. 

3 (a + b + c) 

Dang thuc xay ra khi va chi khi a — b — C — 1 ■ 

Bai 6. Cho a,b,c la cac so thuc duong. Chung minh rang 

a 2 b 2 c 2 ^ 

2a + be 2 b +ca 2c +ab 
Lai giai 

Viet lai bat dang thuc dudi dang 

be ca ab > 1 

2(2 a 2 +bc) 2(2 b 2 + ca ) 2(2 c 2 +ab) 2 

Goi P la bieu thuc ve trai ta co 

b 2 e 2 | cV ( c?b 2 
2(2 a 2 +bc}bc 2^2 b 2 +ca}ca 2^2 c 2 +ab}ab 

> (ab + bc + caf 

2^2a 2 +bc^bc + 2(2b 2 +cajcar + 2^2c 2 +ab}ab 

(ab + bc + caf 1 

2 (ab + bc + caf 2 

Bat dang thuc duoc chung minh. Dang thiic xay ra khi va chi khi a = b = C- 
Bai 7. Cho x,y,z la cac so thuc duong thoa man dieu kien x+y+z— 1. 
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Chung minh rang - , H- , H- , < 1. 

x+^x+yz y+^y+zx z+yjz+xy 

Lifi giai 

Theogiathiet taco x+yz = x(x+y+z)+yz = {x+y)(x+z). 

Sii dung bat dang thiic C-S ta co 

x + ^jx+yz =x+^](x+y)(x+z) >x + x+*Jyz = 2x+Jyz 


Tuong tu ta co 


x+yjx+yz 2 x + ^Jyz 

_ i _< y 

y+yjy+zx 2y+yfzx 


z + ^z+xy 2z + ^[xy 

Cong theo ve 3 bat dang thuc tren dua ve chiing minh 
x y z 


2 x+Jyz 2 y+yjzx 2z+*Jxy 
Bat x —a 2 ,y=b 2 ,z = c 2 dua ve bat dang thiic 

a 2 b 2 c 2 ^ 

2a + be 2b +ca 2 c +ab 

Bat dang thiic nay da duoc chiing minh. Dang thiic xay ra khi va chi khi 


Cach 2: Sii dung bat dang thiic C-S ta co 

x + ^jx+yz =x + yjx(x+y+z}+yz 

= x + ^(x+y)(x+z) >x + ^/xz + . N /x)/ 


4~x 


Tuong tu ta co 


x + ^jx+yz x + ^Jxy + 4*z Jx + Jy + ylz 

y ' Jy 

y+^jy+zx 4x + Jy + 4z 
z < y[z 

z + yjz+xy y[x + *Jy + yjz 
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Cong theo ve 3 bat dang thuc tren ta co dieu phai chung minh . 

Nhan xet. Nhu vay linh hoat sir dung dieu kien cung nhu sir dung C-S hop ly ta co 
ldi giai ngan gon cho bai toan nhu each 2. 

Bai 8. Cho x,y,z la cac so thuc duong co tong bang 1. 

Chung minh rang —+—+—> 3(x 2 +y 2 +z 2 ). 

y z x v ; 

Ldi giai 

Bat dang thuc co dang manh hon toi da de cap trong chuong 1 bat dang thuc 
AM-GM 

y z x xy+yz+zx v ’ 

Dudi day ta chung minh bang C -S cho bai toan tren. 

, * 2 / z 2 X 4 / z 4 (x 2 +y 2 +z 2 ) 2 

Taco — + — + — - — + — + —^2 - 2 - 2 • 

y z x xy yz zx xy+yz+zx 

Chuy 

x 2 +y 2 +z 2 =(x+_y+z)(x 2 +y 2 +z 2 j 

= x 3 +y 3 +z 3 + xy{x + y)+yz{^y+z)+zx{z+x) 

= x(x—+_p(_y—z) 2 +z(z —x) 2 + 3^x 2 y+y 2 z+z 2 xj 
> 3(x 2 _y+_y 2 z +z 2 xj 
Tir do suy ra dieu phai chung minh. 

Dang thuc xay ra khi va chi khi x — y — z = —. 

Bai 9. Cho x,y,z la cac so thuc duong thoa man dieu kien x 2 +y 2 +z 2 =3- 
x y z 9 

Chung mi nh rang —I- — > -. 

y z x x+y+z 

Ldi giai 

Su dung bat dang thuc C - S ta co 

x v z x 2 y 2 z 2 (x+y+z) 2 

- + - + - = — + — + — > A --- 

y z x xy yz zx xy+yz+zx 

Vay ta chung minh {x+y+zf >9{xy+yz+zx). 

Dat t =a + b + c,[4?><t xy+yz+zx = - -—. 
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Bat dang thuc trd thanh 


9(/ 2 —3) 

anh / 3 > - L <» (/ - 


3) 2 (2 1 + 3) > O(luon dung). 


Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi X =y = Z = 1. 
Bai 10. Cho a,b,c la cac so thuc duong thoa man dieu kien a+b + c = 1 . 

„ , i (b c a} ^ Y + a 1 +b 1 + c 

Chung minh rang 2 — H-1- — >-H-1- 

va b c) l —a 1 — b 1 — c 


Theo gia thiet ta co 


Leri giai 

1 + a 2 a+b+c 2 a 


2 a 1 + a 2 a 2 a 

Suyra-=- 

c 1 — a c 


Tuong tu ta co 


b+c 

1 j 

b + c 


b + c 
lab 
~(b + c} 

2 be 


+ 1 


2b \+b _ _ 

a 1 —b a(a + c ) 

2c 1 + c _ 2ca 

b 1 — c b(a + b ) 

Cong theo ve 3 bat dang thuc tren ta can chung minh bat dang thuc 


ab 


be 


c(b + c ) a(a+c ) b(b + a ) 2 

Goi P la bieu thuc ve trai viet lai P va su dvmg bat dang thuc C - S dang phan 
thuc ta co 

a 2 b 2 b 2 c 2 c 2 a 2 


P = 


abc(b + c ) abc(a+c ) abc(b + a ) 

> (ab + bc + ca ) 

abc (b + c) + abc(c+a) + abc(a+ b ) 

(ab + bc + caf >3 abc(a + b+c} 3 

2 abc(a + b + c) 2 abc(a+b + c} 2 
Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a=b = c. 
Bai 11. Cho a,b,c la cac so thuc duong co tich bang 1 chung minh 

1 1 1 >1. 


b 2 +b +1 c 2 +c + l 
Leri giai 
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Bat dang thuc trd thanh 


x 4 + x 2 yz +y 2 z 2 y 4 +y 2 zx+z 2 x 2 
Sir dung bat dang thuc C -S ta co 


x 4 + x 2 yz +y 2 z 2 y +y 2 zx + z 2 x 2 z 4 + z 2 xy+x 2 y 2 

> _ (s+f+rf ^ 

x 4 +y 4 +z 4 +xyz(x+y+z^ + x 2 y 2 +y 2 z 2 +z 2 x 2 
Vay ta chi can chung minh 

(x 2 +y 2 +z 2 ) >x 4 +y 4 +z 4 + xyz(x+y+z) + x 2 y 2 +y 2 z 2 +z 2 x 2 
«s> x 2 y 2 +y 2 z 2 +z 2 x 2 > xyz(x +y+z) 

<>\(w-yz) 2 + \{yz-ztf+\(zx-xy) 2 >0 

Bat dang thuc dung ta co dpcm. Dang thuc xay ra khi va chi khi a — b = C = 1 ■ 
Bai 12. Cho a,b,c la cac so thuc duong co tong bang 3 chung minh 


3 


“ 3 + l 

1 * + | 

1 c 3 

la 2 + 8b 2 V 

b 2 + 8c 2 y 

c 2 + 8a 2 


Lai giai 

Sir dung bat dang thuc AM - GM ta co 


6a 2 




6 b 2 


6c 2 


Tuong tu ta co 

b 3 

yb + 8c b + 8c +8 b V c +8 ct c +8ri +9c 
Ta chi can chimg minh 

a 2 b 2 


a + Sb 2 + 9a b 2 +Sc 2 + 9b c 2 +8a 2 + 9c 6 


Su dung bat dang thirc C -S cho ve trai ta duoc VT > 


(a 2 + b 2 +c 2 f 
“2a 2 (a 2 + 86 2 + 9a)' 


Vay ta chimg mi nh 
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6 [a 2 +b 2 +c 2 ) 2 >Y j a 2 (a 2 + 8 b 2 + 9 a) 

<=> 6(a 2 +b 2 +c 2 ) 2 >3Y j a 3 (b + c) + 4(a 2 +b 2 +c 2 J 
— b^{a 2 —ab + b 2 ^> 0 

Bat dang thuc cuoi dung. Bang thuc xay ra khi va chi khi a = b = c= 1 • 
Bai 13. Cho a,b,c la cac so thuc duong thoa man dieu kien abc = 1. 

, . , i a b c 3 

Chung mmh rang . + . H— , > —. 

-JJv 3 47vs 2 

Lai giai 

Do a,b,c duong va abc = lnen ton tai cac so duong thoa man 




Bat dang thuc duoc viet lai dudi dang 

x y z > 3 

<Jz(3x+y) ^x(3y+z) yjy(3z+x) 2 

Goi P la bieu thuc ve trai cua bat dang thuc tren viet lai P va su dung bat dang 
thuc C - S ta co 

p _ x 2 | y 2 | z 2 

Xy/z(3x+y) yyjx(3y+z ) z^y(3z + x) 

(x+y+zf 


x^jz(3x+y) +y^Jx(3y+z) + z^jy(3z + x) 

Bat Q = x^jz(3x+y) + yyjx(3y+ z) + z^y(3z+x). 

Su dung bat dang thuc C - S ta co 

Q = y[x^xz(3x+y) + Jy^xy(3y+z) + 4z^jyz(3z+x) 

<J(x+y+z)(xz(3x+y) + xy(3y+z)+yz(3z+x )) 

= ^3 {x+y+z) (x 2 z +y 2 x + z 2 y + xyz} 

Mat khac su dimg bat dang thuc quen thuoc ta co 

x 2 z+y 2 x+z 2 y+ xyz < ^(x+y+zf. 

Dodo Q<%+y+zf ^/»> b + W -1. 

3 2 
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Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Bai 14. Cho a,b,c la cac so thuc duong thoa man dieu kien a+b+c+ abc = 4. 

Chung minh rdng JL — + ]L — + —J^= > — (a + b + c). 
yjb + c y]C + a yja + b 2 

Lai giai 

Goi P la bieu thuc ve trai viet lai P va su dung bat dang thuc C - S ta co 

b 2 c 2 


P = 


ayjb + c byjc+a c\]a + b 
> ( a+b+cf 

ctsj b + c + b\j c + a + Cyjct + b 
( a+b + cf 


+ b + c){a{b + c) + b (c + a) + c(a + 6)) 

a/2, x I a + l 

= — [a+b+c\A - 

2 V } \ab + h 


a+b + c 
Tbc + ca 


Vay ta can chung minh a + b+c>ab + bc + ca. 

That vay gia sir ngugc lai ab + be + ca > a + b + c. 

Su dvmg bat dang thuc Schur bac 3 

a 3 + b 3 + c 3 + 3 abc >ab(a+b)+ bc{b + c)+ ca{c + a) 

Ta co 

9 abc 


a+b-\ 


->4 [ab + bc+ca)-{a + b+cf 


9 abc 


>4 (a + 6 + c)-(a + 6 + c) 2 
> abc(a + b + c) o a + b + c <3 


a + b + c 
9abc 

•e>-. 

a+b + c 

=;> abc <\^> a + b+c + abc <4 
Voly. Vay a+b + c>ab+bc+ca 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a — b — c — 1 • 
Bai 15. Cho a,b,c la cac s6 thuc khong am thoa man di£u kien ab + bc + ca> 0 
b c 8 

¥ 


Chung minh rang 


b 2 +c 


+ yfb + yfc j 


Lai giai 

Ggi P la bieu thuc ve trai su dvmg bat dang thuc C- S ta co 
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a 2 [b 2 +c 2 \ b 2 (c 2 +a 2 ) c 2 [a 2 +b 2 ) 

2 [a 2 b 2 + b 2 c 2 + c 2 a ) 

Vay ta chi can chung minh 

|a/ a 3 + yjc 3 1 g 

+cV) “(^++ 

+ Jb* + ^ 4a+4b+4c J >16(</'/>’ + h'c' + c x a ') 

Sii dung bat dang thiic C - S ta co 

| sfa* + + 4<? 4a + 4b + 4c j > {a+b + cf. 

Vay ta chi can chung minh 

{a+b + cf >\6^a 2 b 2 +b 2 c 2 +c 2 a 2 J 
cfb 2 b 2 c 2 cV 1 

<=>-4 H-T ■!-- < 

( a+b + c ) (a + 6 + c) (a+6 + c) 16 

a b 


>x+y+z =1 


a + 6 + c a + 6+c a + 6 + c 

Ta can chung mi nh x 2 y 2 +y 2 z 2 +z 2 x 2 < —. 

Khong mat tinh tong quat gia su x = min {x,_p,z} => x < ^ ta co 

x 2 _y 2 +_y 2 z 2 +z 2 x 2 = x 2 [y 2 +z 2 J+y 2 z 2 <x 2 {y+z.) 1 


- 2 (i-) 2+ ( 1 ?) , 4 

Chii y khao sat ham so f(x) = x 2 (l — x) 2 + ^- j tren doan |^();^ jta 


dieu phai chung minh. 

Bat dang thuc duoc chung minh. Dang thiic xay ra khi va chi khi 
a = b,c = Ohoac cac hoan vi. 
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Bai 16. Cho a,b,c la cac so thuc khong am thoa man dieu kien a+b + c = 1- 
Chung minh rang 

a b cl 


\+9bc + 4{b-cf \+9ca+4{c-df \ + 9ab + 4(a-b) 2 2 

Lai giai 

Goi P la bieu thuc ve trai va sii dung bat dang thuc C -S ta co: 

a 2 b 2 c 2 


P=- 


a + 9abc + 4a(b — c) 2 b + 9abc + 4 b(c — of c+9abc + 4c(a—b) 2 
> (a + b + cf 

a + b + c+21abc + 4a(b-cf +4b(c-af +4c(a-bf 


1 + 3 abc + 4 (a 2 b + b 2 c + c 2 a+ ab 2 +bc 2 + ca 2 ) 

Vay ta chi can chung minh 

2 > 1 + 3abc + 4 ( a 2 b + b 2 c + c 2 a + ab 2 + be 2 + ca 2 ) 

=>(a + b + cf > 3 abc +ab(a + b) + bc(c + a)+ca(c + a) 

Bat dang thuc cuoi chinh la bat dang thuc Schur bac 3. 

Bai toan duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c — — hoac 

3 

a = b = —,c = 0 va cac hoan vi. 


C. BAI TAP REN LUYEN 

Bai 1. Cho x,y la hai so thuc duong thoa man dieu kien x + y = 1 . 
Tim gia tri nho nhat cua bieu thuc P = - 


yjy 2 +1 \J x 2 +1 

Bai 2. Cho x,y la hai so thuc duong thay doi thoa man dieu kien 2x + 3y = 5 . 
Tim gia tri nho nhat cua bieu thuc 

p VO+^IQ+P )- 1 1 V(i+^)(i+y 3 )-i 

% w 

Bai 3. Cho X,y,Z > 1. Tim gia tri nho nhat ciia bieu thuc 


P = x 
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Bai 4. Cho x, y, z la cac so thuc duong. Chung mi nh rang 

x ^ y ^ ^ 


3x + 7 (y + z) 3y + 7(z + x) 3z + l(x + y ) 17' 

Bai 5. (TSDH Khoi A 2007) Cho x, y, z la cac so thuc duong thoa man dieu kien 
xyz = 1. 

Tim gia tri nho nhat cua bieu thuc 

p x'ty+z) , /(*+*) , 

y*Jy + 2z4z zyjz+ 2xVx xVx + 2 y*Jy 
Bai 6. Chung minh rang voi moi a,b,c la cac so thuc duong ta co 

a(b + c) | b(c+a) | c(a + b) ^ ^ 

ijbc^b 2 + c 2 ) \Jca(c 2 Ta 2 ) ^ab(a 2 + b 2 } 

Bai 7. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 1. 

2 »2 2 , 

„ , ■ , i <ar b c t 

Chung mmh rang-1-1-< —.- --. 

3a+l 36 + 1 3c + l 18(a6 + 6c + ca) 

Bai 8. Cho x,y,z la cac so thuc duong thoa man dieu kien x+y+z = 1. 

Tim gia tri nho nhat cua bieu thuc 

p , /(*+*)/b+y) 

yz zx xy 

Bai 9. Cho x,y,z la cac so thuc duong thoa man dieu kien xyz = 1. 

Chung minh rang 

x 3 4 v y 4 z z 4 x 3 

—— + —-1-> 

x 2 + l y+\ z 2 + 1 2 

Bai 10. Cho x,y,z la cac so thuc duong thoa man dieu kien x+y+ z = 3. 

Chung minh rang 

x 4 y* ^ Z* > 3 

(y + z)(y 2 + z 2 ) + (z+x)^ +x 2 ) + (x + y)(S +/) ~ 4 

Bai 11. Cho a,b,c la cac so thuc duong. Chung minh rang 


3 a + b+c 3 b + c+a 3 c + a + b 5 
Bai 12. Cho a,b,c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc 

4 b 9c 


P = - 


b+c a + c a + b 
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P=- 


Bai 13. Cho a,b,c la cac so thuc duong. Tim gia tri nh d nh at cua bieu thuc 
a+3c + c + 3a + 4 h 
a + b b + c c+a 

Bai 14. Cho a,b,c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc 
p 3(b+c) | 4ar + 3c | \2{b-c ) 

2 a 3b 2a+3c 

Bai 15. Cho a,b,c la cac so thuc duong. Chung minh rang 

b+c 2 a+c 4 (a+b\ „ 

-+-+ v — - >9. 

a b a+c 

Bai 16. Cho a,b,c la cac so thuc duong. Tim gia tri nhd nhat cua bieu thuc 

„ 3 a 4 b 5c 

b+c c + a a+b 

Bai 17. Cho a,b,c la cac so thuc duong. Tim gia tri nhd nhat cua bieu thuc 
p _ 9b + 16c + 25 (4a + 16c) + 64{4a+ 9b) 
a b c 

Bai 18. Cho a,b,c,x,y,z la cac so thuc duong. 

Chung mi nh rang 

a . . b . . c , .3 (xy + yz + zx) 

7 - (y + z) + - (z + x) + - -{x + y)> -- 

b+c c+a a+b x+y+z 

Bai 19. Cho x,y,z la cac sd thuc duong va k so thuc, k > 8 . 

, r i; 7 ^ 

Chung minh rang - 


yjx 2 + kyz yjy 2 +kzx sjz 2 +kxy ^Jk + l 
Bai 20. Chung minh voi a,b,c la cac so thuc duong thoa man dieu kien abc — lta co 


a 2 {b + c} b 2 {c+a ) c 2 {a+b ) 2 

Bai 21. Chung minh vdi moi a,b,c la cac so thuc duong ta co 

1 ^ 1 1 3 

a^3a+2b b^3b + 2c c^3c+2a \j5abc 
Bai 22. Cho a,b,c la cac so thuc duong co tong bang 3. 


a 3 

n^ +l 


ia 2 +5b 2+ 'l 

b 2 + 5c 2 i 

c 2 + 5a 2 V: 


Chung mi nh rang 

Bai 23. Chung minh vod moi a,b,c duong ta co 
a 3 b 3 


'Jb 2 —bc+c 2 \Jc 2 — ca + a 2 sJa' 1 —ab + b 2 


>a 2 +b 2 +c 2 . 
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Bai 24. Cho a,b,c la cac so thuc duong thoa man dieu kien 
cfb 2 + b 2 c 2 + c 2 a 2 > a 2 b 2 c 2 . 
cfb 2 b 2 c 2 cV 


Chung minh rang - 


_>75 

' J(<?+b 2 Y a 3 (A 2 + C 2 )‘V( C 2 +a 2 ) - 2 ' 

Bai 25. Cho a,b,c la cac so thuc duong co tlch bang 1. 

. . i a 4 +b 4 \b 4 +c 4 c 4 +a * „ 

Chung mmh rang J -+ J-+ J->3. 

V 1 +ab \ l+bc V 1 + ca 
Bai 26. Cho a,b,c la do dai 3 canh mot tarn giac. Chung minh 

3 a+b 3 b+c 3 c+a 

->4. 


Chung minh rang - 


2 a+c 2 b+a 2 c+b 
Bai 27. Cho a,b,c la cac so thuc duong thoa man dieu kien ab + be + ca = 1. 

_L_ 1 1 ^ 9 

’ aylb 2 +c 2 byjc 2 +a 2 c\la 2 +b 2 2^2-2>4babc 

Bai 28. Cho a,b,c la cac so thuc khong am thoa man dieu kien 
ab + bc+ca=a+b+c> 0. 

1 1 1 


Chung minh rang ( a + b+ c) - 


>a+b+c +1 


Chung minh rang - 


ya+b b+c c+a) 

Bai 29. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 = 1 

b 3 | c 3 > 3-V3 

b 2 +c c 2 +o o 2 +b 2 
Bai 30. Cho a,b,c la cac so thuc duong. Chung minh 
a b 

yjb + c yjc+a 

Bai 31. Cho a,b,c la cac so thuc duong co tich bang 1. Chung minh 
1 1 1 
a+b+4 b+c+4 c+a+4 2 

Bai 32. Cho a,b,c la cac so thuc duong. Chung minh 

1 1 1^3 




a+ +1 b+ +1 c+ +1 yfobc + , --t 

b c a yjabc 


Bai 33. Cho a,b,c la 3 so thuc duong. 

Chung minh rang 

(b + cf ^ (a+c) 2 (a+b) 2 


> 2 (— 


a(b+c + 2a) b(a+c+2b) c(a+b+2c) c+b a+c a+b 


t) 
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Bai 34. Cho x,y la hai so thuc duong co tong bang 1. 

X 2 V 2 1 

Chung mi nh rang-1-> . 

>-+1 x+1 3 

Bai 35. Cho x,y la hai so thuc duong. Chung minh 

1 i 4 32 (x 2 +y 2 ) 

x y x +y (x + y) 

Bai 36. Cho x,y la cac so thuc duong thoa man dieu kien 

(x+2y-3)^2(/T7j + 5xy+y ! = 3(x+y). 

y 2 . 


Tim gia tri nhd nhat cua bieu thuc P = 


+ x+3y. 


Bai 37. Cho a,b,x,y,z la cac so thuc duong. Chung minh 
x | y | z > 3 
ay + bz az + bx ax + by a + b 
Bai 38. Cho x,y,z la cac so thuc duong. Chung minh 

x 2 / z 2 ^ 3 

(3x + 4y)(4x + 3 y) (3 y+4z)(4y + 3z) (3z+4xX4z + 3x) “ 49 * 
Bai 39. Cho a,b,c la cac so thuc duong thoa man a + b + c = 1 . 

Tim gia tri nhd nhat cua bieu thuc 

„ a 3 +2b 3 b 3 + 2c 3 c 3 + 2a 3 

P = -7 +-7 +-r- . 

4ab + 3a 4bc + 3b 4ca + 3c 

Bai 40. Chung minh rang vdi moi a, b, c duong ta co 

a + b + c > i 
b+2c c+2a a+2b 

A. HlTCfNG DAN GIAI - DAP SO 

Bai 1. Su dung bat dang thuc C-S dang phan thuc ta co: 

i x+ yf 


Jy 2 +1 y/x 2 +1 x \ly 2 +1 yy/x 2 +1 x^y 2 +1 + y47V\ 

1 ^ 1 


yfx.^xy 2 + x + y[y.y]yx 2 + y ^(x + y) (xy 2 + x + yx 2 + y ) 

__ 1 _ 1 ^ 1 2 

■y/ xy(x + y) + x + y Jl + xy [ f x+v V ^5 


'1 + 


x + y 
2 
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Dang thuc xay ra khi va chi khi x = y = —. 

2 1 

Vay gia tri nho nhat cua P bang —= dat tai x = y = —. 

V 5 2 

Bai 2. Su dung bat dang thuc C-S ta duoc: 

1 J(l + jc 2 )(l+y 2 )>l + ^, > /(l + x 3 )(l + /)>l + xyV^. 

Nhan xet. Ve phai ciia bat dang thuc bac 1 va dieu kien bac 1 nen su dung ky thuat 


3x + 2yJy . 3 + 2 —.1^- 

_\JL-_ x \ x 

2x + 3 y 

Dat t = > 0)khi do 


dong bac: P>—. 

6 2x + 3y 


5 3 + 2t 3 _5f3 + 2t 3 _.) M 5_5 (t-lf(2t + l) ,5^5 


6 2 + 3 1 2 612 + 3 1 2 


6 6 


2 + 3 1 2 


+->- . 

6 6 


Dang thuc xay ra khi va chi khi t = \<^>x = y^>x = y = \. 

Vay gia tri nho nhat cua P bang — dat tai x = y = 1. 

6 

Binh luan. Du doan dupe diem rod x = y = 1 ta co the danh gia nhanh bang bat 
dang thuc AM-GM nhu sau: 




_ 2x+3y _5 
6 ~ 6 


Bai 3. Su dung bat dang thuc C-S ta co 

11 4 11 


y -1 z — 1 y+z—2 z -1 x-1 z+x—2 x-1 y—l x+y—2 

Dang thuc xay ra khi va chi khi x = y = z. 

, ^ 

\y+z-2 z+x—2 x+y— 

Su dvmg bat dang thuc C-S ta co 


Suyra P 


> 4 [- 

yy 


a 
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(x + y+z^ 


Suy ra 


y+z-2 z + x-2 x+y-2 2(x + y+z)-6 

p>4. ( J+y+z ) 2 2 (* + y+*T 

2(x+y+z)-6 x+y+z- 3 

= 2(x + y+z — 3) H-—-1-12 

V ’ x+y+z-3 

>2j2(x+y+z-3). -—-+12 = 24 

\ V ’x+y+z-3 

Dang thuc xay ra khi va chi khi 
x=y=z> 1 

<1 , v 18 <=>x = _y = z = 2. 

2(x+_y+z—3)=- 

[ V ’ x+j+z-3 

Vay gia tri nho nhat cua P bang 24 dat tai x = y = z = 2. 

Bai tap tuong ty 

1) Cho x,y,z > 1. Tim gia tri nho nhat cua bieu thuc 


P = x\ 


(y=I + zr,) +J '(^ + ^Mi=I + Fl)' 


Bai 4. Su dung bat dang thuc C-S dang phan thuc ta co 


VT = 


y 


3x 2 +7(y + z)x 3y 2 +7(z + x)y 3z 2 + 7(x + y)z 
_ (x + y + zf ___ (x + y + z) 2 


3(x 2 + y 2 + z 2 ) + \4(xy + yz + zx) 3(x +y +zf +S(xy +yz + zx) 
> (x+y + z) 2 _ 3 

3(x + y + z) 2 +|(x + y + z) 2 17 

Dang thuc xay ra khi va chi khi x — y — z. 

Bai 5. Su dung bat dang thiic AM - GM cho 2 s6 duong ta duoc 

x 2 ( 7 -+ z) > 2 x 2 = 2 x 2 = 2 x 4 x . 


Suy ra 


x 2 (y+z) > 2 x4x 
yjy + 2zyjz y^y + 2zsfz 
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Tuang tu ta co 


/(z+x) ^ 2yjy 


Zyjz+ 2 x4x ZyJz+2x~Jx 
z 2 (x+y ) ^ 2 z4z 

x4x + 2yjy x4x + 2y*Jy 
Cong theo ve 3 bat dang thuc tren ta dugc 

2x4x i 2 y^Jy _ 2zy[z 


P >- 


yyjy + 2zyfz zy[z + 2xy[x x4x + 2y^y 
Bat a-x^Jx,b = y^Jy,c = Wz => abc = 1- 
Ta co 

2a 2b 2c 

_-1-1- 

b + 2c c + 2a b + 2b 

a 2 b 2 c 2 

a(b + 2c ) Z>(c + 2a) c(a + 2b) 

2(a + b + c) 2 


P>- 


a(b + 2c) + b(c + 2a) + c(a + 2b) 

2 (a + b + c) 2 > 6 (ab + bc + ca) ^ 

3 (ab + bc + ca) 3 (ab + bc + ca) 

Vay gia tri nhb nhat cua P bang 1 dat tai x = y = Z— 1. 

Bai 6. Su dung bat dang thuc AM -GM cho 2 s6 duong ta dugc 

^(i I +c I ) = -^. s /2fe(y + c I )^ 2 * C ^ +C =^|_ 

a{b + c) > 2\/2 a{b + c) _ 2\f2a 
^ bc(b 2 +c 2 ) ~~ (b+cf b + c 


Tuong tu ta co 


b{c + a) > 2V26 

yjca^c 2 +& 2 ) c+a 
c(a + b) > 2yf2c 
^ab(a 2 +b 2 )~ a + b 


Cong theo ve 3 bat dang thuc tren va ggi P la bieu thuc ve trai cua bat dang thuc 
ta dugc 
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P i2 j2(—+—+—)z2j2.- = 3j2. 

\b + c c+ct o+b) 2 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a=b = c■ 
Bai 8. Su dung bat dang thuc AM - GM cho 2 s6 duong ta dugc 

«(¥)' 

x 2 (y+z) x 2 (y+z) _ 4x 2 ■ 


yz 


'(T) 


y+z 


Tuong tu ta co 


y 2 (z+x) ^ 4y 2 
zx z+x 
zjx+y) > 4z^ 
xy x+y 

Cong theo ve 3 bat dang thuc tren ta dugc 

p>JjL + jL + jL)> 4 .(?^jL 2{x+y+2)=2 . 

Ky+z z+x x+y) 2[x+y+z) 

Dang thuc xay ra khi va chi khi x = y = z = ^. Vay gia tri nho nhat cua P bang 2. 
Cach 2: Viet lai P dudi dang 

D (x 2 y 2 z 2> 1 (x 2 y 2 z 2 ) 

P- \ — + — + —l+l — +-1-—I. 

y y z X) \z X y) 


Chu y su dvmg AM -GM ta co 


— + —+ — >x+y+z 
y z x 


- + — >x+y+z 

■ y 


Cong theo ve 2 bat dang thuc tren co ket qua tuong tu tren. 
Bai 9. Ggi P la bieu thiic ve trai, vdi gia thiet xyz = lsuy ra 


xz+xz y 3 x+xy z A y+yz 
Su dung bat dang thuc C - S dang phan thuc ta co 
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x 3 z+y 3 x+z 3 y+xy+yz + z 


Ta can chung minh 


(x 2 +y 2 +z 2 f >3 

x 3 z+y 3 x+z 3 y + xy+yz+zx 2 

<s>2^x 4 +_y 4 +z 4 j + 4^x 2 y +y 2 z 2 +z 2 x 2 )> 3^x 3 z+y 3 x+z 3 y+xy+yz+zx} 
Bat dang thuc tren la tong cua cac bat dang thuc 

2 2, 2 2, 2 2 s_ , , 

x y +y z +z x >xy+yz + zx (I) 
x 4 +y 4 +z 4 > xz+y 3 x+z 3 y (2) 
x 4 +y 4 +z 4 +x 2 y 2 +y 2 z 2 +y 2 z 2 > 2 (x 3 z+y 3 x + z 3 y) (3) 

Chung minh (1). 

Su dung bat dang thuc AM - GM cho 3 so duong ta co 
x 2 y 2 +y 2 z 2 +z 2 x 2 >2(xy+yz+zx)-3 

= (xy+yz+zx} + (xy+yz+zx— 3) 


>xy+_gz+zr + 



= xy+yz+zx 


Chung mi nh (2). 

Su dung bat dang thuc AM - GM cho 4 so duong ta duoc 
x 4 +x 4 + x 4 +z 4 >4x 3 z 


y 4 +y 4 +y 4 +x 4 > 4y 3 x. 
z 4 +z 4 +z 4 +y 4 > 4zy 

Cong theo ve 3 bat dang thuc tren ta co dieu phai chung minh. 

Chung minh (3). 

Bat dang thuc tuong duong vdi 

x 2 (x - zf +y 2 (y- x) 2 + z 2 (z -y) 2 > 0. 

Bai toan duoc chung minh. Dang thuc xay ra khi va chi khi x = y — z — 1. 
Bai 10. Goi P la bieu thuc ve trai cua bat dang thuc. 

Viet lai P va su dvrng bat dang thuc C - S ta co 
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y ■ ** T 


Jz 2 +x 2 ^x 2 +y 2 ) 


y+z z+x 

( 


2 (x+_y+z) 


x 2 

/ , *■ V 


Jz 1 +x 2 y]x 2 +y 2 ) 


Vay ta chi can chung minh 




V/+ 2 2 jz 2 +x 2 ^x 2 +y 2 4l' 

Goi Q la bieu thuc ve trai cua bat dang thuc viet lai Q va su dung bat dang thuc 
C-S ta co 

Q= 


x 2 *Jy 2 +z 2 y 2 \jz 2 +x 2 z 2 -Jx 2 +y 2 


x yjy +z +y yz + jc +z ^x +y 


Chuy 


x 2 -J/+^+ y 2 y[^x 2 +z 2 -Jx 2 ^7 = ^ J 47^jx 2 (y 2 +z 2 ) 

< J(x 2 + y 2 +z 2 )[x 2 (y 2 +z 2 ) + y 2 (z 2 +x 2 ) + z 2 (x 2 + y 2 )] 

= ^2 (x 2 + y 2 + z 2 ) (x 2 y 2 + y 2 z 2 + z V ) 

“ Jj( x 2 + y 2 +z 2 )( x 2 + y 2+z2 f 


Suy ra 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x=y = z= 1. 
Bai 11. Viet lai bat dang thuc duoi dang 

a+b b+c c+a 6 

- 1 - 1 -> —. 

3c + a+b 3 a+b + c 3 b + c + a 5 
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Goi P la bieu thuc ve trai cua bat dang thuc ta co 

r _ i a+b ) 2 , i b+c y , ( c+a ) 2 

(a + b)(3c + a + b) (b + c)(3a + b + c) (c + a)(3b + c + a) 

> _ (a + b + b + c + c + a) 2 _ 

(a + b)(3c + a + b) + (b + c)( 3a + b + c) + (c + a)(3b + c + a) 

4 (a + b + c) 2 2 (a + b + cf 

2 (a 2 +b 2 + c 2> ) + %(ab + bc + ca) ( a+b+cf +2 (ab + bc + ca) 

> 2 (a + b+cf 6 

(a + b + cf + ^(a + b + cf 5 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a-b = C- 
Bai 12. Ta co: 


p.f_?_ + ,') + 4f-*_ + l'l + 9f-?- + l]-14 
\6+c ) Vc+fl ) ka+6 ) 


= (a + b + c){ — —l- —-1- —^—1 -14 

\a+b b+c c+a) 

= —\(a + b)+(b + c) + (c + afi ——I v — 1 -14 

2 LV ’ K K '\a + b b + c c + a) 


> (3 + I + 2) , _ m= 21 
2 2 


Dang thuc xay ra khi va chi khi 


a+b b+c c + a 


Bai 13. 


Phan tich tim loi giai: 

Tuong tu bai toan tren ta can them vao moi phan thuc cac hang so thich hop de 
co ca 3 phan thuc co chung tu thuc. 

Ta chon x,y duong sao cho: 

a + 3c+x(a+ b) = c+ 3a+y(b + c) = M 
•e> (x + l)a + xb + 3c = 3a+yb + (7 + l)c = M 




x + l = 3 
x=y o 
JM-1 = 3 


fx = 2 

\ =>M = 3a + 2b + 3c 

\y=2 
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T7A , 4b £ 2(3a+3c+2b) 

Vay ta them vao-1- 6 = —- - 

a+c a + c 

n (a + 3c (c + 3a ( 4b 

V a + b J V b+c J va + c ) 

_ 3a + 2b + 3c + 3a + 2b + 3c + 2{3a+3c + 2b) ^ 
a+b b + c a+c 

Vay taco P = (3or+2& + 3c)(-1-1-1 —10 

\a+b b+c c+a) 

= [(a + A) + (A + c) + 2(c + a)](-V + ^i- + -V]- 

>(i+i+V2) 2 -io 

>ai 14. Ta co: 

. f4a + 3c . [ 12 (b-c) 


3 (b + c) 


3b 


= (4a + 3Z? + 3c) (— + — + —-—1-11 
V \2a 3b 2a + 3c J 

= \2a + 3b + (2a + 3c)\[— + — + —-— 1-11 
L V ’\2a 3b 2a + 3c J 

> (1 + 1 + 2) 2 -11 = 5 

dang thiic xay ra khi va chi khi 2a = 3b= ^ a + ^ c c>2a = 3b = 3c. 

2 

Bai 15. Goi P la bieu thiic ve trai ciia bat dang thiic. 

Ta co 

+■+*) . 


= (2a + b + c)\— + — + —^—-\-l 
V \a b a + c) 

>(a + S + ( a+ c))^ + I + -l-)-7>(l + l + 2f-7 = 9 

Dang thiic xay ra khi va chi khi a = b = a + c oa = b = c. 

2 


10 
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P={ JfL + jUf— +4 ) + f —— —I- 5^) —12 
\6+c ) vc+a ) \a+b J 

= (a + b+c\{ — —l—-—l—-— 1 — 12 
\b + c c+a a+bJ 

= I[ (A+c ) + ( c+a ) + ( a+i )]^_l_ + _l_ + _^j-, 2 

^( 73+2 + 75 )' 


Dang thuc xay ra khi va chi khi 


. b+c c + a a+b 


Bai 17. Ta co 

„ (9b + \6c 


V3 

|"25(4a + 16c) _ 

[ b + 


^64(4a + 9fe) 


+ 64.16 -1253 


(A 25 64 

= (4a + 9& + 16c) —l-H- 


-1253 >(2 + 3.5 + 4.8) 2 -1253 = 1148 


Dang thuc xay ra khi va chi khi a = 4b = 16c. 
Bai 18. Goi P la bieu thuc ve trai cua bat dang thuc. 
Ta viet lai P va su dung bat dang thuc C -S ta co 


P=(a+b+c) {y±i + ^L + +ty\- 2 i x+y+z ) 

\b + c c+a a+b) 


>^yjy+z + ^z+x + \]x+y^ - 2 (x+y+z) 

Vay ta chung minh 

l(^+^+^) 2 -2(x+^+z)>lfe±^±^) 

2 ^ ' x+y+z 

o^x+y+z^x + y+z + ^^Jx 2 +xy+yz+zx^>2[x+y+zf + ?>[xy+yz+zx) 

olx+y+zyy^x 2 + xy+yz+zx >{x+y+zf +'i{xy+yz+zx) 









Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Ta c ° ^ y]x 2 +xy + yz + zx > ^(x + y + z) 2 + ^3 Jxy + yz + zx'j 
= J(x + y + z) 2 +9(xy + yz + zx) 

Vay ta chung minh 

(x+y+z)^(x+y+z) 2 + 9(j<y+yz+zx) >{x-\-y+zf + 3(xy+yz + zx ) 

9 (x+y+z) 2 (xy+yz+zx)>9(xy+yz+zx) 2 + 6(x+y+z) 2 (xy+yz+zx) 
«(x+y+z ) 2 > 3(xy+yz+zx) 

<»(x-y ) 2 +(y—z) 2 + (z-x ) 2 > 0 
Bat dang thuc luon dung. 

Bat dang thuc dugc chung minh . Dang thuc xay ra khi va chi khi 
a = b = c,x=y = z. 

Bai 19. Goi P la bieu thuc ve trai, viet lai P va su dung bat dang thuc C - S ta co 

r x 2 | y 2 

xyjx 2 + kyz yyjy 2 + kzx z-Jz 1 + kxy 
> (x+y+zf 

xy]x 2 + kyz + y\jy 2 + kzx +z^jz 2 + kxy 
^ (x + y + z ) 2 

^{x + y + z)(x(x 2 + kyz) + y(y 2 + kzx) + z(z 2 + fay)) 

Vay ta chung minh 

(A:+ 1)(x + y + z) 3 > 9^x(x 2 + Ayz) + y(y 2 + &zx) + z(z 2 + Axy)J 
<=> (&-8)(x 3 + y 3 + z 3 ) + 3(& + l)(x + y)(y + z)(z + x)> llkxyz 
Bat dang thuc cuoi luon dung dua vao AM - GM. 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x — y = z. 

Bai 20. Ggi P la bieu thuc ve trai, viet lai P va su dung bat dang thuc C - S ta dugc 

J_ _L ± 

p _ a t o ! c 
a{b + c) b(c + a) c(a + 6) 


(am y 

Va b c) 


a(6 + c) + 6(c + a) + c(a + 6) 
ab + bc + ca ^ 3\Ja 2 b 2 c 2 3 

2 _ 2 ~2 


{ab + bc + caf 
2 (ab + bc + ca) 


2 


























Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 21. Dat x = — ,y = —,z = —bat dang thuc trd thanh 
a b c 

x y z > 3 

^z(3x + 2y) yjx(3y+2z) ^]y(3z + 2x) V5 
Su dung bat dang thuc AM - GM ta co 

x > 2sf5x 

^]z(3x+2y) 5z+3x+2y 

y > 2Sy 

*Jx(3y+2z) 5x + 3y + 2z 
z > 2s[5.z 

yjy{3z+2x ) 5_y+3z + 2x 

Cong theo vc 3 bat dang tren ket hop su dung C - S ta co 
2^5 (x+y+zf ^ 3 
3 (x+y+z) 2 +(xy+yz+zx) V5 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a=b = C- 

Bai tap tuong tir 

Cho a,b,c la cac so thuc duong. Chung minh rang 

1 1 1 3 

ayja+b byjb+c c^lc + a 42abc 
Bai 22. Goi P la bieu thuc ve trai ciia bat dang thuc va su dung AM - GM ta co 

I c? _ 46a 2 ^ 2^6 a 2 

V« 2 + 5b 2 ^6a(a 2 + 5b 2 )~ + 5/ > 2 + 6a 

b 3 > 2Sb 2 

b 2 +5c 2 b 2 + 5c 2 +6b 
" 3 2\[6c 2 


V 


2 +5 a 2 c 2 +5a 2 +6c 
Cong theo ve 3 bat dang thuc tren ta duoc 

2sf6a 2 2 V 6 b 2 2j6c 


P>- 


a 2 + 5b 2 + 6a b 2 + 5c 2 + 6b c 2 + 5a 2 + 6c 
Vay ta can chung minh 




































Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Q=- 


1 


a+5b 2 + 6a b 2 +5c 2 + 6b c 2 + 5a 2 + 6c 4 
Su dung bat dang thuc C -S ta co 

Q-- 


a 2 {a 2 +5b 2 + 6a) b 2 (b 2 + 5c 2 + 6b) c 2 (c 2 + 5a 2 + 6c) 

> (a 2 +b 2 +c z j 

a 1 +b 4 + c 4 +5 (a 2 b 2 +b 2 c 2 +c 2 d 2 )+6^a 3 +b 3 +c 3 ) 

Vay ta chung minh 

(a 2 +6 2 +c 2 ) 2 l 

a +b 4 +c 4 +5{c^b 2 +b 2 c 2 +c 2 a 2 } + 6(a 3 +b 3 + c 3 ) 4 

•e> 4{a 2 +b 2 +c 2 j >a 4 +b 4 +c 4 +5 {a 2 b 2 +b 2 c 2 +c 2 a 1 j + +b 3 + c 3 ) 

-£>2(a 4 +b 4 +c 4 } + a 2 b 2 +b 2 c 2 +c 2 a 2 >2 (a 3 +b 3 +c 3 ) 

<£>2 (a 4 +b 4 +c 4 }+a 2 b 2 +b 2 c 2 +c 2 a 2 >^{a+b + c){a 3 +b 3 + c 3 ) 
<s>(a-6) 4 +(6-c) 4 +(c-a) 4 >0 

Bat dang thuc dugc chung minh . Dang thuc xay ra khi va chi khi a = b = C = 1. 

Bai tap twmg tu 

Cho a,b,c la cac so thuc duong co tong bang 3. 

Chung mi nh rang 

) ja 2 + 8b 2 +1 jb 2 +8c 2 + ^lc 2 + 8a 2 ~ 1 ' 

Bai 23. Goi P la bicu thuc vc trai su dung bat dang thuc C -S ta co 


(a 2 +b 2 +c 2 ) 


ay/b 2 -bc + c 2 + by/c 2 -ca + a 2 + cyla 2 -ab + b 2 
(a 2 +b 2 +c 2 ) 2 

^(a + b + c)\jz(b 2 -bc + c 2 ^ + b[c 2 -ca + a 2 ^ + c(a 2 -ab+b 2 ^ 

Ta can chung minh 

(a 2 + b 2 + c 2 ) > (a + b + c) \^a [b 2 - be + c 2 ) + b (c 2 - ca + a 2 ) + c [a 2 - ab + b 2 ) J 
<=> a 4 +b 4 + c 4 + abc(a + b + c) > ab[a 2 +b 2 ^ + bc(b 2 + c 2 ) + ca(c 2 + a 2 ) 
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Bat dang thuc cuoi luon dung(xem chu de chung minh tuong duong). 

Bat dang thuc dugc chung minh . Dang thuc xay ra khi va chi khi a — b = C. 

Bai 24. Dat x = —,y = — ,z = — => x 2 +y 2 +z 2 > 1. 
a b c 


Bat dang thuc trd thanh 


y+z‘ z 2 +x 2 x 2 +y 2 ~ 2' 

Goi P la bieu thuc ve trai va sir dung bat dang thuc C -S ta co 

p _ x * y 4 

^4/T?) + ^7T?) + 7{x r Ty r ) 

*. h , +/+^r 

x(/ +z 2 ) + y{z 2 +x 2 )+z(x 2 +y 2 ) 
Mat khac su dung bat dang thuc AM - GM ta co 

x ( y + z2 ) =^ V 2x ' 2 ( y2+z2 )( y2 +z2 ) 


Tuong tu ta co 


( 2x 2 +y 2 +z 2 +y 2 +z 2> ] 

“ Ai/l 3 J 

= ^-(x‘ +y 2 +z ’) ,jx’+y'+z‘ 

.2V3 


y(z 2 + x 2 )< 1 ^(x 2 + y 2 + z 2 )4IT7T? 
z(x 2 +y)< ^(x 2 + y 2 + z 2 )J7TsT7 

Cong theo ve 3 bat dang thuc tren tu do suy ra 

p>— ,/y+y+y >—. 

2 v 2 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = x/3 • 
Bai 25. Su dung bat dang thuc C - S ta co 


a A +b 4 2(& 4 +b 4 )^ a 2 + b 2 

1+ab 2 + 2<z* “Vl+2 ab 


Tuong tu ta suy ra 
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2 + a 


" V2 + 2 ab V2 + 2 be j2 + 2ca 
> _ (2a+2b + 2cf _ 

~ 2(sl2 + 2ab+sl2 + 2bc + j2 + 2ca) 


4 (a + b + tf 


- > 3 


3+ab + 'i + bc+ 3+ca 
Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = k 
Bai 26. Goi P la bieu thuc ve trai ta co 

_ 3 a+b , 3 b+c . 3 c+a , _ 

2 a+c 2b+a 2c+b 


= c = 1. 


a+b-c b + c — a c+a — b 


2 a+c 264 

( a+b-cf 


2 c+b 
( b+c—af 


(c+a-bf 


(a+b — c)(2a+c) (b+c — a)(2b + a) (c + a — b)(2c+b) 

> ( a+b + c T (ar + 6 + c) 2 , 3 = 4 

^(a+b-c)(2a+c) (a+b+cf 
Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a=b = 

Bai 27. 

Su dung bat dang thuc C-S ta co 

111 9 


= + - 


aylb 2 + c 2 bylc 2 +a 2 c\a 2 +b 2 a\b 2 +c 2 + b\Jc 2 + a 2 +cV a 
Tuong tu ta co 

a\l b 2 + c 2 + b\j c 1 + a 1 + c\J a 2 + b 2 


2 +b 2 


<^3^a 2 ^6 2 +c ^+b 2 [c 2 +a 2 ) + c 2 (a 2 + b 2 
= ^6 {a 2 b 2 +b 2 c 2 + c 2 a 2 j = ab + bc+ca ) - 2abc(a + b+c 


Vay 


= yj6 -12 abc(a + b + c) 

1 1 


a4b 2 +c 2 b'jc 2 + a 2 cyla 2 +b 2 ^6-12 abc(a + b + c) 

Bat dang thuc dugc chung minh neu ta chung mi nh dugc 
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^6 —12 abc{a + b+c) 2 12—3 6abc 


<=> 2 2-3 babe > 6-\2abc(a + b + c). 


\ = .Fi.„£<JL f 


Luon duri^ do a+b+c> 3{ab +J£c + g ^) = /3; abc < — ;=■. 


rr 


V 


Dang thiic xay ra khi va chi khi a = b = c = —j= . 

V3 


Bai 28. Bat dang thiic tuong duong voi 

{ab + bc + ca)[ ——I—-—I—— ] >a+b+c +1 
\a+b b+c c+aJ 


ab be ca ^ , 

<»-+-+- >1 

a+b b+c c+a 
Sii dung bat dang thiic C -S ta co 
ab be ca a 2 b 2 b 2 c 2 


r 


a+b b + c c+a ab(a + b ) bc{b+c) ca{c+a) 

^ {ab + bc + ca ) 

ab{a+b) + bc{b + c) + ca{c+a) 

{ab + bc + ca ) 

{a+b + c){ab + bc + ca) - 3abc 
^ {ab + bc + ca) 2 ^ 

{a+b + c){ab + bc + ca) 

Bat dang thiic dugc chiing minh dang thiic xay ra khi va chi khi a = b = 2,c = 0 
hoac cac hoan vi. 

Bai 29. Sii dung bat dang thiic C -S ta co 

a 3 | b 3 | c 3 ^ (a 2 +b 2 +c 2 ) 2 

b 2 +c c 2 +a a 2 +b a{b 2 +c) + b{c 2 +a}+c{a 2 +b) 


ab 2 +bc 2 +ca 2 +ab + bc + ca 

3 + V3 


Vay ta chi can chiing minh ab 2 + be 2 + ca +ab + bc + ca< 

Sii dung bat dang thiic AM - GM ta co ab + bc+ca < a 2 + b 2 +c 2 = 1. 
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a + b + c = (a+b + c)(a 2 +b 2 +c 2 ) 

= ( a 3 + ac 2 ) + + ba 2 ) + (c 3 + cb 2 ) + ab 2 + be 2 + ca 2 

> 2 [a 2 c + b 2 a + c 2 b ) + ab 2 + be 2 + ca 2 = 3 (ab 2 + be 2 + ca 2 ) 


a+b+c < p(a 2 +b 2 +c 2 ) 


Suy ra ab 2 + be 2 Tea 2 < _ 

3 3 3 

Cong theo ve 2 bat dang thuc tren ta co dieu phai chung mi nh. Dang thuc xay ra 
khi va chi khi a—b=c= — 

V3 

, , , 3 

Bai 30. Do tinh thuan nhat cua bat dang thuc chuan hoa cho a+b + c = 


Ta can chung minh , + , + . > —. 

\Jb + c jc+a yja+b 2 
Sir dung bat dang thuc C -S va goi P la bieu thuc ve trai ta co 

[a + b+cf 9 


P>- 


ay/b + c + byjc+a + cyla+b 4 [ayjb + c + byjc + a+cyja+b^ 

Vay ta chi can chung minh 

a4b+c + b4c+a + c\[a+b < . 

2 

That vay sir dung bat dang thuc C -S ta co 
ay/b + c + byfeTa + cyfa + b < ^(a + b + c)[a(b + c) + b(c + a) + c(a + b)^ 

= yj3[ab + bc + ca) < a + b + c = 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b = C- 
Bai 31. Bat dang tuong duong vdi 

a+b b+c c + a ^ , 

-+-+- >1 

a+b + 4 b+c+4 c+a+4 

Goi P la bieu thuc ve trai va su dung bat dang thuc C -S ta co 

( yja + b + yjb + c + yfc + a I 

p>- — 

2{a+b+c)+\2 


Vay ta can chung minh 
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{ja + b + y/b + c + yjc + a^ '>2(a+b + c}+\2 

<s> £V( a+6 )( a+c ) - 6 

Su dung bat dang thuc C -S ta co 

ZV( a+6 )( a+c )-S( a+ ^)=( a+b+ c)+( 4ab + 4bc + 4ca j 

> 3 \fabc + 3 \labc = 6 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 32. Dat abc = k 3 ,k> 0 va a=—,b = —,c = —. 

z x y 

Bat dang thuc trd thanh: V 1 ---> —— -. 

“x+lPy+fe If+k + l 


(x+y+zf 


Theo bat dang thuc C -S ta co: 

y ———>— 

cyc x+k 1 y+kz k(x 2 +y 2 +z 2 )+(£ 2 + X)(xy+yz+zx) 

Vi vay ta chi can chung minh 

(x + y + z) 2 3 

k(x 2 + y 2 + z 2 ) + (k 2 +1 )(xy + yz + zx) k 2 + k +1 
<=>(&-1) 2 (x 2 + y 2 + z 2 - xy - yz - zx) > 0 

+(y-zf +(z-xf]>0 

Bat dang thuc cu6i dung ta co dpcm. 

b + c a + c a+b , . . . . 

Bai 33. Dat x =-;_y =- ;z= -taco: x+y+z + \ = 4xyz;xyz>\ 

2a 2b 2c 

Bat dang thuc da cho trd thanh: 

X- 


> xy+yz+zx 
f 1 2xyz 

Ap dung bat dang thuc C -S ta co: 

y, x 2 > (x+y+z) 2 > 3 (xy+yz + zx) xy+yz+zx 
x+1 x+y+z+ 3 6xyz 2xyz 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a — b = c. 

x 2 y 2 (x+_y) 2 1 

Bai 34. Taco- + ^~— >± - ^— = -. 

j+1 x+1 x+y+2 3 
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Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y = —. 

Bai 35. 

Ta co: 


1 | 1 | 4 _ (x 2 + y 2 ) +4x 2 y 2 ^ (x 2 +y 2 +2xy) _ (x + y) 4 

x 2 y 2 x 2 +y 2 x 2 y 2 (x 2 + y 2 ) 2 x 2 y 2 (x 2 + y 2 ) lx 2 y 2 {x 2 + y 2 ^ 


Ta chung minh 
{x + y ) 4 ^ 32 (x 2 +y 2 ) 

lx 2 y 2 (x 2 +y 2 } (x+y) 4 


<=> (x + yf > 64 x 2 y 2 (x 2 + y 2 f. 


(x + y ) 4 > 8 xy (x 2 + y 2 )o^(x 2 +y 2 ) + 2 xy) > 8xy(x 2 + y 2 )- 

<3> (x 2 + y 2 ) -Axy(x 2 + y 2 ) + 4x 2 y 2 >0<=>(x-y) 4 >0 (luondung). 
Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x — y. 
Nhan xet. Ta co the bien doi tuong duong bat dang thuc nhu sau: 



y 2 x 2 +y 2 J (x + y ) 2 


Dat t = — +—,(t> 2) va dua ve chung minh bat dang thuc: 
y x 

x 2 +2x + — + 4> ^ x <=> (x-2) 2 (x 2 +8x + 4)> 0 (luondung), 
x x+2 v ’ 

Bai 36. Ta co 

5xy+y 2 = 3xy+2xy+y 2 < 3xy+_y 2 + (x 2 +_y 2 ) = (x+>')(x + 2_y). 

Vay ta co 

(x+2y-3)fi(7T7)+{x+y)(x+2y)>3(x+y) 
&(x+2y-3)(j2( X 2 +y 2 ) + x +_yj >0«»x + 2_y>3 
Su dung bat dang thuc C -S ta co 
(x + v ^ 2 

P>± - ^- + x+3y=2x+4y>6. 

y+x 

Bai 37. Su dvmg bat dang thuc C -S ta co 
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x | y , * x_ (x+y+zf _ 

ay+bz az + bx ax + by x[ay+ bz)+y[zx+bx)+z{ax + by) 

(x+y+z) 2 ^ 3 (xy+yz+zx) 

( a+b){xy+yz+zx ) ( a+b}(xy+yz+zx 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x — 


Bai 38. Goi P la bieu thuc ve trai va dat c=—;a= ;b = 
x y 

Suy ra P = 


>abc = \. 


12a + 25a+12 I2b z +25b + l2 12c +25c + 12 

49 

Chuy: 12/ z +25/ + 12 <—(/ 2 + / + 1). 

Thay t lan luot bdi a,b,c va su dung bat dang thuc quen thuoc: 

— -1— -1— - ^ 1 ■ 

a +a + l b +b + 1 c +c + l 

3 

Vi vay P > —. Dang thuc xay ra khi va chi khi x — y — z. 

49 


Bai 39. Su dung bat dang thuc AM-GM ta co: 

a 3 + b 3 > ab (a + b)^a 3 + 2b 3 > ab (a + b) + b 3 = b (a 2 + ab + b 2 ) 

h2 b 3 3ab 2 _ 3 b 2 

4ab + 3a 2 4ab + 3a 2 3a + 4b 

b 3 +2c 3 ^ 3c 2 c 3 +2a 3 


Suy ra 
Tuong tu ta co: 


Suy ra P > 3 


3a" 

4be + 3 b 2 3b + 4c ’ 4ca + 3c 2 3c + 4a 
a 2 b 2 c 


^40 +3c 4b + 3a 4c + 3b J 
Su dung bat dang thuc C-S ta co: 

a 2 b 2 c (a+b + c) 2 a+b + c 1 

4a + 3c 4b + 3a 4c + 3b 7 [a + b + c) 7 7 

Vay P>J-. Dang thuc xay ra khi va chi khi a = b = c = ^. 

3 1 

Vay gia tri nho nhat ciia P bang — dat tai a =b = c = — . 


3 

) a+b 
y=z. 


>3 ab 2 . 
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Bai 40. Goi P la bieu thuc ve trai bat dang thuc ta co 

jy a b 2 c 2 

a(6 + 2c) 6(c+2a) c(c + 2a) 

Su dung bat dang thuc C-S dang phan thuc ta co 

p > _ {a + b+cf __ (a+b+cf ^ 

a{b + 2c)+b{c + 2a)+c{a+2b) 3{ab + bc+ca) 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a — b-C- 


CHU DE 6: KY THUAT TEAM SOHOA 

A. NOI DUNG PHlTONG PHAP 

Khi ap dung cac bat dang thuc co ban nhu AM-GM, C-S cai kho nhat cua bai 
toan la du doan dau bang. De khac phuc dieu nay ta lua chon ky thuat tham so hoa 
tuc gia su dau bang cua bat dang thuc dat tai cac diem cho trade va di tim cac diem 
xay ra dau bang bang each giai phuong trinh va he phuong trinh ta co ket qua cua 
bai toan. 

Ta xet bai toan sau day 

Cho x,y,z la cac so thuc thoa man dieu kien xy + yz + zx = 1. 

Tim gia tri nhd nhat cua bicu thuc P = kx 2 +ly 2 +z 2 vdi k,l la cac so thuc 
khong am. 

Ta co 2 each can bang he so cho bai toan tren cung chinh la 2 phuong phap co 
ban ta hay su dung de xu ly cac bai toan phai su dung den tham so hoa. 

B. BAI TAP CHON LOC 

Bai 1. Cho x,y,z la cac so thuc thoa man dieu kien xy + yz + 3 zx = 1. 

Tim gia tri nhd nhat cua bieu thuc P = x 2 + y 2 + z 2 . 

Loi giai 

Phan tich tim loi giai: 

Vdi dieu kien da cho ta thay vai tro cua x va z nhu nhau vay gia su P dat mi n tai 
x = z = k.y,(keR). 

Vdi a duong su dung bat dang thuc AM-GM ta co 
a (x 2 + z 2 ) > 2 azx 
x 2 + k 2 y 2 > 2kxy . 
z 2 + k 2 y 2 > 2kyz 
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Cong theo ve cac bat dang there tren ta duoc: 

(a + l)(x 2 + z 2 ^ + lk 2 y 2 > 2ky[z + x) + 2azx 


2 2 2k 2 2 ^ 2 a 

<=>x +z +-v > ,— , 

a +1 3(a + l) 

Ta can chon a va k thoa man 


{^(y z+x y)+ 


2 k 2 _ 

[ 

a + 1 

fa > 0 

3 k , 

<=> -f a = 3k 

— = 1 

a 


a> 0 

[2k 2 - 3k-3 = 0 


3 ( 3 + 733 ) 

a = —- - - 

4 

3 + 733 


\k = 


Voi a va k chon duoc ter tren ta co P> 

Loi giai chi tiet: 

Ser dung bat dang there AM-GM ta co: 

j « 3(3 + V33) 

—- -lx + z )> —- -zx 

4 [ ’ 2 

2 r 3 +733 Y 3 +733 


2 a 15-733 


3(a + l) 


2 ,f3 + 733^1 2^3 + 733 

z *- 5 -* 

Cong theo ve ba bat dang there tren ta duoc 


3( 3 + ^) , , 


b 2+ G +2 -|^) + 


> 3+ ^33 (jy + yz + 3zr)= 3+ ^33 

hay 10 + 3+33 p > 3 + ^33 ^ p > 2^ + M) = 15-733 
4 2 10 + 3733 16 


Dang there xay ra khi va chi khi x 


= z = 3W33^ = ± ^g| 


2 
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Bai 2. Cho x,y,z la cac so thuc duong co tong bang 3. 

Tim gia tri nh d nhat cua bieu thuc P = x 2 + y 2 + z 3 . 

Lai giai 

Vai trd cua xvay nhu nhau cho phep ta gia sir P dat min tai x = y = a,z = b. 
Theo gia thiet ta co 2a + b = 3. 

Sir dung bat dang thuc AM-GM ta co 
x 2 + a 2 > 2ax 
y 1 + a 2 > lay 
z 3 +b 3 + b 3 > 2b 2 z 

Cong theo ve 3 bat dang thuc tren ta duoc 
x 2 +y 2 +z 3 + {la 2 + 2b 3 ) > 2a {x + y) + 3 b 2 z . 


Ta chon cac he so a va b duong sao cho 2a = 3b 2 . 


Vay ta co he phuong trinh 


[2a + b = 3 \a = -—- 

. o 2 

t 2a = 3b [3b 2 -b- 3 = 0 


a = 
\b = 


19-V37 

12 

-1 + V37 
6 


Suy ra P > 2a 2 +b } = 2 


19->/37 Y 

12 y 



Bai 3. Cho x,y la hai so thuc khong am thoa man dieu kien x 2 + y 2 = 5. 
Tim gia tri nho nhat cua bieu thuc P = x 3 + y 6 . 

Loi giai 

Gia sir P dat min tai x = a,y = b theo gia thiet ta co a 2 +b 2 = 5. 

Sir dung bat dang thuc AM-GM ta co 
x 3 +x 3 + a 3 > 3ax 2 


2(y 6 +b 6 +b 6 )>2.3b 4 y 2 
Cong theo ve 2 bat dang thirc tren ta duoc 
2x 3 + 2y 6 +a 3 +4b 6 >3(ax 2 + 2by 2 ) . 

Ta chon cac so duong a,b thoa man a = 2b. 


Khi do ta co he phuong trinh 


a = 2b 

a 2 +b 2 =5^ 



Do do P>a 3 +b 6 = 9. Dang thirc xay ra khi va chi khi x = 2, y = 1. 
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Bai 4. Cho x,y,z la cac so thuc khong am thoa man dieu kien x + y + z -- 
Tim gia tri nhd nhat cua bieu thuc P = x 4 + 2y 4 + 3z 4 . 

Lai giai 

Gia su P dat min tai x = a,y = b,z = c theo gia thiet ta co a + b + c 
Su dung bat dang thuc AM-GM ta co 
x 4 + a 4 + a 4 + a 4 > 4 a 3 x 
2(y 4 +b 4 +b 4 +b 4 )>Sb 3 y 
3(z 4 +c 4 +c 4 +c 4 )>\2c 3 z 
Cong theo ve 3 bat dang thuc tren ta duoc 

x 4 + 2y 4 + 3z 4 + 3a 4 + 6 b 4 + 9c 4 > 4 (a 3 x + 2 b 3 y + 3 c 3 zj . 

Ta chon cac so duong a,b,c sao cho a 3 = 2b 3 = 3 c 3 . 

3 

i 1 

1H——= 

' f2 V3 
b = — 


, 1 1 

1H— -j= H— -j= 

^2 V3 

r tren. 

n co tong bang n. Van so thuc 
duong k l ,k 2 ,...,k n . Tim gia tri nho nhat cua bieu thuc P = k t x” + k 2 x 2 +... + k n x™ 
voi m > 1 la s6 nguyen duong cho trade. 

Bai 5. Cho x,y,z la cac so thuc duong thoa man dieu kien 2x + 4y + 3z 2 = 68 . 

Tim gia tri nhd nhat cua bieu thuc P = x 2 + y 2 + z 3 . 

Lai giai 

Gia su P dat min tai x = a,y =b,z = c theo gia thiet ta co 2a + 4b + 3 c 2 = 68. 
Su dung bat dang thuc AM-GM ta co 


i 1 1 

l + V2 + tl3 


Vay ta co he phuong trinh 


Suy ra P> a 4 + 2b 4 + 3c 4 vdi a,b,c xac dinh nhi 
T6ng quat. Vdi cac so thuc khong am x l ,x 2 ,...,x 


= 3 . 


= 3. 
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x + a > lax 
y 2 +b 2 > 2by 

r 3 3rz 2 

z 3 + z 3 + c 3 > 3cz 2 <z=> z 3 ->- 

2 2 

Cong theo ve 3 bat dang thuc tren ta dugc 
x 2 + y 2 + z 3 + a 2 + b 2 +^-> lax + Iby + 


Chon cac so duong a,b,c sao cho — = — = — <=>& = c = 2a. 

14 3 


Vay ta co he phuong trinh 


2a + 4Z> + 3c 2 =68 
b = c = la 


a = l 
b = c = 4 


Suy ra P > a 2 + b 2 + c 3 = 84. 

Bai 6. Cho x,y,z la cac so thuc khong am thoa man x + y + z = 3. 

Tim gia tri nho nhat va Ion nhat cua bieu thuc 

P = \Jx 2 - x +1 +y]y 2 -y + l+\Jz 2 — z + 1 . 

Lrn giai 

Tim gia tri Ion nhat cua P 

Nhan xet. Tim mot bat dang thuc dang y/x 2 — jc + 1 < mx + n. 

Cong viec cua ta la di tim m va n. Bat dang thuc doi xung vdi 3 bien x,y,z nen ta 
khong the quyet dinh xem bien nao bang 0 va bien nao bang 3. Vi vay each tot nhat 
la tim m va n sao cho dau bang dat tai 0 va 1 deu thoa man. Hay each khac ta can 

tim m,n sao cho ca 0 va 3 la nghiem cua phuong trinh: yjx 2 -x + l =mx + n. 

I Jr -1 


Vay ta co he phuong trinh 
Cuoi cimg kiem tra xem 

I- - (V7-l)x 

Vx -x + l < 1 + --— 

3 

vdi xe[0;3]). 


n = 1 

3 m + n = yjl 


n = 1 


(l + 2V7)x(x-3) 

V x 2 —X + 1 + 1 + -- 


- < 0 (luon dung 
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Ul-l\{x + y + z) 

Vay P <3 + - - lL -- = 3 +V7-1 = 2 +v7 . 

Dang thuc xay ra khi va chi khi 2 bien bang 0 va mot bien bang 3. 

Vay gia tri Ion nh at cua P bang 2 + yjl dat tai a =b = 0, c = 3 hoac cac hoan vi. 

Tim gia tri nho nhSt cua P 

, n 7 / 3(x-l) f x + lY x + 1 

Taco yx — x +1 = J—-—+ - ?lil-. 

Tuongtutaco: -Jy 2 —y +1 > ^ ;Vz 2 -z +1 >~~• 

Cong theo ve 3 bat dang thuc tren ta duoc: P > ——^-- = 3. 

Dang thiic xay ra khi va chi khi x = y = z = 1. 

Vay gia tri nho nhat cua P bang 3 dat tai x = y = z = 1. 

Bai 7. Cho x,y,z la cac s6 thuc thoa man dieu kien xy + yz + zx = 1. 

Tim gia tri nho nhat cua bieu thuc P = x 2 + 2y 1 + 5z 2 . 

Loti giai 

Ta chung minh bat dang thuc: 

x 2 + 2 y 1 + 5z 2 > 2k (xy + yz + zx) = 2k voi k > 0 la so chon sau. 

Cong them vao hai ve bat dang thuc tren voi k[x 2 + y 2 + zj ta duoc: 

(& + l)x 2 + (& + 2)y 2 + (& + 5)z 2 > &(x + y+ z) 2 . 

Su dung bat dang thiic C-S ta duoc: 


(& + l)x 2 +(& + 2)y 2 + (& + 5)z 2 = —j ^~\ >r ~\ “ 1 1 

k + \ 1+2 k + 5 J+l + I+2 + J+5 

Vay ta chi can chon k duong sao cho: 

—-1-— = £^(£-l)(£ 2 +5A: + 5) = 0 < * >0 > k = 1. 

lc + \ + k + 2 + J+5 

L&i giai. 

Ta co: 
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„ 2 o 2 , 2 y 2 Z 2 (x + y + z) \ 2 

2x + 3y +6 z = — + Y + T“^ — I — i =( x + y + z ) 

2 3 6 2 + 3 + 6 

=> P = x 2 +2y 2 +5z 2 > 2 (xy + yz + zx) = 2 

Dang thuc xay ra khi va chi khi x: y: z = —: —: — = 3:2:1 <=> x = 3z, y = 2z 

2 3 6 

thay vao dieu kien ta co 


3z + 6 z +2z =1 <=>z = ±- 


vn‘ 


>(x;y;z) = \ ± 


"VTT’ VTTT’ VTT 


( 3 2 1 

Vay gia tri nho nhat cua P bang 2 dat tai (x; y:z) = ±- .— -i± <- 

' ' v } y VTT VTTT VTT 

Bai 8 . Cho a,b,c la cac so thuc ducmg thoa man dieu kien a 2 + b 2 + c 2 = 1. 

Tim gia tri Ion nhat cua bieu thuc P = a 2 b 2 c 3 . 

Loi giai 

Phan rich chon diem roi: 

Gia su P dat gia tri nho nhat tai a = x,b = y,c = z. 

Khi do theo dieu kien ta co: x 2 + y 2 + z 2 = 1 . 

Su dung bat dang thuc AM-GM ta co: 

2a + 3Z? + 4c > y\a 2 b 2 c 4 
x y z ]j x 2 y 3 z 4 
Su dung bat dang thuc C-S ta co: 


\x y 

Dang thuc xay ra khi va chi khi 


1 x _ y _ z 
2 3 4 < 

x 2 +y 2 +z 2 =1 


_V2 

3 
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Lcti giai chi tiet: 

Sii dung bat dang thiic AM-GM ta co: 

^ + j$^ + 4c > 9 _ 

f2%3 + 2- 9 |f^yfAYf2 


3 V-T hr t 


Sir dung bat dang thiic C-S ta co: 


2 a 1 b 4c 

3 3 3 


(a 2 +b 2 +c 2 ) 

\ 

V A 

2 

2 

( 

1 

2 

( V 

4 

VT 

+ 

a 

+ 

"2 

! 

1 3 J 


V 3 , 


3) 


, 4 < f V2 '] f jv/Tl f 2 
3 3 j u 


Suyra: P = fl W< ^ ^ - = 


_ 32>/3 


V2 , V3 2 

Dang thiic xay ra khi va chi khi a =-, b =-, c = —. 

3 3 3 

Bai 9. Cho x,y, z la cac so thuc duong. Tim gia tri Ion nhat cua bieu thiic 
p _ 2 xy + 4 yz + 3 zx 
(x + y + zf 

Lcti giai 


P = 2.-—-.-—-1-4.-—-.-—-1-3.-—-.-—- 

x+y+z x+y+z x+y+z x+y+z x+y+z x+y+z 

Bat a = -—- ,b =-—- ,c =-—- ,(a,b,c > 0 ) ta co a + b + c = 1. 

x+y+z x+y+z x+y+z 

Ta can tim gia tri Ion nhat cua bieu thiic 

P = lab + 4 be + lea voi a + b + c = 1. 

Ta chon cac hang so m,n,p duong sao cho 

lab + Abe + lea = ma (b + c) + nb(c + a) + pc(a + b) 

<z>(m + n)ab + (n + p)bc + (p + m)ca = lab + Abc + lca 


■n = l 
p = 4 <=> 
p + m = l 
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Khi do 


P = (b + c) + (c + a) + ^-c (a + b) 
= ^a(l-a) + h(l-b) + ^c(l-c) 



Dang thuc xay ra khi va chi khi 


fa + b + c = l 



1 1 =>x = 3y-l=5z-2 
'3'5 


Bai tap tuong tvr 

1) Cho x,y,z la cac so thuc 
Bang each tuong tu ta tong quat bai toan sau day 

Cho a,b,c la cac so thuc khong am thoa man a+b + c = k,(k> 0). Tim gia tri 
Ion nhat cua bieu thuc 
P = m.ab + n.bc + p.ca,(m,n,p> 0). 


Bai 10. Chung mi nh voi moi 0 < x < 1 ta co x 1 9y/l + x 2 +1 3yll — x 2 j <16. 


Lai giai 

Ta co 

_ 9ax\ll + x 2 | \3bxyjl-x 2 < 9(aV +l + x 2 ) ^ n[b 2 x 2 + l-x 2 ) 
a b 2a 2b 

Ta chon a va b duong sao cho he so cua x 2 triet tieu va thoa man dau bang cua 
bat dang thuc AM - GM 
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9(a 2 +l) 13(& 2 -l) 


2 a 

a 2 x 2 = l + x 2 
b 2 x 2 = 1-x 2 


Loi giai chi tiet: 

x(9yjl + x 2 +13V1 


\a 2 - \ = b 2 + \ 
9(a 2 +l) tt{b 2 -l) 


= 6.—x\/l + x 2 +26.-\ll-x 2 

2 2 


— + 1 + jc 2 +13 —+ 1- 
4 4 


4 =* 

l 2 


Dang thuc xay ra khi va chi khi < 


[t— ? 


"^5 


C. BAI TAP REN LUYEN 

Bai 1. Cho x,y,z la cac so thuc khong am thoa man dieu kien xy + yz + zx = 1. 
Chung minh rang 10x 2 + 10y 2 + z 2 > 4. 

Bai 2. Cho x,y,z la cac so thuc duong co tong bang 3. Tim gia tri nho nhat cua bieu 


Bai 3. Cho ba so thuc x,y,z thuoc doan [0; l] vax + y + z = 2. 

Tim gia tri Ion nhat va nho nhat cua bieu thuc 

P = \Jx 2 - 4x + 5 +^jy 2 -4y + 5 +a/z 2 -4z + 5 . 

Bai 4. Cho a,b,c la cac so thuc duong. Chung minh rang 

10 a 2 +106 2 +c 2 > 4(ab + bc + ca) . 

Bai 5. Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 + y 2 +z 2 =1. 

Tim gia tri nho nhat cua bieu thuc P = x 3 + 2y 3 + 3z 3 . 

Bai 6. Cho x,y,z la cac so thuc khong am thoa man x + y + z = 1. 


Tim gia tri nh o nhat cua bieu thuc P = x 3 


1 
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D. HlTCfNG DAN GIAI - DAP SO 
Bai 1. Cach 1: Ta can cherng minh 
10x 2 +10 y 2 +z 2 > 4 (xy + yz + zx) 

<=> 12x 2 + 12y 2 +3z 2 > 2(x + y+ z) 2 

x 2 v 2 z 2 ^ _ , s 2 

« t +Y + t - 2 ( x +y+z) 

12 12 3 

Bat dang there luon dung theo C-S, that vay 
* 2 , y 2 , z 2 ^ {x + y + zf 


J_ J_ I 

12 12 3 


1 1 1 

-1-1— 

12 12 3 


= 2 (x + y + z) 


Dang there xay ra khi va chi khi 


12 12 3 «< 
xy + yz + zx = 1 


Cach 2: Sir dung bat dang there AM-GM ta co 

2x 2 +2y 2 >4xy 


8 x 2 + —>4xz 

2 


8 y 2 + — > 4yz 

Cong theo ve ba bat dang there tren ta duoc 

10x 2 + 10y 2 +z 2 >4(xy + yz + zx) = 4. 


1 


Dang there xay ra khi va chi khi < 


= y 

i 4x = z 

< 

4 y = z 

xy + yz + zx = 1 

Bai 2. Gia ser P dat min tai x = a,y = b,z = c theo gia thiet taco a + b + c = 3. 
Ser dung bat dang there AM-GM ta co 


4 

z = — 
l 3 
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Cong theo ve 3 bat dang thuc tren ta duoc 

15 5 3 15x \5y 15z 30 20 18 

-1-1-1-1-— H->-1-1-. 

x y 3 z 5 a 2 b A c 6 a b 3 c 5 

Ta chon cac so duong a,b,c thoa man = —- = —-. 

a b c 

ia + b + c = 3 

Vay ta co he phuong trinh < i 1 \ a = b = c = \. 

W = ¥ = ¥ 


15 5 3 

Suyra P> — + 4 + 4 = 23. 
a b c 

Bai 4. Cong them vao hai ve cua bat dang thuc dai luong 2(a 2 +b 2 + c 2 j ta can 


chung minh: 12a 2 +12£> 2 +3c 2 > 2(a + £> + c)“. 

Sii dung bat dang thuc C-S ta co: 

12a 2 +\2b 2 + 3c 2 = ^ + =2 (a + b + cf. 

12 12 3 12 + 12 + 3 

Dang thuc xay ra khi va chi khi a:b:c = —: —: — <=> a = = —c . 

12 12 3 4 


Bai 6. Phan tich tim diem roi 

Bieu thuc cua P doi xung vdi x,y nen dau bang xay ra tai x = y = a,z = b. Khi 
do theo dieu kien ta co: 2a+b = \ . 

Khi do ap dung bat dang thuc AM-GM ta duoc: 
b 2 (a 3 + a 3 + x 3 ) > 3 a 2 b 2 x 
b 2 (a 3 + a 3 + y 3 ) > 3 a 2 b 2 y 
a 2 (b 3 +b 3 +z 3 )>3a 2 b 2 z 
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Cong theo ve 3 bat dang there tren ta duoc: 
b 2 (x 3 + y 3 ) + fl 2 z 3 + 4a 3 b 2 + 2a 2 b 3 > 3a 2 b 2 (x + y + z) = 3 a 2 b 2 

=> b 2 (x 3 + y 3 ) + a 2 z 3 > 3a b 2 - 4a 3 b 2 - 2a 2 b 3 (1) 

Ta chon a,b khong am sao cho: <=> b 2 = 2 a 2 . 


Ta co he phuong trinh: 


\b 2 = 2 a 2 a = 


2-V2 


[2a+ b = 1 


[b = yj2-1 

Lai giai. 

Thay a,b vao bat dang there (1) ta duoc: 

Dang there xay ra khi va chi khi x = y= ^ , z = \[2 - 1. 

Cach 2: Day la dang toan quen thuoc ser dung ti nh don dieu ham so. 

Ta co: 

P = (x + yf -3xy(x + y) + ^z 3 >(x + yf -^(x + yf(x + y) + ^z 3 

=>/( z ) = ^( 1_z ) 3+ | z3 

Xet ham so f (z) = ^-(1 - z) 3 + -^-z 3 lien tuc tren doan [0; l] ta co: 
f'(z) = -^(l-zf+^z 2 ;f\z) = 0 < zs[0;1] > z = V2-1. 

Ta co f (z) doi dau ter am sang duong khi di qua z = V2 -1 nen f(z) dat cue tieu 


tai z = V2 -1 hay P > f(z) > f (yjl - 1): 


3-2V2 


Vay gia tri nho nhat cua P bang---dat tai x = y = —-—, z = V2 -1. 


2 
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CHU DE 7: bAtdAnG THUCHOLDER VA UNGDUNG 

A. NOI DUNG PHlTONG PHAP 

Dual day toi trinh bay bat dang thuc Holder cho 3 day so moi day gom 3 so ducmg. 

Cho a, b, c, x, y, z, m, n, p la cac so thuc duong ta co 

a 3 +b 3 +c 3 )(x 3 + y 3 + z 3 ^m 3 + n 3 + p 3 ^>[axm + byn + czp) 3 . 

Chung minh. Sir dung bat dang thuc AM - GM ta co 

a 3 x 3 m 3 

a 3 +Z ,3 +c 3 + x 3 +;; 3 +z 3 + OT 3 +n 3 +;7 3 


3 axm 



Cong lai theo ve 3 bat dang thuc tren ta co dieu phai chung minh. 
He qua 1. Cho a,b,c la cac s6 thuc duong ta co 

(l + a)(l + Z?)(l + c)>^l + \/aZ?cj . 

B. BAI TAP MAU 

Bai 1. Chung mi nh voi moi a,b,c la cac so thuc duong ta co 

2{a 2 + l)(z> 2 +l)(c 2 + l)>(a + l)(Z> + l)(c + l)(aZ>c + l). 
Lai giai 

Nhan xet. Voi a = b = c bat dang thuc trb thanh 

2{a 2 +lj >(a 3 +lj(a + l) 3 o(a-l) 4 ^a 2 + a + 1 j>0(luondung). 
Vay ta co 
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2(a 2 +l) 3 >(a + l) 3 (a 3 +l) 

2[b 2 +lj 3 >(Z> + l) 3 (z> 3 +l) 

2(c 2 +l) 3 >(c + l) 3 (c 3 +l) 

Nhan theo ve 3 bat dang there tren ta dupe 

8(a 2 +1) 3 ( b 2 +1) 3 (c 2 +1) 3 > (a +1) 3 (b +1) 3 (c + 1) 3 (a 3 +1)(z> 3 +1)(c 3 +1). 
Vay ta chi can chung minh (a 3 +1) (& 3 +1) (c 3 +1) > (l + abcf. 

Day chlnh la bat dang there Holder. Bat dang there duoc chung minh dang there 
xay ra khi va chi khi a = b = c = 1. 

Bai 2. Chung mi nh voi moi a,b,c la cac so there duong ta co 

a + b + c > ^ 

^2b 2 +2c 2 - a 2 ^2c 2 + 2a 2 -b 2 ^2a 2 + 2b 2 -c 2 

Ldi giai 

Goi P la bieu thiic ve trai va dat 

S = a (2b 2 + 2c 1 - a 2 ) + b(2c 2 + 2a 2 - b 2 ) + c(2a 2 + 2 b 2 - c 2 ). 

Sir dung bat dang there Holder ta co P.P.S >(a + b + cf => P 2 > —— ^ °^ . 
Vay ta chung minh 

(a + b + cf ^ 

o (a + b + cf > 3[a(2Z> 2 + 2c 2 - a 2 ) + b (2c 2 + 2a 2 -b 2 ) +c(2a 2 + 2b 2 -c 2 )] 
•»4(a 3 +b 3 +c 3 j + 6aZ)c>4[aZ?(a + i) + Z?c(Zi + c) + ca(c + a)] 

Chuy a 3 +Z> 3 +c 3 + 3 abc>ab(a + b) + bc(b + c) + ca(c + a) 
a 3 + b 3 + c 3 > 3 abc 

Cong theo ve 2 bat dang there tren ta co dieu phai chung minh. Dang there xay ra 
khi va chi khi a = b = c. 

Bai 3. Cho a,b,c la do dai 3 canh mot tam giac thoa man dieu kien 
a 2 +b 2 +c 2 = 3 . 

Chung minh rang . a - + . ^ + . C > 3. 

yb + c-a yjc + a-b 'Ja + b-c 
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Ldi giai 

Goi P labieu thiic ve trai va dat S - a(b + c-a) + b(c + a -b)+c(a + b-c). 
Sir dung bat dang thiic Holder ta co P.P.S > (a + b + cf . 

Vay ta can chiing minb (a + b + cf > 9S 
<z>(a + b + cf >9[2(aZ? + Z)c + ca)-3]. 

Dat x = a + b + c,[x€^yj 3;3jjtaco 2 (ab + be + ca) = x 2 - 3 ta can chung minh 

x 3 >9(x 2 -6)^(x-3)(x 2 -6x-18)>0,Vxe[V3;3], 

Bat dang thiic dupe chung minh. Dang thiic xay ra khi va chi khi a - b = c = 1. 
Bai 4. Cho a,b,c la cac so thuc duong co tich bang 1. 

Chung mi nh rang .—*+=— C = ^ 1 • 

yb+c+l yjc + a + 1 -ia + b + 1 

Ldi giai 

Goi P labieu thiic ve trai va dat S - a (b + c + 7) + b(c + a + 7) + c(a + b + 7). 

Sii dung bat dang thiic Holder ta co P.P.S >(a + b + cf. 

Vay ta can chiing minh (a + b + cf > S 

o (a + b + cf >2(ab + bc + ca) + l(a + b + c). 

, (a + b + cf 

Taco ab + bc + ca<- -—. 

3 

Vay ta chiing minh (a + b + cf > ^(a+b + cf +l(a + b + c ) 

<s>3(a + b + cf -2(a + b + c)-21>0 
<z>(a + b + c-3ffh(a + b + c) + l~^>Q 

Bat dang thiic cuoi luon dung do a + b + c> 3 Ifabc = 3. 

Bat dang thiic dupe chiing minh. Dang thiic xay ra khi va chi khi a-b = c = 1. 
Bai 5. Cho x,y,z la do dai 3 canh mot tarn giac. 

1 1 1 _ x + y + z 

Chung minh rang + =- + > — ' . 

yjx + y-z yjy + z-x yjz + x-y y jxyz 

Ldi giai 

Goi P la bieu thiic ve trai va dat S - x 3 (y + z - x) + y 3 (z + x - y ) + z 3 (x + y - z). 
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Su dung bat dang thuc Holder ta co P.P.S >{x + y + zf 


Vay ta can chung minh 


(x + y + z) J x + y + 


x + y + z 
'xyz 


o xyz(x + y + z)>x 3 (y + z-x) + y 3 (z +'jc--y ) + z 3 (x + y-z) 

<=> jc 4 +y 4 +z 4 + xyz(x + y + z)>xy(x 2 + y 2 J + yz(y 2 +z 2 J + zx(z 2 +x 2 J 

Bat dang thuc cu6i luon dung(xem them chu de bien d6i tuong duong). 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi x = y = z . 
Bai 6. Cho a,b,c la cac so thuc khong am thoa man ab + bc + ca> 0. 

~b~ 


Chung minh rang -+ 

\b + c 


L&i gidi 

Nhan xet. Bat dang thuc tren da duoc chung minh don gian bang bat dang thuc 
AM - GM dudi day ta tiep can bai toan theo bat dang thuc Holder. 

Goi P la bieu thuc ve trai va dat S = a 2 (b + c) + b 2 (c + a) + c 2 (a + b). 

Su dung bdt dang thuc Holder ta co P.P.S >{a + b + cf . 


Vay ta can chung minh (a + b + cf > 45" 

<z> a 3 +b 3 +c 3 + 6 abc> ab(a + b) + bc(b + c) + ca(c + a) 

Bat dang thuc cuoi luon dung do 
a 3 +b 3 +c 3 +3 abc > ab(a + b) + bc(b + c) + ca(c + a) 

3 abc > 0 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi co 1 so bang 0 
va 2 so con lai bang nhau. 

Bai 7. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 +c 2 =a + b + c. 
Chung mi nh rang a 2 b 2 + b 2 c 2 + c 2 a 2 <ab + bc + ca . 

Loi gidi 

Ta co 

{a 2 +b 2 +c 2 ) -{a + b + cf 

2 (ab + bc + ca-a 2 b 2 -b 2 c 2 -c 2 a 2 J = a 4 +b 4 + c 4 - a 2 - b 2 - c 2 


Vay ta chung minh a 4 + b 4 + c 4 > a 2 + b 2 + c 2 . 
Su dung bat dang thuc Holder ta co 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


{a + b + cf{a 4 + b 4 + c 4 ^>[a 2 +b 2 +c 2 ) => a 4 + b 4 +c 4 > a 2 +b 2 + c 2 . 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c- 1. 
Bai 8. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 +b 2 +c 2 - 3 . 


Chung mi nh rang 


r^~, i 

rp~, 1 

1 a 3 +2bc V 

b 3 + 2ca V 


>V3. 


Lai giai 

Goi P labieu thuc ve trai va dat S = a[a 3 + 2bc^ + b[b 3 +2caJ + c[c 3 +2ab^j. 

Su dung bdt dang thuc Holder ta co P 2 S >{a 2 +b 2 +c 2 ^ =21. 

Vay ta chi can chung minh 

a^a 3 +2 bc^ + b[b 3 + 2ca) + c(c 3 + 2ab^<9 

<=> a 4 + Z> 4 + c 4 + babe < [a 2 +b 2 + c 2 j 

<=> a 2 b 2 + b 2 c 2 + c 2 a 2 > 3>abc 
Bat dang thuc cuoi dung bbi vi theo AM - GM ta co 

a 2 b 2 + b 2 c 2 + c 2 a 2 > 3a 2 b 2 c 2 [a 2 +b 2 +c 2 ^ = 3abc. 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 


C. BAI TAP REN LUYEN 

Bai 1. Chung minh voi mpi a,b,c la cac so thuc duong ta co 
3(a 3 + b 3 +c 3 ) 2 >(a 2 +b 2 +c 2 ^. 
Bai 2. Cho a,b,c la cac so thuc duong co tong bang 1. 


Chung minh rang - 


a + b V 2 


yjb + c y/c + a \ja + b 
Bai 3. Chung minh voi mgi a,b,c la cac so thuc duong ta co 
a + b + c 
\la 2 +8 be \lb 2 +8 ca \lc 2 +8 ab 

Bai 4. Cho a,b,c la cac so thuc duong co tlch bang 1. 

b 


> 1 . 


Chung mi nh rang - 


■Jb 2 +c 2 +7 *Jc 2 + a 2 + 7 yja 2 +b 2 +7 
Bai 5. Cho a,b,c la cac so thuc khong am co tong bang 3. 
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Chung minh rang 


1 + b + bc V1 + c + ca 


V 1 + a + ab 


V3. 


Bai 6. Cho a,b,c la cac so thuc duong chung minh rang 

(a 5 -a 2 +3)(Z> 5 -b 2 +3)(c 5 -c 2 +3 )>(a + b + cf. 

Bai 7. Cho x,y,z la cac so thuc duong thoa man dieu kien x + y + z = xy + yz + zx. 

Chung minh rSng (x + y + z)^ x+ z) >27. 

Bai 8. Cho a,b,c la cac so thuc dudng cd/tong^ang 3. 

Chung minh rang \fa +yfb +yfc>ab + bc + ca . 

Bai 9. Cho x,y,z la cac so thuc duong. 

2 2 2 n 4 4" 

, i * z z x q +z 4 

Chung mmh rang — + ——l-> 3?---. 

y z x \ 3 

Bai 10. Cho a,b,c la cac so thuc duong. Chung minh rang 

(l + a 3 ) (l + b 3, ) (l + c 3 ) > (l + ab 2 ^{\ + be 2 ) (l + ca 2 ). 

Bai 11. Cho a,b,c,x,y,z la cac so thuc duong. Chung minh 
a 3 b 3 c 3 (a + 6 + c) 3 

x y z 3(x + y + z) 

Bai 12. Cho a,b,c la cac s6 thuc duong. 


Chung minh rang--—— +--—- +--—- > ——---. 

(1 + a) (1 + 6) (l + c) 4(1 + abc) 

Bai 13. Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 
a b c 

+ ,/ + ? I & 1 ■ 

ZJa + 2b ylb + 2c yjc + 2a 
Bai 14. Cho a,b,c la cac so thuc duong. Chung minh 

9(a 4 + l)(i 4 + l)(c 4 +1) > 8(a Vc 2 + abc +1) 2 . 

Bai 15. Cho a,b,c la cac so thuc duong. Chung minh 

la + b lb + c lc + a , \ I a + b + c 

+ + ( “ ^3 (a + b){b + c)(c + a 

Bai 16. Cho a,b,c la cac so thuc duong. Chung minh 

a b c ^ 27 


(b + cy (a + c ) (a + b) 8 (a+b + c) 
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Bai 17. Cho a,b,c la cac so thuc duong. Chung minh 

I (a + bf | (b + cf I (c + af 

- v i -1- — — v i ’ -1- — — v | ' — : 

8ab(4a + 4b + c) 8bc(4b + 4c + a) ]j8ca(4b + 4a + b) 
Bai 18. Cho a,b,f la cac so thuc khong am. Chung minh \ 


J(b + c) 2 +5c 2 \j(c + a) 2 +5a 2 xj^a + b) 2 + 5b 2 
Bai 19. Cho a,b^j la cac so t here di m ng thoa man d ieu ^de n ab + bc + ca- 1. 

Chung minh rang abc\ 3/6 a + - + 3 6b + — + 3 6c + — < 1. 

yV c V a \ b J 

Bai 20. Cho a,b,c la cac so thuc duong thoa man dieu kien 

a 3 + b 3 + c 3 = a 4 + b 4 + c 4 . 


Chung minh rang - 


a 1 + Zr + cr a 5 + Zr + <r 


Bai 21. Cho a,b,c la cac so thuc duong thoa man dieu kien 


Chung minh ring l]la 2 b + l +1jlb 2 c + \ +1llc 2 a + \ <2(a + b + c) . 
Bai 22. Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 


(a + 1) (b + l) (c + 1) 


+1 > — [ab + be + ca ), 


D. HirdNG DAN GIAI - DAP SO 

Bai 1. Sir dung bat dang thuc Holder ta co 

3(J + i? + Sf-ii + i + i)(M + Sf*(S + * + Sl 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a-b = c . 

Bai 2. Goi P labilu thuc vd trai va dat S = a(b + c) + b(c + a) + c(a + b). 

Su dung bat dang thuc Holder ta co P.P.S >(a + b + cf - 1. 

Mat khac S = 2(ab + be + ca) <^(a + b + c) 2 = ^=> P> . 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b-c = -^. 
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Bai 3. Goi P la bieu thuc ve trai va dat 

S -a(a 2 + 8 bc^ + b(b 2 +8caj + c(c 2 + 8 ab^j. 

Sir dung bat dang thuc Holder ta co P.P.S > (a + b + cf 
Vay ta can chung minh (a + b + cf > S 
<c>(a + b + cf >a(^a 2 + 8 bc^ + b(b 2 + 8 ca'j + c^c 2 + 8 ab^j 
«• (a + b)(b + c)(c + a)>Sabc 

Bat dang thuc hien nhien dung theo AM - GM. Dang thuc xay ra khi va chi khi 
a=b=c. 

Bai 4. Goi P la bieu thuc ve trai va dat 

S = ^« 2 + 7) + i,p + . 2 + 7) + C (^ + 4 2 + 7). 


Su dung bdt dang thuc Holder ta co P.P.S > (a + b + cf . 


Vay ta can chung minh (a + b + cf > S 

<=> (a + b + cf >7 (a +b + c) + ab(a +b) + bc(b + c) + ca(c + a) 

<^>(a + b + cf >1 (a +b + c) + (a + b + c)(ab + bc + ca ) - 3 abc 
<=> (a + b + cf >1 (a + b + c) + (a + b + c)(ab + bc + ca)-3 
Luon dung. Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi 
a = b = c = 1 . 


Bai 5. Goi P la bieu thuc ve trai va dat 

S -a(\ + b + bc) + b(\ + c + ca) + c(\ + a + ab). 


Su dung bat dang thuc Holder ta co P.P.S > a 3 +b 3 + c 3 


( 2 2 2V 

Vay ta can chung minh a 3 +b 3 +c 3 >3(3 + ab + bc + ca + 3abc) 

2 2f 2 2 

<=>^a 2 +3^a 3 b 3 a 3 +b 3 + 6 (aZ?c )3 >9 + 3(ab + bc + ca) + 9abc. 

2 2(2 2 

Su dung bat dang thuc AM - GM ta co 3 Z > 3 a 3 +b 3 


>2(ab + bc + ca). 
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Vay ta can chung minh ab + be + ca + 6(ahc)i >9abc. 

Bat dang thuc cuoi luon dung do 

ab + be + ca + 6[abc)3 >9[abc)3 >9abc\i abc<^ a + ^ + C ^j =1. 

Bat dang there dupe chung minh. Dang there xay ra khi va chi khi 
a = b = c = 1 hoac a = 3 ,b = c = Ova cac hoanvi. 

Bai 6. Chuy a 5 -a 2 + 3-(a 3 + 2) = (a-l) 2 (a + l)(a 2 + a + l)>0. 

Thiet lap terong ter va ta chung minh 

(a 3 +l + l)(l + Z? 3 +l)(l + l + c 3 )>(a + Z? + c) 3 . 

Day chinh la bat dang there Holder. 

Bai 7. Set dung bat dang there Holder ta co 

(x 2 +y 2 +z 2 ^(Jx + y[y + Vz) >(x + y + zf. 

, (x + y + z) 

Vay ta can chung minh -- —— > 27 

x+y+z 

o(x + y + z) 4 >2l(x + y + z)(x + y + z-2) 

<=> (x + y + zf +54> 27 (x + y + z) 
o(x + y + z-3) 2 (x + y + z + 6)>0 

Bat dang there duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z = 1. 

Bai 8. Set dung bat dang there Holder ta co 

[a 2 +b 2 +c 2 ^(4a+^[b+ 4c^ >[a + b + cf =27 . 

Vay ta can chung minh 27 > (ab + bc + ca ) 2 ^ a 2 +b 2 + c 2 j. 

Bat dang there cuoi dung theo AM - GM 

, . .21 ? o\ (2(ab + bc + ca) + a 2 +b“ 

{ab + bc + ca) (a 2 +b 2 +c 2 )< -A- 1 - 

Bat dang there duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 9. Goi P la bieu there vl trai va dat S = x 2 y 2 + y 2 z 2 + z 2 x 2 . 

Ser dung bit dang there Holder ta co P.P.S > (x 2 +y 2 +z 2 j . 

Ta can chung minh 
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i x 2 + y 2+z2 ) l x 4 +/+z 4 

*y+/z 2 +zV - v 3 

<=> (x 2 + y 2 +z 2 j > 3(x 2 y 2 + y 2 z 2 + z 2 x 2 j^3(x 4 + y 4 + z 4 ) 


Dat a = x 2 + y 1 + z 1 ,b = x 2 y 2 + _y 2 z 2 + z 2 x 2 => x 4 + y 4 + z 4 = a 2 - 2b . 

Bat dang thuc trd thanh a 3 > 3b 3 [a 2 - 2b^j 
oa 6 -lla 2 b + 54Z? 3 >0 o(a 2 -3(a^+6Z?)>0. 

Luon dung. Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi 
x=y=z . 


Bai tap tuong ty 

Chung minh x,y,z la cac so thuc duong thoa man x 4 + y 4 + z 4 = 3 ta co 

x 2 y 2 72 % 

—+—+— >3 . 

y z x 

Bai 10 . Su dung bat dang thuc Holder ta co 
(l + a 3 )(l + Z? 3 )(l + Z> 3 )>(l + aZ> 2 ) 3 
(l + Z> 3 )(l + c 3 )(l + c 3 )>(l + Z7C 2 ) 3 . 

(l + c 3 )(l + a 3 )(l + a 3 )>(l + ca 2 ) 3 

Nhan theo ve 3 bat dang thuc tren ta co dieu phai chung minh. 

Bai 11 . Su dung bat dang thuc Holder ta co 

(l + l + l)(x + y + z)|^— + — + — j>(a + Z> + c) 3 

a 3 b 3 c 3 (a + b + cf 
x y z 3(x + y + zJ 

Bat dang thuc dugc chung minh. 

Bai 12. Bat dang thuc tuong ducmg voi: 

1 + abc 1 + abc 1 + abc > 3 
(l + a) 3+ (l + Z>) 3+ (l + C ) 3 “4' 

Su dung bat dang thuc Holder ta dugc: 
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(l + aZ>c)^l + ^-j^l + —j>(l + a ) 3 


1 + abc > be 
(l + a) 3 ” (a + b)(a + c)' 


1 + abc ^ ac l + abc ^ ab 
uangtvr: {b + a){b +C y~(^f-{c + a){c + by 

Cong theo ve 3 bat dang there tren va can chiing minh 

be ac ab _ 3 

-1-1-^ — . 

(a + Z?)(a + c) (b + a)(b + c ) (c + a){c + b ) 4 


3 

o ab(a + b) + bc(b + c) + ca(c + a)> —(a + b)(b + c)(c + a). 

«• ab[a + b) + bc(b + c) + ca(c + a)> 6abc . 

Bat dang there cuoi theo AM-GM. 

Bai toan duoc chung minh dang there xay ra khi va chi khi a = b = c . 

Bai 13. Goi P la bieu thiic ve trai va dat 

S - a[a + 2b) + b(b + 2c) + c(c + 2a) = ( < a + b + cf = 1 . 

Ser dung bat dang there Holder ta co P.P.P.S > (a + + c) 4 <=> P 3 > 1 <=> P > 1. 


Bat dang there duoc chung minh dang there xay ra khi va chi khi a-b-c 
Bai 14. Voi a-b = c bat dang there trothanh 


9(a 4 +l) 3 >8(a 6 +a 3 +l) 2 



Dat x = a + —, (x > 2) bat dang there tro thanh 

9(x 2 - 2) 3 > 8(x 3 - 3x +1) 2 (x - 2) 2 (x(x 3 - 8) + 4(x 3 - 5) + 6x 2 ) > 0. 

Bat dang there luon dung vdi x > 2 . 

Ap dung taco 9^a 4 +lj >8^a 6 +a 3 +lj 
9(Z7 4 +l) 3 >8(Z7 6 +Zi 3 +l) 2 

9(c 4 +l) 3 >8(c 6 +c 3 +l) 2 
Nhan theo ve 3 bat dang there tren ta duoc 


1 _ 

3 ‘ 
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9 3 (a 4 +1) 3 ( b 4 + 1) 3 (c 4 +1) 3 > 8 3 (a 6 + a 3 +1) 2 ( b 6 + b 3 + 1) 2 (c 6 + c 3 +1) 2 . 

Mat khac theo bat dang thiic Holder ta co 

(a 6 + a 3 +1)( b 6 + b 3 + 1)(c 6 + c 3 +1) > ( a 2 b 2 c 2 + abc + 1) 3 . 

Tir do ta co dieu phai chiing minh. 

Dang thiic xay ra khi va chi khi a = b = c- 1. 

Bai 15. Goi P la biiu thiic vd trai vadat S = c(a + b) 2 + b(c + af +a(b + cf. 

Sir dung bat dang thiic Holder ta co P.P.S >(a + b + b + c + c + af=8(a + b + cf. 
Vay ta can chiing minh 

8 (a + b + cf 16(a + Z? + c) 3 

a(b + cf+b(c + af+c(a + bf ”3 (a + b)(b + c)(c + a) 

<^> 3 (a + b)(b + c)(c + a) >2^a{b + cf +b(c + af +c(a + bf J 
<^(a + b + c)(ab + bc + ca) > 9abc 
Luon dung theo AM - GM. 

Bai 16. Goi P la bieu thiic ve trai va dat S = a + b + c. 

Sii dung bat dang thiic Holder ta co 

P.S.S>{— + — +—) >f-l => P> -—- T . 

yb + c c + a a + bj \2J 8 (a + b + c) 

Bat dang thiic dupe chiing minh. Dang thiic xay ra khi va chi khi a-b = c . 

Bai 17. Goi P la bieu thiic ve trai va dat 

S = Sab [4a +4Z? + c) + 8Z?c(4Z> + 4c + a) + 8ca(4c + 4a + b) 

-32 (a + b + c)(ab + be + ca) - 12abc 
Sii dung bat dang thiic Holder ta co 
P.P.S>[a + b + b + c + c + af =8 [a + b + cf. 

Vay ta chiing minh 8(a + i + c) 3 >»S' 

8(a + b + c) 3 > 32(a + b + c)[ab + bc + ca) - 12abc 
<^>[a + b + cf +9abc>4[a + b + c)[ab + bc + ca) 

Day chinh la bat dang thiic Schur bac 3. Bat dang thiic dupe chiing minh. Dang 
thiic xay ra khi va chi khi a = b = c . 

Bai 18. Goi P la bieu thiic ve trai va dat 
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S = a\(b + cf +5c 2 J + Z?|^(c + a) 2 + 5a 2 J + c|^(a + bf +5b 2 J. 

Sir dung bat dang thiic Holder ta co P 2 .S > [a+b + cf. 

Vay ta can chiing minh 

(<a + b + cf >a^[b + cf +5c 2 J + Z?|^(c + a) 2 + 5a 2 J + c|^(a + Z>) 2 +5Z? 2 J 
<=> a[a-bf + b[b-cf + c[c-af >0 

Bat dang thiic cuoi luon dung ta co dpcm. Dang thiic xay ra khi va chi khi 
a=b=c. 

Bai 19. Sii dung bat dang thiic Holder ta co 

^6a-t-^- + + ^6^+^ =g ^j—[6ab + l) + ^[6bc + l) + ^j—[6ca +l) 

<M- + - + -\(6ab + l + 6bc + l + 6ca + l)=-ff=< — 

V U b cP ’ Pate ate 

Vi theo AM - GM ta co abc < ^ ab + ^ c + cc ^ = _L. 

Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a- b = c = —j=. 

V3 

Bai 20. Sii dung bat dang thiic C -S ta co 
abc 

a 2 + b 2 + c 2 
a 3 + ab 3 + ac 3 a i b + b 3 + be? ca 3 + cb 3 + c 3 
(a + b + cf 

~ a 3 + b 3 + c 3 + ab[a 2 + b 2 ^ + bc[b 2 + c 2 ^j + ca[c 2 + a 2 j 
(i a + b + cf 

a 4 + b 4 +c 4 + ab[a 2 + b 2 ^ + bc[b 2 + c 2 ) + ca(c 2 +a 2 ) 

[a+b+cf _ a+b+c 

[a + b + c)[a 3 + b 3 +c 3 j a 3 +b 3 +c 3 

Ta chiing minh a + b + c > a 3 + b 3 + c 3 

<^>[a + b + c)(a 4 +b 4 +c 4 ^ >{a 3 +b 3 +c 3 ^ 

Dung theo bat dang thiic Holder. 
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Bai 21. oi P la bieu thuc ve trai sir dung bat dang thuc Holder ta co 

7a 2 b + l 7b 2 c + \ 7c 2 a + lY , . 2 ot u \3 

- 2 — +-j— + -2— \(a + b + C) =%ya + b + c) 

a b c ) 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a - b = c = 1. 
Bai 22. Su dung bat dang thuc Holder ta co 

a + b + c > (a + b + cf _ 1 

(a + \f (Z> + l) 2 (c + 1) 2 ~~ (a(a + \) + b{b + \) + c(c + \)) 2 (/ +1) 2 ' 

Voi t - a 2 + b 2 + c 2 > j(a + b + cf - j . 

Dat p-a + b + c-V.q-ab + bc + ca-— -- = -— -,r = abc . 

2 2 

Mat khac theo bat dang thuc Schur bac ba ta co 
abc>(a + b-c)(b + c-a)(c + a- b) 


> abc > (l - 2a)(l - 2b)(\ - 2c) =>9r +1 - 4# > 0 <=> r> 


Aq- \ _ \-2t • 


Vay ta chi can chung minh 

4. ——.— l — + 1 > — (1 - 1) « (3 1 - 1)(39 1 2 + 76t +13) > 0. 
9 (, + i) 2 V > 


Bat dang thuc cuoi dung ta co dpcm. Dang thuc xay ra khi va chi khi a-b = c- — . 

CHU DE 8: KYTHUATSUDUNGbAtdAnGTHUCCHEBYSHEV 


A. NOI DUNG PHlTONG PHAP 

1. Bat dang thirc Chebyshev voi hai day don dieu cung chieu 

{ a l >a 2 >...>a n f a l <a 2 <...<a n 

hoac i thitaco 

>...>b n ' [b l <b 2 <...<b n 

+a 2 b 2 +... + a n b n )>{a 1 +a 2 + ... + a n )(b x +b 2 + ... + b n ). 


Dang thuc xay ra khi va chi khi 


a, -a 7 - 


b\ — b 2 — ,.. — b n ' 


Chieng minh. Ta co dang thuc 
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n{a l b l +a 2 b 2 + ... + a n b n )-(a l + a 2 +... + a n ){b l +b 2 +... + b n )~ ^ -aj -^j>0. 

1 <i*j 

Vi (a,- -cij^bj -bj^>0,\/i,j= l,n. 

2. Bat dang thirc Chebyshev voi hai day dan dieu nguoc chieu 


>a 2 >...>a n ^ 
b x <b 2 <...<b n 


I a x < a 2 <... < a n 
[A >b 2 >... > b n 


n[a x b x +a 2 b 2 +... + a n b n )<(a x +a 2 + ... + a n )(b x +b 2 +... + b n ). 

[a r =a 7 =... = a„ 


Dang there xay ra khi va chi khi 


h =b 2 =... = b„ 


Chiing minh tuang tu cho day don dieu cung chieu. 

Bat dang there Chebyshev dugc ap dung cho cac bat dang thiic doi xung ba 
bien va bai toan dugc giai theo each nay kha don gian. 

B. BAI TAP MAU 

Bai 1 . Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 = 1 . 
b 3 c 3 i 
b+c a+c a+b 2 

Lai giai 

Do a,b,c doi xung, khong mat tinh tong quat gia ser a> b > c 
a 2 >b 2 >c 2 

2 b c ttic la hai day don dieu cung chieu. 

I b + c a + c a + b 
Ap dung bat dang there Chebyshev ta co : 


Chung minh rang - 


2 a 


c > a +b +c | a + b + c j > 1 3 _ 1 
b+c a+c a+b) 32 2 

J_ 


b+c a+c a+b 3 

Bat dang there dugc chung minh. Dau bang xay ra khi a = b = c= 
Chu y. Ta co the chung minh bang C -S 

,3 3 (a 2 +b 2 +c 2 ) 2 


b + c a+c a + b a(Z? + c) + Z>(c + a) + c(a + &) 

*_I_>_I_.1 

2 (ab + bc + ca) i^a 2 +b 2 +c 2 ) 2 
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Bai 2. Chung minh vdi moi so thuc duong x,y,z ta co 

1 1 1 ^ x+y+z 3 

- 1 - 1 -<- 1 — -- . 

x + y y + z z + x xy + yz + x 2 (x + y + z) 


Lai giai 

Bat dang thuc da cho tuong duong voi: 


(xy + yz + zx)| —-— + —-— + —-—| <x+y+z+ 
yx + y y+z z+x) 

v y* 1 (xy + yz + zx) 

x + y y + z z + x 2 (x + y + z) 


3 [xy + yz + zx) 
2 (x + y + z) 


«[(x + y) + (y + z) + (z + x)]. 
Khong mit tinh tong quat gia sir 


11 1111 

—+— —+— - + — 

x y y z z x 


<3 (xy + yz + zx) 


—+— —+ — -+ — 

x y x z z y 

Su dung bat dang thuc cho hai day don dieu cung chieu tren ta co ngay dieu 
phai chung minh. 

Bat dang thuc xay ra khi va chi khi x = y = z. 

Bai 3. Cho x,y,z la cac so thuc co tong bang 1. Chung minh 
x + y + z < 9 
x 2 +l y 2 +1 z 2 + l 10 


L&i giai 

Trade het chuyen bai toan ve danh gia vdi cac so duong 
X y z |x| m. H 

Nen ta chi can chung minh bat dang thuc trong trudng hop ca ba so deu khong am. 
Vi bat dang thuc doi xung vdi ba bien nen khong mat tinh tong quat gia su 
x> y > zkhi do 


x 2 +1 > y z +1 > z^ +1;—- >^f— >— -. 

x 2 +l y 2 +1 z 2 + 1 

That vay ta chi can chung minh 

X > y o xy 2 + x>x 2 y + y <^>(x-y)(l-xy)>0 . 
x +1 y +1 
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Bat dang thuc dung do x-y>0;l-xy>l-|^ 
Vay ta co hai day don dieu cung chieu 


lx + l;y+ l;z+ 1 ; 


, x +1 y 2 +1 z +1 J 


Ap dung bat dang thuc Chebyshev ta co 


^ * . y . * „ 3(x + y + z) 

x 2 +l /+! z 2 + rx 2 + y 2 +z 2 + 3 

, 3(x + y + z) 9 222 

Vay ta chung minh --— - - 1 — < — ox + y~ + z 

x 2 + y 2 +z 2 +3 10 


Bat dang thuc dung vi x 2 + _y 2 + z 2 > —(x + y + z) 2 = — . 

Bai toan duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z = j. 

Bai 3. Cho a,b,c la cac so thuc duong thoaman dieu kien a + b + c> — + — + —. 

a b c 

Chung minh rdng 2[a + b + c)> \Ja 2 + 3 + *Jb 2 +3 + Vc 2 +3 . 

Lai giai 

Bat dang thuc da cho tuong ducmg voi 
[2a-Ja^) + (2b-'Il>^) + (2c-ylc 2 +3)>0 


2a + ya 2 +3 2b + ^b 2 +3 2c + s]c 2 +3 


Chu y dieu kien a+b + c> — + — + — <= 
a b c 

Nen ta bien doi bat dang thuc ve dang 


a -1 o-l e — 1^ 


2 YV 2+ i + ¥ 2+ i + 7 


>o. 
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Khong mat tinh tong quat gia su a>b>c , khi do 
1 1 1 


2+ f? 1+ H 2+ f7 

q 2 -1 ^ b 2 -1 ^ c 2 -1 
a b c 

Khi do su dung bat dang thuc Chebyshev ta co 

q 2 -1 b 2 -1 c 2 -l 

q , b , c 
3 


2+1 + 


2 +Jin —y 2 + 4 1 1h— 
b 



1 

1 

i 

iy a b c J 



2+ Fj, 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a - b = c - 1. 

Bai tap tuong tu 

Cho n s6 thuc duong thoaman dieukien a x +a 2 +... + a n > —+ — + ... + —. 

qj q 2 q„ 

Chung minh rang 2 (a l +a 2 +... + a n )> yjaf^-3 + +3 +... + -^/q 2 +3 . 

Bai 4. Cho x,y,z la cac so thuc duong. Chung minh 

j x + y | l y + z j z + x yf6(x + y + z) 

V z \ x \ y Jxy + yz + zx 

Lfri giai 

lx + y ly + z jz + x _ x + y x + z y + z 


Taco ^ 

Khong mat tinh tong quat gia sit 

x + y 


yjz{x + y) jy(x + z) N \x{y + z ) 
y>x + z 

y+z 


V z ( x + t) Jy(x + z) yjx(y + z) 

y jz(x + y)<Jy(z + x)< y lx(y + z) 


Khi do su dung bat dang thuc Chebyshev cho hai day don dieu nguoc chieu nen 
ta co 
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Jz(x + y) + y(z + x) + ^x(y + z) j 


jz(x+y) ^y(x+z) ; x(y + z) J 

> 3(x + y + x + z + y + z) = (j(x + y + z) J 
Ket hop/ sir dung batilang thuc C\/-S ta co 

6(x + y+ z) 


Jz{x + y) Jy{x + z) Jx(y + z) ^z(x + y)+^/y(z + x)+^/x(y + z) 
^ 6(x + y + z) V6(x + jv + z) 

^6 (xy + yz + zx) Jxy + yz + zx 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y = z. 

Bai tap tuong tu 

Chung minh rang vdi moi x,y,z duong ta co 


im 




8 (x + y + zf 


~ (x + y)(y + z)(z + x)' 

Bai 5. Cho a,b,c la cac so thuc khong am chung minh 

3 (a + b + c)>^la 2 +8 be + \lb 2 +8 ca + \lc 2 +8 ab . 

L&i gidi 

+ Neu ton tai mot so bang 0 bat dang thuc co dang 2(x + y) > 2^2xy luon dung. 

+ Ta xet ca ba so deu duong khi do viet lai bat dang thuc duoi dang 
|3a-Vfl 2 + 8te) + |3^-V^ 2 +8ca) + |3c-Vc 2 + 8^)>0 
_ s(a 2 -bc) 8 (b 2 -ca) s(c 2 -ab) ^ 

j - j - “I” I- — U 

3a + v« 2 +%bc 3b + \]b 2 + 8ca 3c + yc 2 + Sab 

[a 1 -bc^(b + c) ^b 2 -ca^c+a) [c 2 -ab^(a + b) 

|3 a + \la 2 + %bc^(b + c) [?>b + ^Jb 2 + 8 ca j(c + a) |3c + Vc 2 + 8ab j(a + 6) 

Chuy ( a 2 -bc^{b + c) + [b 2 -caj(c + a) + ^c 2 -ab^(a + b) = 0. 

Do vay su dung bat dang thuc Chebyshev ta chi can chung minh hai day sau 
don dieu nguoc chieu 

^a 2 -bc^(b + c),{b 2 -caj(c + a),(c 2 -ab^a + b) 
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Khong mat tinh tong quat gia su a>b>c ta co 
(a 2 -bc^(b + c)-[b 2 -ca^(c + a) = {a-b)(c 2 + ab + bc + caj >0 
[b 2 -caj(c + a)-^c 2 -ab^a + b) = {b-c)[a 2 + ab + bc + caj >0 
Va [la + 'Ja 2 + Sbc^(b + c)<^3b + yJb 2 +8ca j( c + a) 

<=> 3 c(a - b) + (b + c)^la 2 +8 be -( c + a )\lb 2 +8ca< 0 

(b + c'fia 2 +8 6c) -(c + a) 2 [b 2 + 8ca) 

^3c{a-b) + - - > y - ’y ’ <0 

(.b + c)\la 2 +8 be + (c + a)yb 2 +8 ca 


<z> 3 c(a-b) 


^ 8(a 2 +6 2 +c 2 ) + 6a6 + 15c(a + 6) 

(.b + c)\la 2 +8 be +(c + a)yjb 2 + 8ca J 
Bat dang thuc cuoi dung vi 
Va 2 +8 be <a + b + c;yjb 2 +8 ca <a + b + c 

=> (6 + c)V« 2 +8 be +(c + a)^Jb 2 +8 ca < (a + b + c)(a + b + 2c) 

<8^a 2 +b 2 + c 2 ^ + 6ab + \5c(a + b) 
Bat dang thuc duoc chung minh. Dang there xay ra khi va chi khi a = b = c. 

C. BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c< 3 abc. 

Chung minh rang —-— + —-— + —-— < 1. 

l + 26c l + 2ca l + 2a6 

Bai 2. Cho cac so thuc a,b,c> 1 thoa man dieu kien —-— + —-— + —-— = 1. 

' a 2 -1 b 2 -1 c 2 -l 

Chung minh rang —-— + —— + —'— < 1. 

a +1 b +1 c +1 

Bai 3. Cho x,y,z la cac so thuc duong co tong bang 1. Chung minh 

x y z 27 


xyz + x 2 +1 xyz + y 2 +1 xyz + z 2 +1 31 


Bai 4. Cho a,b,c la cac so thuc duong thoa man dieu kien ab + bc + ca = 3 . 

1113 


Chung minh rang 


l + a 2 (6 + c) 1+ 6 2 (c + a) l + c 2 (a + 6) l + 2a6c 
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Bai 5. Cho x,y,z la cac so thuc duong. Chung minh 


. 16x , 16 y L 16 z 

1 +-+ ,1 +—— + jl +->9. 

y+z V z+x 


D. HUONG DAN GIAI - DAP AN 

Bai 1. Bat dang thuc da cho tuong ducmg voi 
a b 


-< 1 . 


a + 2abc b + 2 abc c + 2 abc 
Khong mat tlnh t6ng quat gia sir a>b> c. Khi do ta co 
a + 2 abc >b + 2 abc >c + 2 abc 

_L_ >-i—> 1 => a - > b - > c - 

1 + 2 be 1 + 2 ca 1 + 2 ab a + 2 abc b + 2 abc c + 2 abc 

Su dung bat dang thuc Chebyshev cho hai day don dieu cung chieu 
b c ^ 


[a + 2 abc;b + 2 abc;c + 2 abc)-\ 


a+ 2 abc b+ 2 abc c+ 2 abc) 


taco 


3 (a + b + c)>(a + b + c + 6 abc){^ -^ 


-<1 


+ 2 abc b + 2 abc c + 2 abc) 

a b c 3 (a + b + c) 

=>-1-1-^ - _ 

a + 2abc b + 2abc c + 2abc a + b + c + 6abc 

Bdi vi a + b + c < 3 abc. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a - 

Bai tap tuong tir 

1 1 

1 + 2 be 1 + 2 ca 14 

Chung minh rang a+ b + c> 3abc. 

Bai 2. Bat dang thuc da cho tuong duong voi 

1 11 11 1 ..I*.,, a-2 b-2 c-2 ^ 


Cho a,b,c la cac so thuc duong thoa man dieu kien - 


- + --— + --^—>0^ 

3 a +1 3 b +1 3 c+1 

Chu y dieu kien duoc viet lai thanh 


a +1 b +1 c + 1 


-> 0 . 


_1_ ]_ _J_1_ 

2^1 3 3 4 


.2 


= 0 


4-i2“ 4-b 4 -c‘ 

a 1 -1 b 2 -1 c 2 -l 

>a-2 a + 2 + b-2 b + 2 + c-2 c + 2 _ 
a +1 a -1 b +1 b -1 c + 1 c-1 


b = c = 1. 

t-M. 

■2 ab 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Khong mat tinh tong quat a>b>c = 


f a - 2 > b - 2 > c - 2 
I a +1 b +1 c + 1 
)a + 2 < b + 2 < c + 2 
la-1 _ b- 1 _ c- 1 
Sir dung bat dang thuc Chebyshev cho hai day don dieu nguoc chieu tren ta co 
ngay dpcm. 

Bat dang there duoc chiing minh. Dang there xay ra khi va chi khi a = b = c - 2 . 
Tong quat cho n so thuc a l ,a 2 ,...,a n >1 thoa man dieu kien 
1 1 1 


1 #2 1 


at -1 


- = 1 . 


Chung minh rang —-— + —-— +... + —-— < \Jn + 1 -1 . 
a x +1 a x +1 a n +1 

Bai 3. Khong mat tinh tong quat gia sir 

\xyz + x 2 + \>xyz + y 2 +1 >xyz + z z +1 

x>y >z=^> 


[xyz + x 2 +l xyz + y 2 +l xyz + z 2 +l 
Sir dung bat dang thiic Chebyshev cho hai day don dieu ciing chieu tren ta duoc 
* . y . z 3(x + y + z) 


xyz + x / +1 xyz + y 1 +1 xyz + z 1 +1 3x_yz + 3 + x 2 + y 2 + z 2 

3 


3xyz + 3 + x 2 + y 2 + z 2 

Do do ta chi can chiing minh 

-4-,-y < — «• 3xyz + x 2 +y 2 +z 2 >- . 

3x_yz + 3 + x 2 + y 2 + z 2 31 9 

Chu y theo bat dang thuc Schur bac ba ta co 

9XyZ >4(xy + yz + zx)-(x + y+ z) 2 
x + y + z 

4 1 

=> 3xyz > ~{xy + yz + zx) - — 

=> 3x_yz + x 2 + y 2 + z 2 > ~( x y + yz + zx) - ^ + x 2 + y 2 + z 2 


3(x + y + z) -2(xy + yz + zx)-l^ :S_2 - 3 _1 4 

3 “ 3 ~9 
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Bai 4. Bat dang there da cho tuang duang vai 
1111 


1 + 2 abc 1 + a 2 (b + c) 1 + 2 abc 1 + b 2 (c + a) 1 + 2 abc 1 + c 2 (a + b) 
a{ab + ac-2bc ) b(bc + ab-2ca) c(ca + bc-2ab) 

1 + a 2 {b + c) 1 + b 2 (c + a) 1 + c 2 (a + b) 

0 a i l ~ bc ) , , ^(1-^) 

1 + a(2>-bc) \ + b{2>-ca) \ + c(2>-ab) 

1 -be 1 -ca l-ab 

<=>-1-1-> 0 

be + abc{2> - be) ca + abc(2> - ca) ab + abc(2> - ab) 

1 1 -be 1 -ca \-ab 

bc + abc(3-bc) ca + abc{3 - ca) ab + abc(3-ab ). 
be + aZ>c(3 - be) <ca + abc(3 - ca) <ab + abc(2> - ab) 

Ser dung bat dang there Chebyshev cho hai day don dieu nguoc chieu tren ta co 
ngay dieu phai chung minh. Dang there xay ra khi va chi khi a = b = c = 1. 

Bai 5. Bat dang there da cho tuang duang vai: 

16y 


(J+E-Mfl 


y + z 


2y 


, 16 y 

z + x 


x + y 
2 z 


+ 3 J1 + 


y + z 

Khong mat tinh t6ng quat gia ser 

|y+z z+x x+y 

1 1 




16x 

y + z 


.1 + 


16y 


+ 3 Jl + —2- +3 11 + 


x + y 


- + 3 


Ser dung bat dang there Chebyshev cho hai day don dieu cung chieu tren va dua 
ve chung minh 

2x . 2y 2z . x y z 3 

- 1 + —- 1 +- 1 > 0 <^>- + ^— + ->-. 

y + z z + x x + y y + z z + x x + y 2 
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Bat dang thuc cuoi dung. Bai toan dupe chung minh. Dang thuc xay ra khi va 
chi khi x = y = z. 

Bai tap tiro'ng tvr 

Cho x,y,z la cac so thuc khong am thoa man dieu kien xy + yz + zx> 0 . 

, t 487 f 487 L 487^, c 

Chung minh rang mas -i- 1 + —— + 1 +->15. 

]j y + z \ z + x ]j x + y 

CHUDE 9: bAtdAnG THUC BERNOULLI VA UNGDUNG 

A. NOl dung PHlTONG phap 

Vodmoi sdthuc a>-l,«>ltaluonc6 (l + a) a >l + «.a(l). 

Chmtg minh. 

+ Voi a = 1 bat dang thuc trd thanh dang thuc. 

+ Voi a >1 Xethamso f(a)-(l + a) a -1-a.a voi a>-ltaco 
f\a)-a\^a + \) a 1 -lj;/'(a) = 0» a-Q. 

Ta co f (a) doi dau tvr am sang duong khi di qua a- 0 nen f(a) dat cue tieu tai 
a = 0. 

Vi vay f(a)> f (0) <=> (l + af > 1 + a.a . 

Bat dang thvrc duoc chung minh. Dang thvrc xay ra khi va chi khi a = 0 hoac 
a = 1. 

Chu y. Voi 0 < a < 1 bat dang thvrc doi chieu. 

Mot dang phat bieu khac cua bat dang thvrc Bernoulli hay duoc svr dung 

x a >-x b + \- — woi x>0,a>b>0. 
b b 

Chung minh. 



Ap dung ta chung minh duoc bat dang thvrc AM - GM dang luy thvra 
a 'i + a™ +... + a™ > f a l +a 2 +... + a n Y* 
n n ) 

Chimg minh. 

Viet lai bat dang thvrc duoi dang 
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——T J —^—T+...+(—^— 

aj +a 2 +... + a„ J ya x +a 2 +... + a n ) ya x +a 2 +... + a n 

CM y 


(«i+« 


na k 
2 + • 



(n-\)a k - Yj a i 


a, +a 2 + ... + a n 


[n-\)a k - Y a i 

. -,* = l,n 

aj +a 2 + ... + a„ 


Lay tong tat n bat dang thuc tren ta co dieu phai chiing minh. 
Dang thiic xay ra khi va chi khi a { =a 2 =... - a n . 

Xet hai bat dang thiic AM - GM 

a,+« 7 I - 

---- > %Ja ] a 2 ...a n . 


Chung minh. 


a l +a 2 + ... + a n , - 

Dat A n =—----;G„ = Wa l a 2 ...a r 

n 

Sii dung bat dang thuc Bernoulli ta co 



nA tl -{n-\)A n _ l _ a n 

A n -i ~ 4_i • 


=> A n n > a n A"_\ 

Su dung lien tiep bat dang thiic tren ta duoc 

A ” > a n > a n a n _ ] A"Z 2 - ... - a n a n _ l ...a 2 .A l = a ] a 2 ...a n = G” => A n > G n . 

Vay bat dang thiic duoc chiing minh. 

Ta co mot dang suy rong cua Bernoulli hay duac su dung nhu sau 
Voi n so thuc cung dau va Ion hem hoac bang -1 ta co 

(l + Uj)(l + a 2 ^ ...(l + a n ^>\ + a^ + a 2 +... + Ujj (1). 

Chii y. (1) de chiing minh bang quy nap toan hoc. 


B. BAI TAP MAU 

Bai 1. Cho a, b la cac so thuc thay doi thoa man dieu kien 0 < a,b < 1. 
Chiing minh rang a b +b a > 1. 

Lai giai 

Sir dung bat dang thiic Bernoulli ta co 

1 (. 1-aY , , 1 -a a + b-ab h a 

-^ = 1 +- <1 + 6.-=-=>a >- 


a+b-ab 
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1 f, 1-&Y , 1 -b a + b-ab ia b 

— = 1 +- <1 + a. -=-=>Z?>-. 

b a v b ) b b a + b-ab 

***. , x, .. x 4 i , , * h m a + b a + b „ 

Congtheo vehaibatdangthuc trentaduoc a + b > ->-= 1. 

a+b-ab a+b 

Bat dang thuc duoc chung minh. 

Chu y. Bat dang thuc tren dung voi moi a,b duong. 

Bai 2. Cho a,b la cac so thuc duong thay doi thoa man dieu kien a + b = ab. 
Chung minh rang a b +b a >6. 

L&i giai 

Tu gia thiet ta co: — + — = 1 => a > \,b > 1 va b - a . 

a b a -1 


= (l + o — l)a-i >l + (a-l).-- = 1 + a 


Suyra: > 2 + iI + -^ = 4 + ( a -l) + -l T >4 + 2^-l).-i T =6. 


Dau dang thuc khong xay ranen a b +b a >6. 

Bai 3. Cho hai so thuc a,b thoa man dieu kien 0 < a,b < 1. 

Chung minh rang a b ~ a + b a ~ h < 2 . 

L&i giai 

Su dung bat dang thuc Bernoulli ta co 
a b ~ a =(\ + a-\f a <\ + (a-\)(b-a) 
b a ~ b =(\ + b-\) a ~ b <l + (6-l)(a-6) 

Cong theo ve hai bat dang thuc tren ta duoc 

a b ~a + ^a-b <2 + (Z>-l)(a-Z?) + (a-l)(Z?-a) = 2-(a-Z>) 2 <2. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a-b . 
Bai tap tuo ng tu 

Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 

Vo 1 -"* 1 -v- c si. 

3 
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Bai 4. Chung minh voi moi so thuc a,b,c thuoc doan [0;l] ta luon co 

a 2b + b 2c +c 2a >-. 

4 

L&i giai 

Su dung bat dang thuc Bernoulli ta co: 


1 


i-*Y 


Ap dung bat dang thuc tren suy ra: 

r.. r. , f r. \i, f 

a 2b +b 2c +c 2a > 


1 -x _x + y-xy _ 


ya + b-ab ) yb + c-bc) yc + a-ac) 

( a v. r b t . 


ya + bj yb + cj yc + a y 

Bai toan duoc chung minh. 


>2 

4 


Bai 5. Chung minh voi moi so nguyen duong n ta co 1 + — <3-. 

y n) n+2 

Ldi giai 

Ta chung minh bai toan bang quy nap ket hop su dung bat dang thuc Bernoulli. 
+ Voi n = 1 bat dang thuc trd thanh dang thuc. 

, . ( \\ k 3 

+ Gia su bat dang thuc dung voi n = k tuc 1 + — <3-. 


+ Ta can chung minh ^1 + 
Chuy 


k + \) (k + 1) + 2' 



( k 2 +2k 

\ k 

| k + 2 1 

Hi '* +l1 

K k 2 +2k + \ 

J' t+i Y 1+ _i_r 

1 k 2 +2k) 

k + 2 

1 

(k + 2f 

- k + l' 

'l + ^*- 

(A + l)(*+3) 


Suy ra 


fi + -L.r h.+iY m (*+V 

(v k + l) (v k) (k + \){k + 2>) 1, k + 2)(k + \)(k + i) 


{k + 1) + 2 ' 
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Bieu do chung to bit dang there dung voi n = k + 1. 

Vay theo nguyen ly quy nap ta co dieu phai chung minh. 

Dang there xay ra khi va chi khi n = 1, n = 2 , 

Bai tap tiro'ng ter 

r i y +1 

Chung minh voi moi so nguyen duong n ta co 1 +- > 

l n + l) 

Ta cung xet cac bai toan da duoc de cap. 

Bai 6. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca> 0 
chung mi nh voi moi so nguyen duong n > 2 ta co 



L&i gidi 

+ Neu ton tai mot so bang 0 gia sir la khi do sir dung bat dang there AM - GM cho 
hai so ta co ngay dieu phai chung minh. 

+ Xet ca 3 so deu duong sir dung bat dang there Bernoulli ta co 



i](n-l)(b+c) {(n-l)(b+c) 


V(t>+c)) " L [ {n-\)(b + c)-a \n 


( 1 ) 


1+ 1 ( n-\){b + c)-a ( n-l)(a + b + c ) 


Tuong ter ta co 


]l(n-l)(c + c 


) ( n-l)(a + b + c ) 


y(n-l)(a + Z)) ( n-l)(a + b + c ) 

Goi P la bieu thiic ve trai va cong theo ve ba bat dang there tren ta dupe 

T>2. 

n -1 


Bai toan dupe chirng minh. 

Chu y trong (1) ta dung phep nghich dao truoc khi sir dung Bernoulli bbi voi s6 
mu nho hon 1 neu danh gia ngay se co chieu bat dang there ngupc lai. Vi vay 
can nghich dao de co chieu bat dang there can chung minh. 
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Bai 7. Cho a,b,c la cac so thuc duong. Chung minh 
r ~ 


V 2c + 25a 1 

Ldi giai 


Ap dung BDT Bernoulli ta co 

3p^ =_ 

V 26 + 25c 


81 a 

2b + 25c + 54a 


3 rm 

v 2c + 2 


Tuongtutaco .. _ 

V 2c + 25a 2c + 25a + 546 \ 2a + 256 2a + 25 b + 54c 
Cong theo ve ba bat dang thuc tren va ket hop su dung bat dang thuc C - S ta 


duoc 3 / a - + 3 / 

' V 26 + 25c V2C + 2 


+- 25a V 2 a + 256 8 l(a6 + be + ac) 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c . 
Bai 8. Cho a,b,c la cac so thuc duong. Chung minh 


y + 3. 

if—y+ 3 , 

if—y 

VU + 6j 

U + cJ ]j 

fc + aj 


Lei giai 




Cong theo ve ba bat dang thuc tren va goi P la bieu thuc ve trai ta duoc 


'(ML) 

\(JL ) 


{(a + b) 

U + cJ 

1c + aj 


Chu y. 
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r^f + r o 2 jlo 2 = _l_ 

1 

1 f b c 

[a + bj [b + c) {c + a) (l + x) 2 

+ (^f 

+ ~^f\ = ~a y = b’ Z = ~c) 

1 

1 

z , 1 

~l + xy + 

(l + z) 2 “ 

^ + 1 (z + 1) 2 4 


Vi vay P>3 . Dang there xay rakhi va chi khi a = b = c . 

Chu y. Cau hoi dat ra la tai sao khong ser dung true tiep Bernoulli dang suy rang 
ban dau bdi nhu vay ta co 


Khi do dua ve chung minh ———f —— + —— > —. 

a+b b+c c+a 2 

Tuy nhien bat dang there nay khong phai dung voi moi a,b,c duong chang han 
a = \,b = 2,c = 3 . 


Bai tap tuong tir 

1) Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca> 0. 


2) Cho bon so thuc duong a, b, c, d. Chung minh 


2 a 
a + b 


-T+i— y+3i 

R 


J vU+cJ i 

yc+d) 



Bai 9. Cho a,b,c la cac so thuc duong chung minh a b+c + b c+a + c a+b > 1. 

Lai giai 

Ta can so sanh cac so ( b + c ), (c + a), (a + b) voi so 1. 

+ Neu ton tai mot trong ba so Ion hon 1 thi ro rang bat dang there luon dung. 

+ Ta chi can xet khi a,b,c cung thuoc nera khoang (0;l] , khong mat tinh tong quat 
tagiasu a>b>c suyra min {(a + b),(b + c),(c + a)} = b + c. 

Den day ta lai chia trudng hop de xer ly 
- Neu b + c> 1 ser dung bat dang there Bernoulli ta co 

a b+c =[l + (a-l)]* +c >l + (a-l)(Z> + c) 
b c+a =[l + (Z?-l)] c+a >l + (i-l)(c + a). 
c a+b =[l + (c-l)] a+ * >l + (c-l)(a + Z>) 

Cong theo ve ba bat dang there tren dua ve chung minh 
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l + ab + bc + ca-a-b-c>0<^>(\-a)(l-b){l-c) + abc>0. 

Bat dang thuc dung. 

- Neu b + c< 1 ta lai chia thanh cac trucmg hop sau day: 

Kha nang 1: b + c<c + a<a + b<\svc dung bat dang thiic Bernoulli ta co 

a b+c _ _^®®_> a 

^ + l + (a-l)(l-Z?-c) a + b + c-a(b + c ) a + b + c 

Tuong tu cho 2 bat dang thuc con lai roi cong lai theo ve ta co dieu phai 
chung minh. 

Kha nang2: b + c<c + a<l<a + Z?taco 

a b+c > a;b c+a >b^ a b+c + b c+a + c a+b >a+b + c a+b 
>a + b + l + (c-\)(a + b) = c(a + b) + l>\ 

Ta co dieu phai chung minh. 

Kha nang 3: b + c<\<a + c<a + b\aco 
a b+c >a 

b c+a >l + (i-l)(c + a) 
c a+b >\ + {c-\)(a + b) 

Cong theo ve ba bat dang thuc tren va dua ve chung minh 
\ + bc + (ab + bc + bc-a-b-c)>0<?>(\-a)(\-b)(\-c) + abc + bc> 0 . 

Bat dang thuc dung. 

Vay voi moi so thuc duong a,b,c ta luon co a b+c + b c+a + c a+b > 1. 

Bai tap tuong tu* 

Cho a,b,c la cac so thuc duong chung minh (a + b) c + [b + c) a + (c + af > 2 . 
Bai 10. Cho a,b la cac so thuc khong am co tong bang 2 chung minh 


a 2b + b 2a 



Leri giai 

Khong mat tinh tong quat gia su a>b^Q<a-\<Y,Q<b< \ su dung bat dang 
thuc Bernoulli ta co 


a b =[l + (a-l)] & <\ + {^a-\)b = -b 2 +b + \ 
b a = b .[l ■+ (b - 1)]"" 1 < b [l + (a - 1) (b - 1)] = b 2 (2 - b) 
Vay ta chi can chung mi nh 
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(-b 2 +b+lf S2 

&(-b 2 +b + l ] ) 2 +b 4 (2-bf + (b-\f <2&b 3 (b-\f(b-2)<0 

Bat dang there cuoi dung do do ta co dpcm. 

Dang there xay ra khi va chi khi a =b- \ . 

Bai tap tuong ter 

Cho a,b la cac so there khong am co tong bang 2. Chung minh 

0 3» +4 3« + ^£Z*J<2. 


C. BAI TAP REN LUYEN 

Bai 1. Cho n so thvrc thoa man dieu kien 0 < x l ,x 2 ,...,x n < 1 . Chung minh rang 
i i 

(i + Xi)x 2 (l + X 2 )x 3 ...(1 + X„)^1 >2”. 

Bai 2. Chung minh rang vai moi so thuc 0 < x < — ta co 

4 


Bai 4. Cho a,b la cac so thuc thuoc khoang (0;1). Chung minh 


Bai 5. Cho a,b la cac so thuc duong thoa man dieu kien b>—,a + b- 2. Chung 
minh a b b a + 2 > 3 ab . 

Bai 6. Cho x,y la hai so thuc duong. Chung minh x y +y x > 1. 

Bai 7. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + be + ca > 0. 


Chung minh rang 3 — 3 / gS 3 /- Wj2 . 

\b + c \c + a \a + b 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


D. HlTCflVG DAN GIAI - DAP SO 


Bail. Chu y (l + x*)** +1 >1+ * £2 k ,£= U;x„_, =x,. 

x k +1 V x k +1 

Nhan theo ve n bat dang thiic tren ta co dieu phai chiing minh. 
Dang thiic xay ra khi va chi khi x l =x 2 = ... = x n =\. 


Bai 2. Chu y vdi 0<x< — ta co cotx> 1 khi do sii dung bat ddng thiic 

4 

Bernoulli ta co 

(cos 2 x) = (l - sinx) coU (l + sinx) 001 * > (1 - sinxcotx)(l + sin x cot x) 

= (l - cosx)(l + cosx) = 1 - cos 2 x = sin 2 x 
Dang thiic khong xay ra nen bai toan dugc chiing minh. 

Bai 3. Bat a = 1 + sinx,Z> = 2 + tanx =^> 1 < a < b ta can chiing minh 
, „ b 

(l + a) >(l + Z>) <=>(l + a)a >1 + 6. 

Bat dang thiic cuoi dung theo Bernoulli. 

Bai 4. Sir dung bat dang thiic Bernoulli ta co: 


(bX ( 1 b-aX b-a . . (aX ^ 1 

- = 1 +- < 1 + a.- = b + \-a=>\ — > - . 

\a) \ a J a \b ) b+l-a 


1 


Tuang tu ta co: — > - 

\a) a+\-b 

Cong theo ve hai bat dang thiic tren va chu y 

1 1 4 


- = 2 . 


b+l-a a+l-b b+l-a+a+l-b 
Bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a=b . 
Bai 5. Sir dung bat dang thirc Bernoulli ta co 

1 l + 6(a-l) 


* b b a = f 1 + («-!)] ■ 


1 


n 


\ + b(a-\) l + b(l-b\ . 

Vay ta chiing minh-■)- * + 2 > 3 ab <=> b. - - - - + 2 > 36(2-6) 

1 + Ji-l 2-b{2-b) 


»(6-l)(36-4)>0dung. 

Bat dang thirc dugc chiing minh. 
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Bai 6. Ta xet ba truong hap sau: 

+ Ncu x > 1, y > 1 =^> x y + y x > x + y > 2 , bat dang thiic luon dung. 

+ Neu x>l,y <l=> x y + y x >1 + y x >1, bat dang thiic luon dung. 

+ Ncu x,y< 1, ap dung bai tap mau ta co dpcm. 

Bai 7. Neu mot so bang 0 su dvmg bat dang thiic AM - GM ta co ngay dieu phai 
chiing minh. 

Ta xet ca ba so deu duang khi do sii diang bat dang thiic Bernoulli ta co 


f b + c^3 

1 f b + c^\ 3 




h 2 
2 b 2 ' 


(*+cr 


2/3 , ,2/3 , 2/3 ‘ 


2 C 

3 + b 2,i + c 2/ 


Tuongtutaco 

\lc + a a +b +c 
Cong lai theo ve ba bat dang thiic tren ta co dpcm. 

Dang thiic xay ra khi va chi khi co mot so bang 0 va hai so bang nhau. 
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3 : 

PHl/QNG PHAP HAM SO TRONG Gl Al TOAN 
BAT DANG THUt VA Cl/C TRI 

CH V DE1: kythuAtsudung tinh don dieu voibAitoAn 
cue tri vA bAtdang thuc mot bienso 

A. TOM TAT LY THUYET 

1. Dinh nghia 1. Gia sir K la mot khoang, nira khoang, mot doan. 

Ham so y = f (x) xac dinh tren D dupe goi la: 

+ Dong bien tren K ndu voi moi x l5 x 2 sK,x l <x 2 => /(xj)< /(x 2 ). 

+ Nghich bien tren K nfiu voi moi x b x 2 e K,x } <x 2 /(x,) > /(x 2 ) . 

2. Bieu kien can de ham so don dieu 

Gia su ham so y-f (x) co dao ham tren K 
+ Neu ham so y = f (x) dong bien tren K thi / '(x) > 0 voi moi x thuoc K. 

+ Neu ham so y = /(x) nghich bien tren K thi / '(x) < 0 voi moi x thuoc K. 

3. Bieu kien du de ham so don dieu 

Dinh ly. Gia su K la mot khoang, nua khoang, mot doan. Ham so y = f (x) lien 
tuc tren K va co dao ham tai moi diem trong cua K(tuc cac diem thuoc K nhung 
khong phai dau mut cua K). Khi do 
+ Neu / '(x) > 0, Vx g K thi ham so y = f (x) dong bien tren K. 

+ Neu / '(x) < 0, Vx e K thi ham so y = f (x) nghich bien tren K. 

+ Neu / '(x) = 0, Vx g K thi ham so y = f (x) khong doi tren K. 

Chu y. Neu ham so y = /(x)lien tuc tren doan [a;b] va co dao ham 
/'(x) > 0(/'(x) < 0) voi moi x thuoc khoang (a;b) thi ham so y = f (x) dong bien 
(nghich bien) tren doan [a;b], 

4. Dinh nghia 2, 

Cho ham so y = /(x) xac dinh tren K. 

+ So M dupe goi la gia tri Ion nhat cua ham so y = /(x) tren K khi va chi khi 
J/(x) < M, Vx e K 
[Bx 0 eK\f(x 0 ) = M' 

+ So m dupe goi la gia tri nho nhat cua ham so y = f (x) tren K khi va chi khi 
jf(x)>m,\/x&K 
[3x 0 e K | /(x 0 ) = m ' 
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B. NOI DUNG PHlTONG PHAP 

1) Ky thuat tim gia tri Ion nhSt, gia tri nho nhSt cua ham s6 

Be tim gia tri ion nhat, gia tri nho nhat cua ham so y = f (x) tren D ta tinh y’ 
roi tim cac diem toi han(cac diem ma tai do y’ triet tieu hoac khong ton tai) lap 
bang bien thien. Tu bang bien thien suy ra max, min. 

Chu y. Neu ham so y = f (x) luon tang hoac luon giam tren doan [a;b] thi 
JW =max {/(a);/(Z?)};y min =min {f(a);f(b)}. 

+ Neu ham so y = f (x) lien tuc tren doan [a; b\ luon ton tai gia tri Ion nhat, gia tri 
nh o nh at tren doan do va ta tim max, min don gian nhu sau: 

Bud'c 1. Tinh dao ham y’, tim cac diem toi han cua ham so gia su la Xj,x 2 ,...,x„ . 
Bmrc 2. Tinh cac gia tri /(x 1 ),/(x 2 ),...,/(x„). 

Bud’c 3. Ket luan 

Tmax = max {/(x, ), /(x 2 /(x„ )} ; y mm = min {/(x, ), /(x 2 /(x„ )} . 

Vi du 1. Tim gia tri Ion nhat, gia tri nho nhat cua ham so y = x 6 + 4 ^1 - x 2 j tren 
doan [—1; l]. 

Lai giai 

Xet ham so y = x 6 + 4^1 - x 2 j lien tuc tren doan [—1;l] .Ta co 


y' = 6x 5 -24x(l-x 2 ) 2 ;y' = 0«6x^x 4 -4(l-x 2 ) 2 J = 0 
Tx = 0 

X = ±y/2 


x = 0 

x2=2 ( 1_x2 ) ° 
xWl-x 2 ) 


Suyra y(0) = 4; yl +, 




y(± i) = i. 


{4 


VI du 2. Tim gia tri Ion nha t va nho nh at cua ham so 
y = Vl + x 2015 + \/l+(l-x ) 2015 vd 


e [o;i]- 
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Loi giai 


Taco y' = 


Suy ra 


2Q15x 2014 20 1 5(1-x) 2C 


2^V^ 2^1+ (1 -x) 201S ' 


y' — 0 <=> x 2014 \jl + (l — x)^ 015 =(l-x[ 
x/l+x 2015 _ 


Xethamso f(t) = 


(i-4 

Vi+t 2015 


41 ) 


tren doan [0; 1] ta co 


^13^ + 4O2^ . 0 

2> M15 Vl + > M15 

Vi vay f(t) la ham nghich bien tren doan [0;1], do do 
(l)«/(x) = /(l-x)«x = l-x«x = i. 

Tinh cac gia tri: y(0) = y(l) = 1 + V2;y^j = 2^1 + (^j . 

I ( 14 2015 

Vay gia tri nho nhat cua ham so bang 2 Jl +1 — J ; gia tri Ion nhat bang 1 + V2 . 

Bai tap tuong tu 

Cho a,b la hai so thuc khong am co tong bang 1. Tim gia tri ion nhat, gia tri nho 
nhat cua bieu thuc P = \k + a 2014 + Vl + Z> 2014 . 

Vi du 3. Tim gia tri Ion nhat va gia tri nho nhat cua ham so 
y = 5|cosx + sinx| + |7cosx + sinx|. 

L&i giai 

Ta dua ve chung mot bieu thuc bang each su dung dang thuc: 

\a\ +1&| = ^a 2 +b 2 +2|o6| . 


Khi do 
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jy = -^25 (sin x + cos x) 2 + (7 cos x + sin x) 2 +10 |(sin x + cos x) (7 cos x + sin x)| 
= 50 + 32sin2x + 24cos2x + lojsin 2 x + 7 cos 2 x + 4sin2x| 

= ^5oT32sin^xT24^os2xTToj4^+Tcos2xT4sin2x| 

= .^8(3 cos 2x + 4 sin 2x) +1014 + 3 cos 2x + 4 sin 2x| + 50 
= ^40sin(2x + «) + |40 + 50sin(2x + «)| + 50 

4 . 3 

5 5 

Gia chi can khao sat ham so y - 4sin t + 14 + 5sinf| => y max -13;y min = . 

Tvr do suy ra gia tri Ion nhat va nho nhat cua ham so da cho la 
y max = 6x/5 ;y min = 3>^2 . 


2) Ky thuat doi bien 

Su dung khi ham mot bien co chua can phuc tap; dang luong giac; mu hoac da 
thuc co chua bac cao. 


Vi du 1. Tim gia tri Ion nhat va nho nhat cua ham so y = 


x-yjx(x- 1) +2 

Vx - Vx-1 +1 


Tapxacdinh: D = [l;+oo). 


Lai giai 


< 1, Vx > 1 => 1 e (0;l]. 


yfx + y/x-l 

Chu y. t 2 = 2x-2^x(x-l) -1 => x-^x(x-l) = - 


Khi doy = 
Ta co y' = 


r+5 

2i + 2 ’ 
t 2 +2t — 5 


< 0, Vi e (0; l]. Do do y min = y(l) = —. Khong ton tai gia 
2(< + l) 2 


tri Ion nhat. 

Vi du 2. Chung minh rang voi moi so tu nhien n > 1 ta co 



Tim tai lieu Toan ? Chuyen nhd - www.toanmath.o 


Dat x =-e (0; 1), \/n e N . BDT can chung minh tro thanh 

< 2, Vx g (0; 1). 

Xet ham so f (x) = \/l + x + ^Jl — x lien tuc x e [0;l) co 

f ’(x) = — <0, Vxe(0;l) 

"[^(l+x )"- 1 ^(l-x )" _1 J 

Vay f(x) nghich bien [0; 1) nen f(x) < f(0) = 2, Vx e (0;l) (dpcm). 

Vi du 3. Cho ham so f xac dinh tren tap so thuc, lay gia tri tren R va thoa man dieu 
kien /(cotx) = sin2x + cos2x, Vxe(0;;r). 

Hay tim gia tri ldn nhat va gia tri nho nhat cua ham so 
g (x) = /^sin 2 xj./^cos 2 xj tren R. 

Lai giai 

Taco /(cotx) = sin2x + cos2x, Vxe(0;;r) 

r( x 2cotx cot 2 x — 1 cot 2 x + 2cotx-l _ x 

<=>/(cotx) =—~z -+ —r-=- - -, Vx e (0; ;r) 

cot 2 x +1 cot 2 x +1 cot 2 x +1 

Tit do voi chu y rang voi moi t e R deu ton tai xe(0;^) sao cho cot x = t ta 


Suyra g(x) = /(sin 2 x ■/ 


2 \ sin 4 2x + 32sin 2 2x-32 w 

i x =- - - - -, Vx e i? (1). 

’ sin 4 2x - 8 sin 2 2x + 32 


Dat u = — sin 2 2x ta co u thuoc doan 0:— . 

4 ‘ ' L 4j 

Vi vay tit (1) ta duoc 

ming(x) = min/t(M) va maxg(x) = maxA(w) 


trongdo h(u) = 


Taco h'{u ) 
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De dang chung minh dugc h'(u) > 0, Vw e . 

Do do ham h(u) dong bien tren . 

Vivaytren j^O;taco min/*(w) = A(0) =-1 va max/*(w) = 

Vay mi n g (x) = -1, dat dugc chang han khi x = 0 va max g (x) = — 


chang han khi x = - 


' 25' 
dat dugc 


3) Ky thuat khao sat true tiep 

Trong mot so bai toan co the phai dao ham nhieu lan lien tiep tham chi phai 
khao sat them ham so phu. Ta thudng sir dung 

❖ f(x) dong bien tren [a; b ] thi f(x) > f(a) vdi mgi x> a. 

❖ f(x) nghich bien tren [a; b ] thi f(x) > f(b) vdi mgi x < b. 

Chu y. Lap bang bien thien neu can thiet hoac su dung tinh chat ve diem cue dai, 
cue tieu. 


Vi du 1. Chung minh rang vdi moi x > 0 ta co x — — < S inx < x . 

6 


Lai giai 


Xet ham sd f (x) = —x + 


sinx tren nua khoang [0;+oo). Ta co 


f'{x) = — 1 + cos x 

f’{x) = x- sinx 
/"'(x) = l-cosx 

Taco /"(x) = l-cosx>0,Vxe[0;+oo)^/’(x)>/"(0) = 0, nen/Yxj dong 
biintren [0;+qo). Suyra f'(x) > /'(0) = 0=> /(x) ddngbmntren [0;+co). 

Do do f{x) > /(0) = 0, Vx > 0 va /(x) > /(0) = 0, Vx > 0. 

x 3 x 3 

Tuc la — -x + sinx>0<=>X —— <sinx vdi x> 0 (1) 

6 6 


Luu y /"(x) > /"(0) = 0 vdi x > 0 ta co sinx < x (2) 


Tvr (1) va (2) ta co dpem. 

Vi du 2. Chung minh vdi mgi x duong va n la so nguyen duong ta co 
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Lon giai 

f X 2 X 3 XI 

Xethamso f n (x) = e x - l + x + —+ —...H—- |trenkhoang (0;+oo)taco 


f'„ (x) = e x — 1 + x H-1-1-... t --— |. 

" [ 2! 3! (n-1)! J 

Tvr do suy ra f (n \ (x) = -1 > 0, Vx > 0 => / ( ” _1) „ (x) > / ( " _1) „ (0) = 0 . 

Su dung lien ti£p ta co / \ (x) > /'„(0) = 0=> f n (x) > f n (0) = 0 (dpcm). 
Chu y. So thuc duong a de bat dang thiic sau luon dung voi moi s6 thuc x la e. 

x 2 x" 

a* >l + x + — + ... + —,Vxet;ne N . 

2 n\ 

That vay, Bat dang thuc da cho tuong duong voi: 

f x 2 

xlna > In l + x + — + ...4 

l 2 

r 2 

In I 14x4 — 4 


f x 2 x n \ 

[ 2 ” ! J . 


Chu y 


lim - 




= lim - 

x-»0 + x x->0~ x 

f In a > 1 

Do do < oa = e. 

[lna<l 

Nguoc lai voi a la e thi bat dang thuc dung. 

Vi du 3. Cho n la so le Ion hon 3. Chung minh rang voi moi x ^ 0 ta co 

< 1 . 


1 + X + — + ... + — ) 

\- x+ x 2 

{ 2! n\) 

v 2! 3! n! J 
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Loi giai 

u(x) = l + x + —+ ... + — 

2! n\ 

v(x) = l-x +— + ... + 

2! 3! n\ 

Ta cin chung minh f(x) = ll(x).v(x) < 1. 

Ta co 

v 2 r n -1 Y n 

u '(x) = 1 + x +—+...+-= w(x)—- 

2! (rc-1)! n\ 

Jl v 3 v n -1 v n 

W 2! 3! («-1)! n\ 

Vi vay 

f\x) = |>(x).v(x)]' = u(x)v(x) + u{x).v{x) 

= f M(x) “ l’ v(x) + w(x) i _v(x) = [ w(x) + v(x) ] 

2x\ xa __ __ _ 

' 2! ' 4! . (n-l)| 

Vi n la so le Ion hon 3 nen f'(x) doi dau tir duong sang am khi di qua x = 0 . 
Do do tai x - 0 thi ham so dat cue dai vi vay / (x) < f (0) = 1, Vx ^ 0. (dpcm). 

(a + x'\ b+x (af\ 

Vi du 4. Chung minh voi moi a, b, x > 0 va a + b ta co I —-I > I — I . 


Lai giai 


Xethams6 /(x) = j , x>0. Khi do In f(x) = {b + x)\n{ C ^ X -\... 


Suyra [in/(x)]' = {b + x) In 


n 

I' 

b + x_ 

J 


"a + xY 

a + x 1 

b + x J 


= +(b + x y 

f(x) b + x 

rw \ r, U + X b-a\ 

>f ix) = f(x)\ In- +- = 

V b+x a+x) 

J h £±£ + *zTkf.£±£f 


■g(x) 
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trong do g(x) = In + X + ———. Ta co 
b+x a+x 


g\m 


b+x b-a 


a-b 


(a-b) 


<0 . 


a + x (b + x) 2 (a + x) 2 (a + x) 2 (b + x) 

Do do g(x) nghich bien tren (0;+oo). Suy ra 

g(x) > lim g(x) = lim f ln^^+ = 0 . 

x->oo x y b + x a + xj 

Vay f'(x) >0, Vx > 0, nen f(x) dong bien tren (0; +oo). 

Suyra f(x) > f(0) (dpcm). 


Vi du 5. Cho a,b e [0;l]. Chung minh rang 

---+---+---+ (l-x)(l-a)(l-6)<l,Vxe[0;ll. 

a+b+l x + a + l x + b + l { A A ’ L J 

Liti giai 

Xethamsb /(x) =—--+---+---+ (l-x)(l-a)(l-Z>) lientuc 

V ’ a+b+ 1 x+a+l x+b+l K A A ' 
tren doan [0;1] ta co 


/'«= 

/'(*)= 


a + b + \ (x + a + l) 2 [x + b + l)' 

2b 2 a 


— (l-a)(l-6) 


0, Ve[0;l] 


(x + a + l) [x + b + l) 

Nen ham so f (x) dong bien tren [0; 1], suy ra phuong trinh f (x) = 0 co nhieu 
nhat mot nghiem tren (0; 1). 

Neu phuong trinh f (x) = 0 vo nghiem thi f(x) don dieu tren [0; 1], thi 
f[x) < max/(x) = max{/(0);/(l)}. 


b a , w, 7 \ a 2 b 2 + a + b + l ab + a + b + l 

/(0)= 7o W (1 - a)(1 - >)= ( a+ i) (f , + i) 

- /i \ 1 a b ^ 1 a b . 

a+b+l b+2 a+2 a+b+1 b+a+1 a+b+l 

Suyra f[x) < max/(x) = max{/(0);/(l)} < 1. 

Neu phuong trinh f (x) = 0 co nghiem duy nhat x = x 0 . Khi do do f (x) dong 
bien tren [0; 1], nen 
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f'(x)< 0, Vxe[O;x 0 ] va /'(x)> 0, Vxe[x 0 ;l], 

Do do x 0 la diem cue tieu cua ham so, ma f(x) lien tuc tren [0; 1] nen 
/(*) < |«a/(x) = max{/(0);/(l)} < 1. 

Tvr hai trudng hop ta co dieu phai chung minh. 

Vi du 6. Chotamgiac ABC co A>B>C. Timgiatrinhonhatcuabieuthuc 


lx-sin A x- sin B 


V x - sin C V x - sin C 
Lai giai 

Dieu kien xac dinh: D = (-oo; sin C] U [sin A; +<»). 

a r/ . Ix-sinA Ix-sinB 

Xethamso /(x) = ,-+ J- lien tuc tren D ta cc 

Vx-sinC Vx-sinC 

. 1 /x-sinC sin A- sin C 1 /x-sinC sin B- sin C „ , , ^ 

f ix) = - J-—7 -—7 T +-J -—77.7-—7^ > 0 , VxD . 


2 V x - sin A t x _ 


(x-sinC) 


2vx-sinS t x _ 


(x-sinC) 


Do do f(x) dong bien tren D va co lim / (x) = 2;/(sin A) - .j SW ^ — Sm ^ <1. 

x->-co V sin A - sin C 


Vay gia tri nh o nhat cua P bang , / —YlfL ^ tai x = sin A. 

Vsin^-sinC 


( iY* 

+n ( 1 Y +n 

1 +- 

<e< \ 1 + — voi moi 

1 n 

l n) 


n nguyen duong. Tim min \a - f)\. 


Lay logarit tir nhien suy ra a < - 


Leri giai 
1 


-n< j3,\/n e N . 


Xethamso /(x) = - 


1 


-x,x>l. Khi do 


T + :j 

min \a- P\- max /(x) - mi n /(x) . 

X>1 x>\ 

/ -1 < 0,Vj 

x(x +1) 


Matkhac f\x) = 
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i_ r i 


*(* + 1 ) (* + l f __ 1 

2x + l ln2 

x 2 (x + lf 


x) JC + 1 

1 

x(x + l) 

x(x + l)-x 2 _ 1_3 

% 2x + l ~\n2 2 ' 


Vi du 8. | MR No.4 2009] Cho cac so thuc .. thoa man dieu kien 
a* + +... + a* > +... + b x n voi moi xeR. 

Chung minh rang /: M -> (0,+oo) 

= + +- + ff L ] tangtren (0,+oo) 


f—T In 


UJ 

UI 

r f y 

i 2 ( 

ln - 

L UJ 

+ 


In - +...+ ^ In t 5 - >0 


Suyra /'(x) la ham tang tren M . Ta chung minh / '(0) = 0 , thatvay. 
Theo gia thiet ta co 

' i 'Hffe) - i ] + -+«[(^) 4^*- 


t_i r-»r 

i ( a,l ) X 

i-L*kL 



Cho x-»0 + taduoc 
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n—+ ln—-i 
b \ b 2 

Voi x<0 taco 


-1 


( 0 . 1 ) 


Cho x —> 0 tadugc 


In— + ln— + ... + ln— <0 
by b 2 b n 


( 0 . 2 ) 


Tir (0.1) va (0.2) suyra /'(0) = ln— + ln— + ... + ln— = 0 

by b 2 b n 

=> / '(x) > / '(0) = 0 =^> dieu phai chimg minh. 

Vi du 9. Cho cac so th\xcay,a 2 ,...,a n >0 vahamso /: (0,+oo) —> (0,+cc) xac dinh 


bbi /(x) = 


/ -A/x 

ay +a 2 +... + a n 

n 


Chimg minh rang / la ham tang va tinh gioi han cua /(x) khi x —» +oo. 

Lai giai 

Xet ham so g : (0, +<») —> (0, +oo) xac dinh bdi g(x) = x la ham loi. 

Xet t - — > ltitc x < y, khi do ta co 
x 

( ay +a 2 +... + a* ) f a? +a 2 +... + at A . A . A 

- n - J = [- n - ) St(*K) + *K) + -“ + *K) 

= —(a{ +at 


Uy T U 2 T...T 

Bat dang thitc tren tuong duong voi 


a x +a 2 + ... + a n 


ay +a 2 + ... + a n 


>/(x)</(y). 


Vay / la ham tang. Ta co dieu phai chimg minh. 

Vi du 10. (IMC 2006) So sanh sin(tanx)va tan(sinx)vdi xe^0;yj. 


Liti giai 
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Xethamso fix) = tan (sin x) -sin(tanx) tren 0;— 


Taco /'(x) = - 


cosx cos(tanx) cos 3 x-cos(tanx)cos 2 (sinx) 


2 (sinx) 


cos xcos 


(sinx) 


Ncu 0 < x < arctan — => cos(tanx) > 0 ser dung bat dang there co si ta duoc 


>s (tan x)cos 2 (sinx) < 


cos(tan x) + 2 cos(sin x) 

3 

< 


^tanx + 2sinx x j 

3 J 


k 3 )_ 


Do do / '(x) > 0 hay /(x) la ham tang tren j^O; arctan—J 
Vivay /(x)>/(0) = 0=>tan(sinx)>sin(tanx). 


tan| sin| arctan— | | = tan t K ^ = > tan — > 1 > sin tan| arctan— 

\ll + ?r 2 / 4 4 


<feu xe^a, 


2 ) 

n n \ 


> tan(sinx) > 1 > sinx(tanx). 


Vayvbimoi xe|^0;yjthi tan(sinx) > sin(tanx). 

4) Van dung kit hop cac bit dSng thuc khac nhir AM - GM; C -S 

Trade khi khao sat tinh don dieu cua ham so ta ser dung cac danh gia co ban 
thong qua cac bat dang thuc co ban nhu AM - GM; C - S se dua ve chung minh 
mot bat dang there co ban hon thuan loi cho viec khao sat ham so. 

Vi du 1. Chung minh rang neu 0 < x < y ta co 2 sinx + 2 tanx > 2 X+1 . 

Loi giai 

Ser dung bat dang there AM -GM ta co 2 smx + 2 tanx > 2.V2 sinx .2 tanx . 

Ta chung minh 2^2 sinx .2 tanx > 2 X+1 o 2 sinx+tanx > 2 2x o sinx + tanx > 2x. 


Xet ham so /(x) = s inx + tan x - 2x lien tuc tren 


'o-XL 

L 2 J 
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f'(x) = cosxh -^—2 >cos 2 xh - — 2> 0,Vx e 0;— . 

cos x cos x L 2 J 

(vi vaixej^0;yj thi cosx>cos 2 x va theo BDT AM-GM ta co 


cos xh - r— >2). 

cos x 


2 . 


Do do f(x) dong bien tren 0; 


Suy ra /(x) > /(0) = 0, hay s inx +1 anx > 2x vdi moi x e |^0; — J (dpcm). 


Bai tap tuong ty 

3x+2 

Chung minh rang 4 s " 1 x + 2 tmx > 2 2 , Vxe 


"o;— 
L 2 


Vi du 2. Chung mi nh rang 


Bat dang there tuong duong vdi: 


Leri giai 


sinx sm x ■ 2 3 „ 

I——J >cosx»—— >cosx<^>sin x.tanx-x >0 ( 1 ). 

Xet ham so /(x) = sin 2 x. tan x- x 3 vdi x e j^O; y j . 

Taco /'(x) = 2sin 2 x + tan 2 x-3x 2 . 

Ap dung BDT 3(a 2 + b 2 + c 2 ) > (a + b + cf ta co 

/'(x) = sin 2 x + sin 2 x + tan 2 x - 3x 2 > ^-(2sinx + tanx ) 2 -3x 2 . 

Dat g(x) = 2sinx + tanx-3x, xe j^O;yj , thi 

g'(x) = 2cosxh-^- 3 =cosx + cosx + —- 3 > 33|cos 2 x. — ^ - 3 = 0 

cos x cos x V cos x 


voi moi x e 


0 ; yj , nen g(x) dong bien tren 0 ; yj 
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Suyra g(x)>g(0) = 0,Vxe|^0;yj• 

Do do /'(x) > ^(3x) 2 - 3x 2 = 0 nen f(x) dong bien tren ^0; yj . Suy ra 


/(x)>/(0) = 0, Vxe 0;| . 


Nhan xet: Khi trong BDT co chua cac loai ham so khac nhau ta thudng co lap 
moi loai ham so de de xet dau cua dao ham, hoac ta co the dao ham lien tiep de 
khu bat mot loai ham so. 


Cdch 2: Ta co x-<sinx, suyra 

6 


( 2 ) 


Tachungminh duoc cosx<l-+ - 


( 2 ) 


Tvr (1) va (2) ta co dpcm. 

5) Ky thuat van dung dinh ly Lagrange 

Dinh ly. Neu ham so y-f (x) la ham lien tuc tren doan [a; b] va co dao ham tren 


khoang (a; b) thi ton tai c e (a; b) sao cho / '(c) = 


m-f(a ) 

b-a 


Vi du 1. Chung minh (1 + — ) x < (1H——) x+1 , Vx e (0; +oo). 

x x +1 

Loti giai 

Ta co: (1 + -) x < (1 + — ) x+1 « x[ln(x +1) - In x] < (x + l)[ln(x + 2) - ln(x +1)] 

X X +1 

Xet ham so /(x) = x[ln(x +1) - In x] ta co 


/'(x) = ln(x +1) - lnx + —-1 = ln(x +1) - lnx-—. 

X + 1 X + 1 

Ap dung dinh li Lagrange doi voi ham so: y = Int tren [x; x+1], thi ton tai 

ce(x;x+l) sao cho: /'(c) = ln(x + l)-lnx^> — = ln(x + l)-lnx. 

c 

Mat khac 0<x<c<x + l=> — >-> — 
x c x + 1 
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=> — > ln(x +1) - In jc > —=^> ln(x +1) - lnx-— > 0 

x x+1 x+1 

=> / '(x) >0, Vx g (0;+oo) => ham so /(x) dong bien tren (0;+oo). 

Tir (1) suy ra: / '(x) > 0, Vx g (0; +oo) => /(x) dong bien tren (0; +oo). 

Suy ra: /(x +1) > /(x), Vx g (0; +oo) => dieu phai chung minh. 

Chu y. Ta co the chung minh true tiep ham so y = [ 1 + - \ dong bien tren khoang 


(0;+oo). 


. n 


+ Voi moi x duong taco 1 + - < e < 1 + — 

l xi V XJ 
Vi du 2. Cho s6 nguyen duong n. Chung minh rang 

X n .y/l-X < 7 1 vcri moi x e (0; 1). 

' v ' 


Bat dang there tuong duong voi 
x n .\ll-x 


Lai giai 


V J 2ne y J 


Xethamsd f(x) = x 2n ( 1-x) vdi xe(0;l), taco 
f(x)^x 2n - 1 [2n-(2n + l)x]. 

Suy ra f (x) d6i dau tit duong sang am khi di qua x = - 


Vi vay wax fix)- f 
(0;i) 

(2k)' 


(2 nT 


2 n + l) (2n + l)‘ 


Ta chung minh 


(2»+ir 


l 2« +1J 


/ r\ -I \ 2n+\ 

f—^—j >e o (2n + l)[\n(2n + Y)-\n(2n)\ >1. 


oln(2/i + l)-ln(2/i)>- (2). 

2« + l 


Ap dung dinh ly Lagrange cho ham so f(x)~ lnx tren [2n; 2n+l] suy ra ton tai 

, , f . , f(2n + \)-f(2n) 

c g [2 n; 2n +1] thuoc sao cho / (x) = —-- ———-. 


2n + l-2n 
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Suyra ln(2« +1) - ln(2n) = - >—-— (3). 

e 2n + \ 

Tir (1), (2) va (3) suy ra dpcm. 

C. BAI TAP REN LUYEN 

Bai 1. Chung mi nh cac bat dang there sau 

x 3 x 3 x 5 

a) x-< sinx < x-H-vdi moi x > 0 . 

6 6 120 

X 2 X 2 X 4 

b) 1 - —< cosx < 1 + ^ v di moi x la so there duong. 


c) 

d) 


2 7T + 2 ,. 

l<x.cos x<- voimoi xe 

4 



e) l-x<- <1 —xH —7 -r- voimoi xthuoc doan [ 0 : 11 . 

x + 1 2 (l + x) ' ' 


Bai 2. Chung minh rang 

[ n~\ 4 4 2 

a) Vdi moi x e 0;— ta co sinx < — x -r-x . 

L 2 J n n 


b) 3x-x 3 <-vdi xe 0;— . 

sin 2 x 2 J 


Bai 3. Tim gia tri nhd nhat cua ham so /(x) = Sm X + C ° S X tren khoang 0; 

cosx sinx V 

Bai 4. Cho so nguyen duong n. Chung minh rang ^---< 2 In 2 . 

k=l k(2k-l) 

Bai 5. Chung minh rang: l + ln«>^-> In (n + 1), Vn e N*. 

i= l i 

Bai 6. Tim GTNN cua ham so f (x) = 4x 2 + X + 1 + Vx 2 — x + 1. 

, — — 2 

Bai 7. Chung minh rang x ] ~ x + x ] ~ x >—, Vx e (0;l). 

Bai 8. Chung minh rang vdi moi x ta co 

y /\7 < a/cos 2 x + 4cosx + 6 + Vcos 2 x-2cosx + 3 < V2 + VlT. 


k | 
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Bai 9. Tim gia tri Ion nhat, gia tri nho nhat cua ham so y = ^ + + \ tr 5 n ni j a 

x — 1 

khoang (l;6]. 

Bai 10. Tim gia tri ion nh at va gia tri nho nha t cua ham so y = (x + 1 ) \Jl-x 2 . 

Bai 11. (TSDH Khoi D 2010) Tim gia tri nho nhat cua ham so V 

y = \l~x 2 +4x + 21 -\l~x 2 +3x + 10 . 


(0;+oo). 

Bai 13. (TSDH Khoi B 2003) Tim gia tri Ion nhat, gia tri nh o nh at cua ham so 
y = x + \l4-x 2 . 

Bai 14. (TN THPT 2014) Tim gia tri Ion nhat va nho nhat cua ham so 

i 2 n 2 

y = —x —x — yAx — x . 

' 4 


Bai 15. (TSDH Khoi D 2003) Tim gia tri Ion nhat, gia tri nho nhat cua ham so 

y = ; X + 1 tren doan [-1; 2]. 
yx 2 +1 


Bai 16. Tim gia tri Ion nhat, gia tri nh o nh at cua ham so y = e x — tren 


doan [0;l]. 


Bai 17. Tim gia tri nho nhat, gia tri Ion nh at cua ham so y= tren doan 

x 2 +1 


.2 . 


Bai 18. (TSDH Kh6i B 2004) Tim gia tri nho nhat cua ham s6 y = ^ * tren doan 

M- 

Bai 19. Tim gia tri Ion nhat va gia tri nho nhat cua ham so y = sin 5 x + V3 cos x . 
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Bai 21. Chung minh rang 


l + xln|x + V* 2 +lj>Vx 2 +l vd 


voi moi so thuc x. 


1 


Bai 22. Chung minh rang ln^l + VI + x j < lnx + — voi moi so thuc duong x. 

Bai 25. Cho ham so /(x) = -—-. Tim gia tri Ion nhat va gia tri nho nhat 

x +1 

cua ham so y = f (x)./ (1 - x) tren doan [-1; l] . 


Bai 26. Tim gia tri Ion nha t va gia tri nh o nhat cua ham so y = - 


i To; — . 
L 2 J 


Bai 27. Tim gia tri Ion nhat va gia tri nho nhat cua ham so 
■J x +1 + 2^3 — x + 2 
^ 2*Jx + l + -\/3 -x +1 

Bai 28. Tim gia tri Ion nhat va gia tri nho nhat cua ham so 
jy = x|2013 + ^2015 -x 2 j. 

Bai 29. Chung minh rang voi moi so thuc x ta co 3 < 2^ in ^0--2^ cosx ^ <2 ^ . 

Bai 30. Tim tat ca cac so thuc a de bat dang thuc sau luon dung voi moi x khong 
am ln(l + x)>x-ax 2 . 

Bai 31. Tim tat ca cac gia tri cua k de bat dang thuc sau dung voi moi so thuc a va 
bkhongam e a+b >1 + a + b + k(a-b) 2 . 

Bai 31. Dap so: k-e-2 . 

Bai 32. Chung minh rang voi moi x > 2 ta co (x + l)cos—^ -xcos — > 1. 

X +1 X 


Bai 33. Chung minh rang voi moi 0 < x < 1 ta co -^-1 In 


-In— 


^ 2 I x 2 - X +1 1 - X 

Bai 34. Chung minh rang voi moi so nguyen duong n > 3 ta co n n+l > [n + 1)" 

Bai 35. Cho tarn giac ABC co A<B<C< 90°. 

, 2cos3C-4cos2C + l _ 

Chung minh -> 2 . 


< -4 . 
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Bai 36. Cho a,b,c la cac so thuc thoa man dieu kien a <6,h< -8,c < 3 . Chung 
minh vdi moi x > 1 ta co x 4 - ax 2 -bx-c> 0 . 

Bai 37. Cho / = f xtan" xdx.n > 1 . Chung minh /„ > —-— f — ] 

" { ” n + lU) 

Bai 38. (Dai hoc khdi A, 2004) Cho tam giac ABC khong tu, thoa man dieu kien 
cos2A + 2\f2cosB+ 2yl2cosC = 3 (l). 

Tinh cac goc cua tam giac ABC. 


D. HlTOiNG DAN GIAI - DAP 

Bai 3. Taco f(x) = 


1 . 2 

. 4 4 1—sm 2x 

sin x + cos x _ 2 


(l-sin2x)(2 + sin2x) 
sin2x 

Vay gia tri nh d nhat cua f(x) bang 1 dat tai x = - 


2 3 2n -1 2n y 

tren [0; +go) . Ham so dong bien tren [0; +oo) suy ra /(x) > /(0) , dpcm. 

Bai 5. Xet /(x) = In x / '(x) = — va / '(x) nghich bien tren (0: +oo) . 
x 

Tuong tu bai toan tren ta co: 

fin) - m + f '(1) > X/’O) > fin + 1 ) -- /(l), Vn e N* 

=^> 1 + lnn > > ln(« + l),Vn e N* 

i= l' 

Bai 6. Xet ham so / (x) =\lx 2 + x + l + yjx 2 -x + 1 tren R. Ta co 
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1 1 11 

x— x H— 



Vi ham g dong bien tren R nen f'(x) = 0 <=> x = 0 


/'(*)> 0og^x + |j>g^-xj«x>0 

Dieu do chung to f(x) dat cue tieu tai x = 0. Vi vay min /(x) = 2 <=> x = 0. 

Bai tap tuong tu 

Tim tap gia tri cua ham so /(x) =Vx 2 +2x + 4 - Vx 2 - 2x + 4 . 

Bai 7. HD: Xet ham s6 

fix) = x 1 ^ + x 1 ^ = x 1 ^ + xjc 1 ^ = (1 + x)x 1_x , Vx e (0;l). 

Bai 9. Taco - = ZfzIz^±|<o,Vxe(l;6l. 

2^/^T3(x-l) 2 V J 

Do do ham so nghich bien tren (l; 6]. 

4 

Vi vay y mjn = y(6) = —, khong ton tai max. 

Bai 10. Tap xac dinh: D = [—l;l]. 

2 ri 

Taco y'= 2x . ^ + -;y , = 0<^>2x 2 +x-l = 0<^> * 2 . 

Vl-x 2 [x = -l 

Taco yH) = Xl) = 0;y^j = ^. 

Vay y max = = iK±l) = 0 • 

f-x 2 +4x + 21>0 

Bai 11. Dieu kien: < -2 < x < 5. 

[-x 2 + 3x + 10>0 
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Xethamso y = V-x 2 +4x + 21 -V-x 2 " + 3x + 10 trendoan [-2;5] taco 
, —2x + 4 -2x + 3 

2\J-x 2 + 4x + 21 2 V-x 2 +3x + 10’ 

y' = 0o(-2x + 4)J-x 2 +3x + 10 =(-2x + 3)V-x 2 +4x + 21 

(-2x + 3)(-2x + 4)>0 1 

° (-2x + 4) 2 (-x 2 + 3x + lo) = (-2x + 3) 2 (-x 2 + 4x + 2l) ^ _ 3 

Taco y(-2) = 3;^^ = V2;X5) = 4. 

Vay y min =y^j = V2. 

Chu y. y > 0;y 2 = ^(x + 3)(5-x) -^(x + 2)(7-x) j + 2>2=>y>V2. 

Khao sat ham so cho ta ca ket qua max. 

Bai 12. Ta co 

I, 14 (2x 2 -ll)7x 2 +7-28 

y' = 0^(2x 2 -ll)Vx 2 +7-28 = 0^>x = 3 

Ta co y’ d6i dau tvr am sang duong khi di qua x = 3 nen y dat cue ticu tai x = 3. 
Vivay Train =y@) = Y ■ 

Bai tap tuong tu 

Tim gia tri nh d nhat cua ham so y - 2x + — + ^2^1 + voi x > 0 . 

Bai 13. Tap xac dinh: D = [-2; 2]. 

Taco y' = l-- j =^=;y' = 0<^>^4-x 2 =x<=>x = \/2 . 

V4-x 2 

Suy ra y(-2) s«2 ;y(S) = 2^2',y{2) = 2. 

Vay y max = y(V2) = 2^2;y mm = y(-2) = -2 . 

Bai 14. Tap xac dinh: D = [0;4]. 
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Taco y' = -x-X — , 2 = = (x-2) -+ 1 ;/ = 0 «jc = 2. 

2 V 4x-x 2 V 2 V4 x-x 2 ) 

Suy ra y(0) = 0; y{ 2) = -3; y(4) = 0. 

Vi vay y max = y(0) = y(4) = 0;y min = y( 2) = -3 . 

1 — x 

Bai 15. Taco y' = - - , ;y' = 0<=>x = l. 

(* 2 + i)V77i 

Suy ra y(-l) = 0;y(l) = J2;y(2) = ^=. 

Vi vay y max = y(l) = V2 ;y min = y(-l) = 0. 

Bai 16. Ta co 

y' = e x -l-x;y” = e x -1>0,Vx e[0;l] 

=>y’ZyX 0) = o => y max = y(l) = e ~;y min = y( 0 ) = 0 

x 2 x n * 

Chuy. e x > 1 + x + — + ... + —,Vx> 0,« e V . 

2 n\ 

Bai 17. Ta co 


2 + 1 )- 2 * to * x + --2xlnx 2 _ 2x]nx 



Bai 19. Vi ham so da cho tuan hoan voi chu ky T - In nen ta chi can tim gia tri 
ion nh at va gia tri nho nhat tren doan [0; 2/r]. 

Taco y' = 5sin 4 xcosx-\/3sinx = sinx^5sin 3 xcosx-V3 j; 
y' = 0 <=> sinx^5sin 3 xcosx-V3 j (1) 


Chuy. 
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l . 3 \ 2 I, 2 -2 -2 -2 X 1 3cos x + 3sin x 

sin xcosx =-3cos x.sin x.sin x.sm x<- - 

' / 3 3\ 4 

Vi vay (1) <=> sinx = 0 <=> x-kn^> x = 0,x = n,x = 2n. 

Suy ra y(0) = y(2n) = yf?>;y(n) = -V3 . 

Vay y max = y(0) = y(2n) = V3;y min = y(n) = -J3 . 

, x 2 

Bai 20. Xet ham so y = e x + cos xh -x-2taco 

2 

y' = e* -sinx + x-l;y" = e* -cosx + l>0,Vx. 

Matkhac y'(0) = 0nen y'>0,Vxe(0;+oo);y'<0,Vxe(-oo;0). 

Do do ham s6 dat cue ticu tai x = 0 . Vi vay y > y(0) = 0 (dpcm). 

Bai 21. Xet ham so y = 1 + xln|x + \]x 2 +1 j - \Jx 2 +1 ta co 

y ' = In | x + a/x 2 ^! j ; y ' = 0 <=> x + a/x 2 ^! = 1 <=> x = 0. 

Ta co y’ doi dau tu am sang ducmg khi di qua x = 0 nen dat cue tieu tai 
Vi vay y > y(0) = 0 (dpcm). 

. x 2 (l-x) 2 +8x(l-x)-2 

Bai 25. Tinh duoc y = —-- ----. 

x 2 (l-x) 2 -2x(l-x) + 2 

Dat t = x(l-x) e j^-2;-^-j, Vx e [-l;l] khi do y--y ———— . 

2(5t 2 -4t-6) J-2;Ij 2- 

Taco y' = —*- /;y'=0c>5t 2 -4t-6 = 0 <— L 4J > t = — 


Tinh cac gia tri suy ra y min = y ^ = 4- V34;y min = y(^j = ^ 


Bai 26. Taco y' = - 


. 3x 

sm-1 

2 


Vi vay y min = y(0) = 2;y max = y ^ = 1 + ^. 


27 ‘ 


x = 0. 


V34 

5 
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Bai 27. Tap xac dinh: D - [— 1; 3]. 

Do (V^cTT) 2 +(>/3^3c) 2 =4^3^e[0;l]|>/3cn = ^^-,V3^3c ^^ 

2t 2 -4t-6 

Khi do y = —-. 


Tu do dl co y min = 3 /( 1 ) = Tmax = y( 0) = 2 • 

tai 28. Tap xac dinh: D = [-V2015;^2015] . 

Ta co y' = 2013 + ^HL=^=;y' = 0 o 2x 2 -2015 = 2013^2015-x 2 . 
a/2015-x 2 

2x 2 -2015 >0 ,_ 

, \ ,/ , <=>x = +V2014 

2x 2 - 2015) = 2013 2 (2015 - x 2 ) 

Suy ra y max = y(V2014) = 2014^2014;y min = j/(->/2014) = -2014^2014 . 

Bai 29. Dat y = 2l smx l + 2l cosx l va t = |sinx|,t s [0;l] khi do y = 2‘ + 2 77 


Taco y' = 2 ? ln2- 


2 V, “' ln2;y' = 0»2' = 


| 2‘ _ 2^ 
2 a 


( 1 ) 


Xethamso f(a) = — trenkhoang (0;l) taco 
a 

f'(a) = —ll< o,Va e (0;l). Do do f(a) nghichbien tren khoang(0;l). 

a 2 

Vivay (l)«/(f)=/(Vl-f 2 J«f = yll-t 2 «t = -j=. 

Taco >’(0)=,y(l) = 3;>^ J 2 J = 2 ' +7 - 

Suy ra >> min = y (0) = y( 1) = 3;y max = y = 2 & (dpcm). 
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Bai tap tiro'ng tvr 

1 

Chiing minh rang voi moi so thuc x ta co 8 < 4l sm ^ + 4.2l cosx < 5.4^ 
Bai 30. Xet ham s6 /(x) - ax 1 - x + In (l + jt) tren [0; +oo). 
Tacantimadl /(x)>0,Vx>0. 

Taco f\x) = -^—^{2ax + 2a-\). 

+ Neu a<()=> /'(x)< 0^> f(x) < /(0) = 0 khong thoa man. 

+ Neu 0<a< — => /'(*) = 0 <=> x = 0 hoac x = -——. 

2 2 a 

Khi do f(x) < f (0) = 0 khong thoa man. 


Vay gia tri can tim cua a la : a > 


Bai 32. HD: Su dung dinh ly Lagrange cho ham so y -1 cos —. 
Bai 33. Huong dan su dung dinh ly Lagrange cho ham so y = ln- 


Bai 34. Lay logarit tu nhien hai ve ta can chung minh 


n +1 


ln(« + l) Inn 

Xet ham so /(x) = —— voi x > 3 ta co f\x) = * > 0, Vx > 3. 

lnx In x 

Tu do suy ra /(« + !)>/(«) =>□. 


Bai 37. Su dung tanx>x,Vxe 0;- 


>I n > f 4 j 

" Jo 




(Xem 


them chu de Ky thuat danh gia bat dang thuc Tlch phan). 

' TC A \ 

Bai 38. Tu gia thiet 0 <A<—, suy ra 0 < sin—< —=. 

2 2 V2 

Ta co (l) <=> 1 - 2sin 2 A + 2\fl (cos B + cos C) = 3 


•»-sin y4 + 2v2sm—.cos-= 1 

2 2 


( 2 ) 
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Lai co 2-J2 sin—.cos ——— <2V2sin— (3) 

2 2 2 V ’ 

Tvr (2) va (3) ta co -sin 2 A + 2-^2 siny - 1 > 0 . 

Dat t - sin — thi bat dang thuc tro thanh: -At 2 (l - 1 2 \ + 2 2t -1 > 0 (4) 

2 . , ^ v 

Xet ham /(f) = At 4 - At 2 + 2 2t -1. 

>r 

Ta phai co f(t) > 0 voi 0 < t < —j= (5). 

V5 

f'(t) = 16t 3 - St + 2 V 2 ;f"(t) = A8t 2 - 8 =>/’(/) = 0 « 

V 6 

Suy ra f" (f) < 0 <=> 0 < t < —j=lf (t) < 0 <=> * s- 

V6 V6 v2 

Vi vay f'(t) > > 0 nen f(t) ddng bien tren |^0;-J=j. 

Dodo/(f)</^-^j = 0. 

Vi vay dau bang xay ra khi va chi khi t - - J= <=> sin y = -J= <=>^4 = y 

y = x 2 + x-12, y<0<3>x 2 +x-12<0o-A<x<3 

Thay vaotaduoc cos ——— = 1=>5 = C = — . 

2 4 


CHU DE 2: KY THUAT SU DUNG TINH DON DIEU CHO BAl TOAN 
CUCTRI VA BATDANG THUC HAI BIEN SO 

A. NOI DUNG PHlTONG PHAP 

Nguyen tac chung cua ky thuat nay la dung phep the(rut bien x theo y hoac 
nguoc lai) thay vao bieu thuc can tim cue tri dua ve khao sat ham mot bien. Tuy 
nhien neu tinh te su dung cac bat dang thuc co ban(tong va tich doi xung voi hai 
bien) va nhan ra cac phep dat dac biet dua ve mot bien mod chung giua hai bien se 
giup ta xu ly bai toan don gian hon. 

1. Ky thuat th§ biSn dua xe khao sat ham mot bi§n 

Rut x theo y(hoac rut y theo x) thay vao bieu thuc can tim cue tri(bat dang 
thuc) dua ve khao sat ham mot bien(bat phuong trinh). 

Nhu vay ky nang can co la bai toan khao sat tinh don dieu cua ham mot bien so. 
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Vi du 1. Cho x,y la hai so thuc thoa man dieu kien y<0,x 2 +x-y-12 = 0. 
Tim gia tri nho nhat cua bieu thuc P = xy + x + 2y + \l = 0. 

L&i giai 

Tvrgiathiet taco: y = x 2 + x-12,y < 0 <=> x 2 +x -12< 0<=> -4< x<3 . 
Khi do P = x(x 2 + x-12) + x + 2(x 2 + x-12) + 17 = x 3 +3x 2 -9x-7 . 
Xet ham so /(x) = x 3 + 3x 2 - Ox-1 lien tuc tren doan [-4;3] ta co: 

fx-i 

/ '(x) = 3x 2 + 6x - 9; / '(x) = 0 « 


Lx = -3 

Ta co /(-4) = 13,/(-3) = 20,/(l) = -12, /(3) = 20 
=* max /(x) = /(-3) = /(3) = 20, min /(x) = f(l) = -12. 

xs[-4;3] xe[-4;3] 

Vay gia tri Ion nhat cua P bang 20 dat tai (x;y) = (3;0); (-3;-6) va gia tri nho 
nhat cua P bang -12 dat tai (x;y) = (l;-10). 

Vi du 2. Cho x,y la hai so thuc thoa man dieu kien 2x - y = 2. 

Tim gia tri nh o nhat cua bieu thuc P = ^Jx 2 + (j + 1) 2 +^ 2 +(j-3) 2 . 

L&i giai 

Theo gia thiet ta co: y = 2x - 2 thay vao bieu thuc cua P ta duoc 
P = \l5x 2 -4x + l+yl5x 2 - 20x + 25 . 

Xet ham so /(x) = V5x 2 -4x + l + V5x 2 -20x + 25 lien tuc tren M ta co: 

... 5x-2 5x-10 

/ (*)jg $f/ m > 

y5x 2 -4x + l \5x 2 -20x + 25 
f '(x) = 0 o (5x - 2) V5x 2 - 20x + 25 = -(5x -10)^5x 2 - 4x +1 
(5x-2)(5x-10)<0 

° (5x - 2) 2 (5x 2 - 20x + 25) = (5x -10) 2 (5x 2 - 4x +1) 

^<x<2 2 

5 <=>x = — 

24x 2 -16x = 0 3 

Tu do suy ra P = /(x) > = 2>/5 . 

2 2 

Dang thuc xay ra khi va chi khi x =—,y = ——. 
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Vi du 3. Cho a,b la cac so thuc duong thoaman dieukien a+b-l. 
Tim gia tri nho nhat cua bicu thuc P - 3\ll + 2a 2 + 2^40 + 9 b 2 . 

Lai giai 

Theo giathiet taco a = 1 - 6, (0 < < 1). 

Khi do P = 3^1 + 2(1 -bf +2V40 + 9 b 2 . 


Xet ham s6 f{b)-3^\ + 2(\-b) +2V40 + 9 b 2 voi OcZxltaco 

V 

v 2b 2 -4b+ 3 \l9b 2 +40 

f \b) = 0 o (1 -b) yj9b 2 + 40 = 3b^2b 2 - 4b + 3 
o (1 -bf (9 b 2 + 40j = 9b 2 (2 b 2 -4b + 3 ) 

&(b + 2)(3b-2)(3b 2 -I0b + I0} = 0&b = ^ 

Vay gia tri nho nhat cua P bang 5-n/TT dat tai a - ^;b = ^. 

Vi du 4. Cho a,b la hai so thuc thoa man a 2 +b 2 - 1 . 

^ 3^3 


Chung minh rang ab + max{a,b } < ——. 

Ldi giai 


3V3 


Neu a va b trai dau khi do ab + max[a,b } < max[a,b } < 1 < —— ta co ngay dieu 
phai chung minh. 

Vay a va b cung dau va neu ca a va b deu am khi do: 

, , n , a 2 + b 2 1 3>/3 , 

ab + max[a,b\ <ab< —-— = — < ——, ta co ngay dieu phai chung mini. 

Xet voi a,b> 0 khi do khong mat tinh tong quat gia su a - max[a,b } ta can 

chung minh: ab + a< . 

4 

Tu dieu kien ta co: a = ^Jl-b 2 =^>ab + a = f(b) = (b + \)\jl-b 2 . 

Xet ham s6 f(b) = (b + 1)^1-b 2 tren doan [0;l] ta co: 

VI -b 2 2 
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Ta co f (b) doi dau ter duong sang am khi di qua b - ^ ncn /j^j = ~~ la gia 
3a/3 

tri cue dai hay f(b) <-. Ta co ngay dieu phai chung minh. Dang there xay 

4 

ra khi va chi khi a - —, b = —. 

2 2 

Cach 2: There hien lap luan nhu tren va ser dung bat dang there AM-GM ta co: 
ab + a - a(b +1) = /2.—. 






2 3 l2 5 

a +-+b +— 
4 4 


2. Ky thuat xii ly voi bieu thuc doi xung hai bien 

Bu d’c 1: Ter dieu kien dat t = x + y (hoac t = xy) rut t theo xy(hoac x+y). 

Bii rrc 2: Thay vao bieu there cua P ta dupe mot ham so voi t. 

Bub’c 3: Tim mien gia tri cua t dua vao bat dang there co ban (x + y) 2 > 4xy (hoac 
dieu kien rang buoc cua bien de bai cho). Ta tim dupe mien gia tri cua t la [a;&]. 
Budc 4: Xet ham so f(t) tren doan [a;Z?]ter do tim dupe gia tri Ion nhat, nho nhat 
cua f(t) va suy ra gia tri Ion nhat, nho nhat cua P. 

Chu y. Doi khi can danh gia P thong qua cac bat dang there co ban trade tien de 
giam su cong kenh cua ham f(t) giup bai toan thuc hien don gian hon. Mot so bai 
toan co the thuc hien theo danh gia dieu kien co nghiem cua phuong trinh bac 2. 

DSu hien nhan biSt: 

- Rut dupe bien nay theo kien kia va dua bieu thuc ve dang mot bien. 

- Bieu there co dang doi xerng giua tong va tich. 

- Bieu there co dang doi xerng giua cac bien. 

- Bieu there la tong hop cua cac ham(ham da there,can there, lupng giac, mu va 

logarit). 

Mot so danh gia eff ban: 

a) Voi hai so thuc khong am x,y ta co: 

,2 , - 

t = x + y^>xy <— ,0<t<^2^x 2 +y 2 ) . 

a | b > 2 

b + ab a + ab 1 + 4ab 


b) Vdi a,b duong ta co 
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Vi du 1. Cho x,y la hai so thuc khong am thay doi thoa man dieu kien 
a{x 2 +y 2 +xy^<\ + 2(x + y) . 

Tim gia tri Ion nhat cua bieu thuc P = xy + sjx + y - x 2 - y 2 . 

Ldi giai 

Nhan xet. Taco: xy + ^ ~y 2 <-^-(x + y) 2 ■ 

Do vay de tim gia tri ldn nhat cua P ta quy ve an t = x + y va viec dau tien can 
lam do la tim khoang gia tri cua t = x + y. 

Taco: P<+ jx + y ~^(x +yf =-^(x +yf + Jx +y . 

Dat t = ylx + y,(t>0)^>P<-^t 4 +t. 

Xuat phat tir dieu kien bai toan ta co: 

4^(x + y) 2 -xyj<l + 2(x + y) <=>4(x + y) 2 -2(x + y)-l<4xy < (x + y) 2 . 

Suy ra 3>t 2 - 2t - 1 < 0 <=> < t < 1 do t > Onen 0 < t < 1. 

Xet ham so fit) - t 4 +1 vdi 0 < t < 1 ta duoc: 

4 

f\t) = -t 3 +1 > 0, Vf e (0;l] => fit) < /(l) = | => P £ | • 

Vay gia tri ldn nhat cua P bang ^dat tai x-y = ^. 

Vi du 2(TSDH Kh6i D 2014) Cho hai sd thuc x,y thoa man cac dieu kien 
l<x<2;l<y<2. 

Tim gia tri nh d nhat cua bieu thuc P = x + 2y — + y + ^x — + __—1- 

x +3y + 5 y + 3x + 5 4(x + y-l) 

Ldi giai 

Do l<x<2 nen (x-l)(x-2) < 0 <=> x 2 + 2 < 3x . 

Tuong tu ta co y 2 + 2 < 3y. 

„ „ ^ x + 2y y + 2x 1 

3x + 3_y+ 3 3x + 3_y+ 3 4(x + y-l) 

x+y , 1 

x + y + 1 4(x + y-l) 
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Dat t - x + y,(2<t <4)taco P> f(t) = —— + —^— 

V ’ t + 1 4(t-l) 

Vi du 3. Cho x,y la hai so thuc duong. 

Tim gia tri nho nhat cua bieu thuc P = + —z ~——; 


+ —ln(xy). 


Loi giai 

Nhan xet. Bieu thuc doi xung voi x va y dir doan dau bang xay ra tai x = y, khi do 

11 1 5 5 A 1 1 1 ,.5 

-^ + ^ + —-y = —=-= -—nentadanhgia — + —r + — --voi -—. 

x 2 y 2 x 2 +y 2 lx 2 2 xy x 2 y 2 x 2 +y 2 2xy 


_L _L i 5 

x 2+ / + x 2 +y 2 2xy : 


_L i i 

• 4 V 7jv+/ 

_ h-y ) 2 , f 

2 2 , __2 \ ^ y > 


_J_ 1 

x 2 y 2 2xy(x 2 +y 2 


2xy[x 2 +y‘ 

_ { x -y) 2 \ 2 ( x2+ y 2 )- x y\ ^ (x-yf[2.2xy-xy] 
2 x 2 y 2 (x 2 + y 2 ) 2x 2 y 2 (x 2 +y 2 ) 


Vay P>7- + ln(xy)j = ^— -lnf- 
2[xy J 2|_xy ^x> 

Dat t = — ,{t > 0)khi do P> f {t) = ^(t-\nt). 
Xethamsd f{t)=~^(t-\nt) voi t>0taco: 


Ta co f (t) doi dau tu am sang duong khi di qua t = lnen f(t) dat cue tieu tai 
t = 1 hay P> f(t)> f(l)-^. 

Dang thuc xay ra khi va chi khi x = y - 1. 

Vay gia tri nho nhat cua P bang ^ dat tai x = y = 1. 
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Vi du 4. Cho x,y la hai so thuc duong thoa man dieu kien 3 xy + 3 = x 4 +y 4 -i -. 


xy 


16 


Tim gia tri Ion nhat cua bieu thuc P = x 2 y 2 + - 

x z +y 2 +2 

Ldi giai 

Xudt phat tir gia thiet ta co: 3 (xy + 1) = x 4 + y 4 + — > 2x 2 y 2 + —. 


» 2x i y i + 2 < 3 x y + 3 xy <=> 2x i y i - 3 x y - 3xy + 2 < 0 
o (xy + l)(2xy-l)(xy-2)<0 o xy <2 

Khi do P < x 2 y 2 + ——— = x 2 y 2 + —-—. 

2xy + 2 xy + l 

Dat t = xy,^<t < 2j khi do P< f ( t ) -t 2 + —. 


-;2 taduoc: 


f'(t) = 2t- --;/'(f) = 0of = l. 

(<+i) 


Taco / 


(M- 


./ (l) - j,f(2) = ■y suy ra P < J\t) < f(2) - ^. 


Vay gia tri Ion nh at cua P bang — dat tai x=y = yf2 . 

Vi du 5. Cho x, y la cac so thuc duong thoa man dieu kien x + y + xy = 3 . 
Tim gia tri nho nhat cua bieu thuc: P = 4( X + \ ) 3 + 4( ^’ + \ ) 3 + s]x 2 +y 2 


Ldi giai 

Su dung bat dang thuc a 3 +b 3 > ab(a + b ) ta co 

16 (x 2 +y 2 +x + y) r -- 

= —^- 2 -r- ~ + \]x 2 +y 2 >64 + V2 
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3. Da thuc co dang dang cap 

Dang toan nay da de cap den trong chu de ky thuat ser dung ti nh dang cap do la 
dat x = t.y hoac y = t.x dua ve khao sat ham mot bien vdi t. 

Dang toan nay vai nam trd lai day thudng xuat hien trong de thi TSDH cua Bo va 
ky thuat kha don gian nen cac em nam chac phuong phap co the hoan toan xu ly duoc. 
Vi du 1. Cho x,y la hai so there khac 0. Tim gia tri nho nhat cua bieu there 

y x y x y x 

L&i giai 


P = f- + Z ' 


6 —+ — + — + — + 6 . 


Dat t = — + —,\t\>2 khi do P = t 4 -6t 2 +t + 6 . 

y x 

Xethamso f(t)-t 4 -6t 2 +t + 6tren (-oo;-2](J[2;+oo), taco 
/’(/) = 4t 3 -1 It +1; / "(0 = 12t 2 -12 > 0, Vt e (-oo;-2] U [2; +oo). 

Do do /’(/) < /’(-2) = -7 ,\/t e (-oo;-2];/'(0 & /'(2) = 9, W e [2;+oo). 

Vi vay f(t) nghich bien tren (-oo; -2] va dong bien tren [2; +oo). 

Suy ra f(t) > min{/(-2),/(2)} = /(-2) = -4 . 

Vay gia tri nho nhat cua P bang -4 dat tai x = -y . 

Vi du 2. Cho x,y la hai so there duong phan biet thoa man dieu kien x 2 + 2y = 12 . 

4 4 5 

Tim gia tri nh o nhat cua bieu there P = — + — +-- . 

x y B(x-y) 

Ldi giai 

Ta thay P chua co dang dang cap tuy nhien kheo leo ser dung dieu kien 
Ta co: 12 = x 2 + 2 y = x 2 +y + y> 3 y]x 2 y 2 =>xy<$. 

Suy ra 



y * 
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Dat t- — +—,(t> 2), do x,y duong phan biet. 

y x 


Khid6P,/(0 = ^-2] + A._I_. 

= _L[y,i*UA._ 

16L J 64 l 


Xethamsd /(t) = ^|V-2^ + ^.—^tren (2;+oo)taco 


8 64(t-2) 2 


Tai t = — f(t) doi dau tir am sang duong nen tai t = — f(t) dat cue tieu hay 




Vi du 3. Cho x,y la hai so thuc khac 0. Chung minh rang 
48 jcV 


{x-+y 2 ) 

Leri giai 

Bat dang thuc da cho tuong duong voi: 


48 


r+1001 


x +Z 

y x 


-2 


> 2014 <=> - 


Z+ Z 

y x 

Chu y su dung bat dang thuc AM - GM ta co 

+ 3'l 


Z+ Z 
y x 


VT * 


48 


Z+ Z 

y X J 


3 f—+— 

VT * 


>2 


48 


Z+ Z 

y x ) 


.3 - + ^ = 24 


998 


> 998.2 =3992 


IHJ 

Cong theo ve hai bat dang thuc tren ta co dpem. 

4. Ky thuat khao sat ham dac trirng 

Neu bat dang thuc can chung minh co dang ham dac trung f(a)> f (b) hoac 

m<m. 
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Khi do ta chung minh ham so /(x) luon dong bien hoac luon nghich bien tren 
mien D thuoc dieu kien cua bai toan. 

Vi du 1. (TSDH Khoi D 2007) Cho a>b>0. Chung minh riing 


2 “+ — < 2^+4 . 


Loi giai 

Bat dang thuc da cho tuong duong voi: 

t \b , h \a , \ ( h \ ln(l + 4°) ln(l + 4*) 

(l + 4 fl ) <(l + 4 6 ) <^>Z?ln^l + 4 j<aln^l + 4*j<K> —-- K — - 

ln(l + 4 x ) 

Xet ham so /(x) = — -- vdi x > 0 ta co 

x 

4 x ln4 x -(l + 4 x )ln(l + 4 x ) 

/'(*) =-b-M--<0,Vx>0. 

x 2 (l + 4 ) 

Do do f(x) la ham nghich bien tren (0; +oo). Vi vay voi a>b=> f (a) < f(b). 
Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a-b . 

Vi du 2. Chung mi nh rang voi moi x,y e (0;l),x ^ y ta co 
1 


y-x 


-In— >4 (1) 

l -y l-x w 


-y 

Loi giai 


• Neu y > x thi 

(l) <=> In—-In—— > 4(y -x) <=> In—-4 y > In—-4x . 

W 1 -y l-x ’ 1—y l-x 

• Neu y < x thi 

(l) <=> l n ~-ln^-^< 4(y-x) <=> ln-p- Ay < l 11 ”-4x. 

Xet ham so /(t) = ln^- At voi t e (0;l). Ta co 

/, w44J- 4 =4f >0,v ' e(0;1) - 

Suy ra f(t) tang tren (0; 1). Suy ra f(y) > f(x) ndu y > x va f(y) < f(x) n£u y < x 


1 


ln- 


4 -In--l>4,Vx,ye(0;l),x*y. 
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Bat dang thirc dupe chung minh. 

Chu y. Theo dinh ly Lagrange cho ham so y - In ta co 

VT = ^ ~ = f '(c) = - + — >---= 4 (dpcm). 

y-x c I -c c+l-c 

5. Ky thuat xet rieng le tirng biSn 

Noi dung ky thuat nay toi se de cap chi tiep hon trong noi dung chu de khao sat 
ham nhieu bien. Loai toan nay thudng ap dung voi cac bai toan cue tri khi cac bien 
thuoc doan gia tri cho trade hoac co dieu kien rang buoc giua cac bien vdi nhau. 

Vf du 1.Xet ham so /(x,y) = (l-x)(2-y)(4x-2y) trenmien 
D = {(x,y) |0<x<l,0<y<2|. 

Tim gia tri nh o nhat cua ham f tren mien D. 

Lai giai 

Bien doi ham so da cho thanh 

/ (xjj) = 2(l - x)(2 - y)((2 - y) - 2(1 - x)) 

Dat u= 1 - x, v = 2 - y, ta chuyen ve tim GTNN cua ham so: 

F(u,v) = -2uv 2 +u 2 v trenmien E = {(w,v),0< w < 2,0< v< l} , nghia la 

min F(u,v) = min min (~2uv 2 + u 2 v) . 

E 0<u<2 Lo<v<i J 

Xet ham so g (v) = -2 uv 2 + u 2 v vdi 0 < v < 1, coi u la tham so. Ta co 
g'(v) = -4wv + « 2 =m(-4v + m). 

Ta thay g’(v) = 0 khi v 0 = ^, ma 0<^^ va qua v 0 =^ thi g’(v) doi dau tit 
duong sang am, suy ra 

wax g(v) = min|g(0),g(l)} = min j();w 2 -2 m| (do u 2 -2u < 0). 

Vay minF(M,v) = min (u 2 -2m) = -1 khi u= 1, v= 1. Tit do 

E 0<u<2 

min f(x,y) = 2mmF(u,v) = -2 khi x = 0, y = 1. 

Vi du 2. ChoO < a,b < 1. Chung minh rang tan a. tan 6 > tan ad . 

Lai giai 

Gia sit a>b. Dat / (x) = tan b. tan x - tan bx vdi b < x < 1. Ta co 



cos" 


cos 2 bx 
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Do 0<a,b<\ nen tanZ?>h>0 va —^— suy ra /'(x)>0,nenf 
cos x cos ox 

dong bien tren [b; 1], Vi vay vbi a>b ta co /(«)>/ (b). Suy ra 
tana.tani-tanaZ)>tan 2 i-tanZ ? 2 (l). 


Dat g (x) = tan 2 x - tanx 2 , co 


,, \ 2 tanx 2 x w A 

g (*) =->0; Vx e (0;1) 

cosx cos 2 x 


Suyra g(Z>)>g(0) = 0^>tan 2 Z>-tanZ > 2 >0 
Tvr (1) va (2) suy ra dpcm. 


( 2 ) 


/ ^ 4cosxcosy 

cos [x-y)< - j. 

(cosx + cosy) 

Lai giai 


^ „ x + y x-y 

Taco cosx + cosy = 2cos-—cos-—. 

2 2 

Do vai tro x, y nhu nhau nen ta co the gia su x > y. 

Khi do viet lai bat dang thuc duoc viet lai duoi dang 

2 x+y ix-y / ^ 

cos ——cos ——.cos(x-y)<cosx.cosy . 

Lay logarit tu nhien hai ve ta duoc 

2 In cos ~~~ + 2 In cos ~~ + In cos (x - y) < In cos x + In cos y. 

Den day ta xet ham so 

/(x) = lncosx + lncosy-21ncos X ^^ -21ncos X ^ -lncos(x-y),Vx>y;x,y e|^0;-j 


Taco / ’(x) = - tan x + tan (x - y) + 2 tan X ^ + 2 tan X ^ ^ . 


,s (x-y) 


2 


+ 2tan^^>0,Vx>y;x,ye[();^ 


Do do / la ham tang. Do do /(x) > /(y) = 0, dieu nay tuong duong voi 


2 In cos X+ ^ + 2 In cos * ^ +lncos(x-y)<lncosx + lncosy. 

Bai toan duoc chung minh hoan toan. Dang thuc xay ra khi va chi khi x = y . 
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6. Ky thuat sir dung dinh ly Lagrange 

Vi du 1. Cho hai so thuc duong a, b thoa man a < b. Chung minh rang: 

b-a . b b-a 

-<ln — <- 

b a a 

L&i giai 

Xethamso /(x) = lnx=>/'(x) = — ,Vjc e(0;+oo). 

x 

Theo dinh li Lagrange luon ton tai c e (a; b) sao cho / '(c) = 

„ 1 lnd-lna a-b , b 

Vi vay - =--=In— 

c b-a c a 

Mat khac 0 <a<b <c- 


m-m 

b-a 


1 1 1 b-a , b b-a 

-<-< — =>-<ln —<-(dpcm). 

b c a b a a 


7. Ket hop sir dung cac bat dang thirc cu ban AM - GM ; Cauchy - Schwarz 

De viec khao sat ham so thuan tien va don gian trade khi chung minh bat dang 
thuc hoac tim Min, Max ta danh gia qua cac dai luong trung binh cua hai bien so 




—) hoac ket hop su dung mot so bat dang thuc phu quen biet. 


Sau day la mot s 6 danh gia hay dupe sir dung: 

+ x 2 +y 2 >^(x + y) 2 ;x 3 +y 3 >^(x + yf. 

+ >x + l,Vx>0;ln(x + l)<x,Vx>0. 

+ y/x 2 +y 2 + \la 2 +b 2 > yj(a + x) 2 + {b + y) 2 . 

Vi du 1. (TSDH Khoi B 2006) Cho x,y la hai so thuc thay ddi. 

Tim gia tri nh d nhat cua bieu thuc P - y/(x -1)‘ l +y 2 +^(x + l) : +y 2 + y— 2 |. 
L&i giai 

Tren mat phang toa do Oxy, xet cac diem M(l-x; y) va N(l+x; y). 

TacoOM + ON > MN, suyra <J(x-lf+y 2 + y/(x + l f + y 2 >^4 + 4y 2 . 
Dang thuc xay ra khi x = 0, ta dupe P > 2-y/l + y 2 + \y - 2|. 

Xet ham sd / (y) = 2-y/l + y 2 + \y - 2|. 

*) Vdi y > 2 thi /(y) = 2-y/l + y 2 +y-2 la ham dong bien. 

_^y _, 


*) Vdi y < 2 thi / (y) = 2-y/l + y 2 + 2-y cd f'{y) = 
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Khi do f'(y) = 0 <=> y • 

Lap bang bien thien cua harried f(y) ta duoc min P - 2 + -J3 <=> (x; y ) = j^O;-j= 
Chu y. Ta co the sir dung bat dang thuc Mincopski: 
y](x-\f+y 2 +yj(x + \) 2 +y 2 >^j(l-x + x + \f +4y 2 =2^y 2 +\. 

Vi du 2. (TSDH Kh6i B 2011) Cho a,b la so thuc duong thoa man dieu kien 
2 ^a 2 +b 2 ^j + ab = (a + b)(ab + 2). 

Tim gia tri nho nhat cua bieu thuc P = 4 - 9 

[b 3 a 3 ) [b 2 a 2 

Lfri giai 

Nhan xet. P co the bieu dien theo t- — +— nen ta nghT den viec danh gia 
b a 

t- — + — dua vao dieu kien bai toan. 
b a 

Dat t = — +—, khi do 
b a 


a b 
—+ — 
b a 

Xuat phat tu dieu kien ta co: 



-9 

f- + -T_2 

J U J 


U a) 


-2 = 4r — 9r -12t + 18. 




Suyra 2t +1 > 2yf2.jt + 2 


Xet ham so / (t) = 4r - 9r - 12t + 18 tren —; +oo ta co: 


5 „ 


r 5 

2 


/'(*) = 12r -18t-12>0,Vt>-nen f(t) dong bien tren — ;+oo suy 


p=m>f\ 


_23 
4 ‘ 
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Bai tap tiro'ng tu* 

1) Cho x,y la 2 so thuc duong thoa man dieu kien 

6^x 2 + y 2 ^j + 20xy - 5(x + y)(xy + 3). 
Tim gia tri nho nhat cua bieu thuc 



2) Cho a,b la hai so thuc duong thoa man dieu kien 

(a 2 +2Z > 2 ) 2 +3aV =2(a 2 + b 2 )(a 2 +2b 2 ). 

Tim gia tri nho nhat cua bieu thuc 

_a 3 +b 3 8 b 3 [(“ + !>) 2 +2<i 2 +5i> 2 J(ii-6) 2 +2<j 2 +5Z> 2 ] 

P = ~ + T F+ 0 fc (« 2 + 26 2 ) ~ 

Vi du 3. Cho a,b la cac so thuc duong thoa man dieu kien 
a + b + 2y](a + 2 )(& + 2 ) =12 . 

Tim gia tri nh o nh at cua bieu thuc P - —— '0 +^-— + ^ . 

b+2 a+2 a+b 

Ldi giai 

Theo gia thiet ta co: ^-(12 -a -b) 2 - (a + 2)[b + 2) + ^ ^ + ^ . 

Dat t = a + Z>,(0<t <12)suyra (12-t ) 2 <(t + 4 ) 2 <=>t + 4>12-t<=>t>4. 

n a 3 (a + 2) + Z> 3 (Z 7 + 2) 48 a 4 +b 4 + 2(a 2 +b 2 ) 48 

(a + 2)(Z> + 2) a + b (a + 2)(b + 2) a+b 

Su dung bat dang thuc AM-GM ta co a 4 + b 4 > ^(a + b) 4 ;a 3 + b 3 > ^-(a + bf. 


Suy ra P > 


\( a + b ) A + 2 \ {a + bf + 4g 
(a + 2)(Z? + 2) a + b 
[a + b) 4 +4(q + Z>) 3 | 48 _ t 4 +4t 3 
(12-q-Z?) 2 a + b 2(12 -tf 


48 


4 
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r + 4r 48 

Nhan xet. Neu ta xet ham so f(t) = -— H-nay ro rang day la mot ham so 

2 (l 2 -t ) 2 t 

phuc tap neu dao ham len khong xac dinh ti'nh duong am cua dao ham tren khoang 
[4;+oo). Do do ta can don gian ham so do di bang each danh gia 

2(l2-t ) 2 <2(l2-4 ) 2 = 128=>--- T > — . 

V V ' 2 ( 12-0 128 

t 4 +4t 3 48 

Vay ta co danh gia P > f (t) =-+ —. 

5 128 t 

a ,,, t 4 + 4t 3 48 ,. ^ . t 5 +3t 4 -1536 . w ^ , 

Xethamso fit)- -+—voit>4taco f(t) = -r->0,Vt>4. 

128 t 32 1 2 

Do do f(t) dong bien tren [4; +<») suy ra P > f(t)> /(4) = 16 . Dang thuc xay ra 
khi va chi khi a = b = 2. 

Vay gia tri nho nhat cua P bang 16 dat tai a = b = 2. 


B. BAI TOAN CHON LOC 

Bai 1. Cho x,y la hai so thuc thoa man dieu kien x + y-1- \j2x-4 + *fy+ T . 

Tim gia tri Ion nhat va gia tri nh o nhat cua bieu thuc 

P = (x + yf-j9-x-y + ^=. 

fx + y 

Ldi giai 

Nhan xet. P la mot bieu thuc bieu dien theo t = x + y nen ta tim each dua ve khao 
sat ham vdi t = x + y nhung trade tien phai tim mien gia tri cua t thoa man dieu 
kien bai toan. 

Dat t = x + y xuat phat tir dieu kien va bat dang thuc C-S ta co: 
x + y-l = yj2(x-2) + A /yTT<^/(2 + l)(x-2 + y + l) -yj3[x + y-l) . 


l(t-l) 2 <3(t-l) 

Khi do P = /(;) = 7 -TiTTh 


279^7 2 tft 279^7 2t77 ’ 

Suy ra max fit) = f(4) = — - 75; min f(t) = f(l) = 2-272 . 

#[k 4 ] 2 ts[i-A] 
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Vay gia tri Ion nhat cua P bang —~y[5 dat tai x = 4,y - 0. Gia tri nho nhat 

cua P bang 2 - 2v/2 dat tai x = 2,y = -l. 

Bai 2. Cho x,y la hai so thuc duong thoa man dieu kien xy + x + y = 3 . 

Tim gia tri nho nhat cua bieu thuc P = x 2 +y 2 ——-—-. 

x+y y +1 x + 1 

Lrn gidi 

Viet lai P = (x + yf -2xy , 
x + y xy + x + y +1 

Dat t = x + y^>xy = 3-t. Taco (x + y) 2 >4xy^G 2 >4(3-t) < t>0 > t> 2. 

Khido P = t 2 -t~ — 

t 2 

Xet ham so f(t) -1 2 -1 - — - ^ tren [2; +oo) ta co 

12 i 2 (2r -l) + 12 

/ '(t) = 21-1 + — = --> 0 , Vi > 2 . 


Do do f(t) la ham dong bien tren [2; +oo) suy ra P = f{t)> f(2) = . 

Vay gia tri nho nhat cua P bang dat tai x = y = 1. 

Bai 3. Cho x,y la hai so thuc thoa man dieu kien 

(x 2 + y 2 +1) 2 + 3x 2 y 2 +1 = 4x 2 + 5y 2 . 


Tim gia tri lbn nhat, gia tri nho nhat cua bieu thuc P - 


x 2 +2y 2 -3x 2 y 2 


x 2 +y 2 +1 


Loi gidi 

Nhan xet. De y den dai luong x 2 + y 2 +1 tir dieu kien va bieu thuc cua P ta nghT 

den viec bien doi P theo x 2 + y 2 +1 dua vao dieu kien bai toan. 

Tir gia thiet ta co: (x 2 +y 2 +lj + 3x 2 y 2 +1 = 4^x 2 +y 2 +l) + y 2 -4 

<=> (x 2 +y 2 +lj -4^x 2 +y 2 +lj + 5 = y 2 -3x 2 y 2 . 

(x 2 + / + 1) + (/ _ 3x 2 y 2 -1) (x 2 + y 2 + if - 3 (x 2 + y 2 +1) + 4 

Dodo P = ^--- i = \ ---- \ ----. 

x+y +1 x+y +1 
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Dat t = x 2 + y 2 +1 khi do P = - -j a can tim mien gia tri cua t. 

Xuat phat tvr dieu kien ta co: 

(x 2 + y 1 +1 ) 2 + 3x 2 y 2 +1 = 5^x 2 + y 1 +1) - x 2 - 5 

» (x 2 + y 2 +1 j 2 - 5 (x 2 + y 2 +1) + 6 = -x 2 - 3 x 2 y 2 < 0 
=>(x 2 +/ + l-2)(x 2 + y 2 +l-3)<0=>le[2;3] 
t 2 —3t + 4 

Vay xet ham so / (t) =-lien tuc tren [2; 3] ta duoc: 

t 2 -4 , 

/'(t) = —-—> 0, Vt e [2; 3]. Vay f(t) la ham dong bien tren [2;3]suy ra 

l =/(2)</(0</(3) = ^ hay 1 < P < ^ . 

Vay gia tri nh d nhat cua P bang 1 dat tai x = 0,y = +1 va gia tri ldn nhat cua P 
4 

bang — dat tai x = 0 , y = ±2. 

Bai 4. Xet phuong trinh ax 3 -x 2 + bx- 1 = 0 vdi a, b la cac so thuc, a * 0, a*b 
sao cho cac nghiem deu la so thuc duong. Tim gia tri nh d nhat cua bieu thuc: 
p _ 5a 2 -3ab + 2 
a 2 ( b-a ) 

Lai giai 

Goi u, v, s la ba nghiem thuc duong cua da thuc ox 3 -x 2 +bx- 1. 

Theo dinh ly Viete ta co u + v + s = —;uv + vs + su - —;uvs = — (l). 

a a a 

Tvr do suy ra a > 0, b > 0. 

Dat c = —. Ap dung BDT AM - GM cho ba so duong ta co 
a 

c = uvs -u + v + s> 3 yfuvs = 3lfc => c 3 > 27 c => c > 3y[3 (2). 

Mat khac (u + v + sf -3 (uv + vs + su) = ^(u-vf + (v-s ) 2 + (s-w) 2 J > 0. 

Do do c 2 = (u + v + sf >3{uv + vs + su) = 3bc (3) 

Tvr(1), (2) va(3) taco 
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_ 5a 2 -3ab + 2 _ 1 5 3 fl + 2 fl 3 _ c[5-3bc + 2c 2 ) 
a 2 (b-a) a' b be-l 


c(5-c 2 + 2c 2 ) 5c(c 2 + 5) 


( 4 ) 


Sole*+5) 

Xethamso f(c) = —\ -- voi c>3V3. Taduoc /(c)>12 /3. 

c-3 

Dau bang xay ra khi c - 3^3. Suy ra P> 1273 . 

Dang there xay ra khi u - v = s - 73 , tuc la a- —^=,b = 73 . 

373 

Vay minP = 1273 . 

Bai 5. Cho a,b,c la cac so there khong am thoaman a>b>cv a 
3 ab + 5be + lea < 9 . 

32 1 1 


Tim gia tri nho nhat cua bieu there P = - 


( a-b ) ( b-c ) (c-a) 

L&i giai 

Theo gia thiet taco a>b>c>0=>9> lea + 5 be + 3 ab > 3 ab => ab<3. 
Khi do: 


P> 


32 


( a-b ) a b 


32 


1 

32a 2 b 2 

a 2 b 2 

1 

_ 9 

(a 2 -2ab + b 2 ] 


_ 9 


[a-b) a b 
32 


—+—-2] 
yb a J 


Dat t = ^- + —,(t> 2). Do a>6, khi do P> /(0 = ~ 


((- 2) 2 


(,- 2) 2 


vdi t>2taco: 


/W = 9l 


(t-2) 3 


/ , (0 = 0o2f(f-2)=64«f = 4. 
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Ta co f (t) doi dau tir am sang duong khi di qua t-4 nen tai t - 4 thi f(t) dat 
cue ticu hay P> f(t)> f (4) = ^. 


Dang thuc xay ra khi va chi khi: 


c = 0 

ab = 3 < 

a b 
— H— = 4 
b a 


a = V6 + 3^3 

Z? = ^2 + V3 (2V3 - 3). 

c = 0 


Vay gia tri nh d nh at cua P bang 10/9 dat tai 
a = V 6 + 3V3, b = V 2 + V3 ( 2 V3 - 3), c = 0 . 

C. BAI TAP REN LUYEN 

Bai 1. (TSCD 2009) Cho a va b la hai so thuc thoa man 0 < a < b < 1. Chung minh 
rang a 2 \nb - b 2 In a > In a - \nb. 

Bai 2. Cho x,y la cac so thuc khong am thoa man dieu kien x 2 -xy + y 2 = 1. 

, . , 2,xy 

Tim gia tri nho nhat cua bieu thuc P-x+y - , ' - . 

V(x + l)(y + l) 

Bai 3. Cho x,y la hai so thuc duong thoa man dieu kien xy + x + y = 3 . 

4x 4 y 1 - 

Tim gia tri nho nhat cua bieu thuc P = -H-+ 2 xy -J 7 - 3 xy . 

y+1 x+1 

Bai 4. Cho x,y> 0 thoa man dieu kien x + 2y - xy = 0 . 


Tim gia tri nh d nhat cua bieu thuc P =-+ ——. 

4 + 8 y 1 + x 

Bai 5. Cho x,y la hai so thuc duong co tong bang 1. Chung minh rang 
Vl^x yj\-y 

Bai 6. Cho x,y la hai so thuc duong thay doi thoa man 3x 2 + 8 y 3 = 20. 

4 4 1 

Tim gia tri nhd nhat cua bieu thuc P- — + —— H-— . 

x 2 y 2 (x-y ) 2 

Bai 7. Cho x,y la hai so thuc duong phan biet thoa man xy < 4 . 

2 2 3 

Tim gia tri nhd nhat cua bieu thuc P — —— H—- H- - . 

~ / (x-y ) 4 

Bai 8. Cho x,y la hai so thuc duong thoa man xy < 3 . 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Tim gia tri nho nhat cua bieu thuc P =--—- + —f# —j ■ 

(x-y) x y 

Bai 9. Chox.y la hai so thuc duong thoa man 8(x + 2_y)xy = 5x + 2_y(5 + 16x). 

Tim gia tri lbn nhat va nho nhat cua bieu thuc 

j •> (l + 2xy) 2 +7xy-6 

P = x 2 + 4y 2 + -^---. 

xy 

Bai 10. Cho x,y la 2 so thuc ducmg thoa man dieu kien 

6(x 2 +/) + 20xy = 5(x + j)(xy + 3). 

Tim gia tri nho nhat cua bieu thuc 



Bai 11. Cho a,b la hai so thuc duong thoa man dieu kien 

(a 2 +2Z > 2 ) 2 +3aV =2(a 2 +b 2 )(a 2 +2Z> 2 ). 

Tim gia tri nh o nh at cua bieu thuc 

_a 3 +Z > 3 8 Z > 3 \[a + bf+ 2a 2 +5b 2l ^[a-b) 2 + 2a 2 +5b 2 ^ 

b 3 + a 3 + ab(a 2 +2Z ? 2 j 

Bai 12. Cho x,y la hai so thuc thoa man x + y = 1. 

Tim gia tri Ion nhat cua bieu thuc P = (x 3 +l^y 3 +lj. 

Bai 13. Cho x,y la hai so thuc thoa man x 2 + y 2 = x + y . 

Tim gia tri lbn nhat va nho nhat cua bieu thuc P = x 3 + jy 3 + x 2 y + xy 2 . 

Bai 14. Cho x,y la hai so thuc thoa man x 3 +y 3 = 2. 

Tim gia tri nh o nh at cua bieu thuc P = x 2 +y . 

Bai 15. Cho x,y la hai so thuc duong thoa man x > l,y > 1 va 3(x + y) = 4x_y . 

Tim gia tri nh d nh at va lbn nhat cua bieu thuc P = x 3 +_y 3 +3-^ + >Hr 

yx 2 y 2 

Bai 16. Cho x,y la hai so thuc khac 0 va thoa man xy (x + _y) = x 2 + y 2 - x - y + 2. 
Tim gia tri lbn nhat cua bieu thuc P - — + — . 

x y 
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Bai 17. Cho x,y la hai so thuc thoa man x l + y l + xy = 3 . 

Tim gia tri Ion nhat va nho nhat cua bieu thiic P = x 3 + y 3 - 3x - 3y. 

Bai 18. Cho x,y la hai so thuc thoa man x 2 +y 2 = 2. 

Tim gia tri Ion nhat va gia tri nh o nhat cua bieu thuc P - 2^x 3 +y 3 j - 3 xy . 
Bai 19. Cho x,y la 2 so thuc khong am thoa man x + y = 1. 

x 2 + x 2 

Tim gia tri Ion nhat cua bieu thuc P = X ^ X ^ —. 

x +y -xy 

Bai 20. Cho x,y la hai so thuc thoa man 2 ^x 2 + y 2 j - xy - 1. 

Tim gia tri Ion nhat va nho nhat cua bieu thuc P -1 (x 4 +y 4 j + 4 x 2 y 2 . 

Bai 21. Cho a,b la hai so thuc duong thoa man a + b +1 = 3 ab. 

Tim gia tri Ion nhat cua bieu thuc P = , , + -——-^-!-• 

(a + \)b (b + \)a a 2 b 2 

Bai 22. Cho cac so thuc x,y e va x + y < ^ . 


Tim gia tri Ion nhat cua bieu thuc P = - 


x + y 


y/l-X + y/l -y 

Bai 23. Cho a,b la hai so thuc duong thoa man a + b = 6 ab . 

Tim gia tri nho nhat cua bieu thuc P - ~^^ + (3a + b)(3b + a). 

9b 2 +1 9a 2 +1 V A ’ 


Bai 24. Cho x,y la hai so thuc thoa man dieu kien x^jl-y 2 + yyl-x 2 = 2 . 

Tim gia tri Ion nhat cua bieu thuc P = (x + y) 3 -12 (x -1)(y -1) + ^/xy . 
Bai 25. Cho a,b la cac so thuc khong am thoa man dieu kien 
a 2 +b 2 +ab<\-a-b. 

Tim gia tri Ion nhat cua bieu thuc P - . ^ ^ +1 + ab. 

Vl + a 2 VI + b 2 

Bai 26. Cho x,y la hai so thuc duong thoa man x 4 +y 4 + — = xy + 2. 

xy 


Tim gia tri Ion nhat cua bieu thuc P = 


1 + x 2 1 + y 2 1 + 2 xy 
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Bai 27. Cho x,y la hai so thuc thuoc khoang (0;l) va 

(x 3 +y 3 )(x + y) = xy(x-l)(y-l). 


Tim gia tri Ion nhat cuabieu thuc P-- 


= + 5xy - (x + y) 


V 1 + x yl + y 

Bai 28. (TSDH Kh 6 i D 2009) Cho x,y la hai so thuc khong am thoa man dieu kien 
x + y = 1 . 

Tim gia tri lbn nhat va nho nhat cua bieu thuc 

P = (4x 2 + 3y ) (4y 2 + 3x) + 25xy . 

Bai 29. (TSDH Kh 6 i D 2012) Cho x,y la hai so thuc thoa man dieu kien 
(x - 4 ) 2 + (y - 4 ) 2 + 2xy < 32. 

Tim gia tri nho nhat cua bieu thuc P = x 3 + y 3 + 3(xy - l)(x + y - 2). 

Bai 30. (TSDH Kh 6 i B 2009) Cho x,y la hai so thuc thoa man dieu kien 
(x + y ) 2 + 4xy > 2 . 

Tim gia tri nho nhat cua bieu thuc P -3>(x A + y 4 + x 2 y 2 j-2^x 2 +y 2 j + l. 

Bai 31. Cho x,y la 2 so thuc khong am thoa man xy (x + y) = 2 . 

Chung minhrdng 3^x 3 +y 3 j-2^x 2 +y 2 j + x + y + 4>0. 

Bai 32. Cho x,y la hai so thuc duong thoa man 

(xy + l)(9 1 /xy -2xyJ = l[x 2 + y 2 j- 2 xy+ 2 . 

Tim gia tri lbn nhat va nho nhat cua bieu thuc P = xy + -Jxy + — + —j= . 

xy Jxy 

Bai 33. Cho x,y la hai so thuc thoa man 2^x 2 + y 2 j = xy +1. 

x 4 + y 4 

Tim gia tri nho nhat va lbn nhat cua bieu thuc P =-—. 

2 xy+ 1 

Bai 34. Cho x,y la hai so thuc thoa man x 2 - xy + y 2 = 1. 

_ x 4 + y 4 +1 


Tim gia tri lbn nhat va nho nhat cua bieu thuc P - 


x + y +1 


Bai 35. Cho x,y la 2 so thuc thoa man x 4 + y = 2xy. 
Tim gia tri lbn nhat va nh o nhat cua bieu thuc 
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P = xy + 3x 2 y 2 + 2xy (x 2 + y 2 ) - (x + yf . 

Bai 36. Cho x 2 + y 2 > Ova x 4 + y 4 + 2 — 2(x 2 + y 2 j + xy . 

Tim gia tri Ion nhat va nho nhat cua bieu thuc P = 2x 2 y 2 +xy — , ^ 

x~+y 

Bai 37. Cho x,y la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc 
p _ x + y + x 2 y 2 | 13 xy 

xy l + xy(l + x + y) 

Bai 38. Cho x,y la hai so thuc duong thoa man x 4 - x 2 y 2 + y 4 = 1. 

x + 1 ^ y +1 2^/xy 


Tim gia tri nho nhat cua bieu thuc P-- 


3x + l 3y + l xy(x + y) + 2 ' 
Bai 39. Cho x,y la hai so thuc duong thoa man xy + x + y- 3 . 

, a , . .; , , _ 3x 3 y xy 7 2 

Tim gia tn ion nhat cua bieu thuc P -H—— + — -x - y . 

y +1 x+l x+y 

Bai 40. Cho x,y la hai so thuc thoa man Vx+T + ^y +1 = 4. 

, , , f.A 

Tim gia tri 1cm nhat va nho nhat cua bieu thuc P = xy + - 


4-x-y 

Bai 41. Cho cac so thuc x,y thoa man x + y - Vx-1 + s]2y + 2 . 
Tim gia tri ion nhat va nho nhat cua bieu thuc 

P = x 2 +y 2 + 2(x + l)(y + l) + 8^/4-x-y . 


Bai 42. Cho x,y la hai so thuc duong thoa man x + y+ 2 




( jc 2 2 3 

—T + ^-7 - I • 

y 4 x 4 xy 1 

Bai 43. Cho x > l,y > 1 . Tim gia tri nho nhat cua bieu thuc 


- + 2^x 2 +y 2 j-16-y/xy . 


(x-l)CH-l) 

Bai 44. Cho x,y la hai so thuc duong. Tim gia tri Ion nhat cua bieu thuc 

p_ x 4 +y 4 1 x 2 +y 2 | 

(x + y) 4 (x + y) 2 x + y' 
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Bai 45. Cho x,y la hai so thuc khong am. Tim gia tri nho nhat cua bieu thuc 


P=}\A[e +e y - 


»2x + l) : (2y + lf 


E. HlTOfNG DAN GIAI - DAP SD- V 

Bai 1. Bat dang thiic tuong duoAg voi: 

(a 2 + l|lnZ) > (b 2 +l)lnac» ^ ^ . 

' ’ ' ’ b 2 +\ a 2 +1 

Vdi 0< a<b < \ vay ta can chung minh ham so /(x) = dong bien tren 

x~+l 


khoang (0;l). 


— (x 2 + l)-2xlnx 


Taco /'(*) = - 


x 2 + x-2xlnx 


(x 2 +l) x(x 2 +l)^ 

Vay f(x) dong bien tren khoang (0;l). 

In h 

Do do 0 < a < b < 1 ta co f (b) > f (a) <s>- 


>0,Vxe(0;l). 


b z +l a z +1 


Bai toan duoc chung minh. 
Bai 2. Theo gia thiet ta co 




P=x+y- 


A*+y) -i 

_3_ 


2yf3 


{x + yf -1 


x + y+ 1 + 


(x + y ) 2 -1 3 \J{ X +y) 2 +3(x +y) + 2 


2^3 


Dat t = x + y,l<t<2taco P-t -. . — 

3 V< 2 + 3>+2 

Ta chung minh P > 1 , that vay ta can chung minh. 

,M ./-■ >/ 

3 \lt 2 + 3t +2 

» (t - l)^ 2 +3 1 + 2-2V3 ( t + 1)J > 0 

(t-l)(-3t 2 +3t + 6) 


3\lt 2 +3t + 2 +2^(t + l) 


>0»(t-l) (2-t)>0 
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Bat dang thiic luon dung. Dang thiic xay ra khi va chi khi t = lhoac t - 2 tuong 
ungvdi (x;y) = (0;l);(l;0);(l;l). 

Vay gia tri nh d nhat cua P bang 1. 

Bai3. Taco: 

4x(x + \) + 4y(y + l) r—— 

p =—/—TT7—— + 2x y ~' 7 ~ 3x y ,_ 

(x + l)(y + l) J 

4^x 2 +y 2 ) + 4(x + y) 


xy + x + y + 1 

4(x + y) 2 +4(x + y)-8xy 


+ 2xy-*ffl-3xy 


+ 2xy - 7 - 3xy 


~(x + y) 2 + x+ y- x /7-3xy >2 2 + 2 --.]l-2>.\ -4 


Bai 4. Theo gia thiet ta co : x + 2 y = xy = ^-.x.2_y ^ 

Theo bat dang thiic C-S ta co : 

* 2 , y 2 x 2 , ( 2 T) 2 ^ {x + 2yf (x + 2yf 

4 + 8y 1 + x 4 + 8y 4 + 4x 4 + 8y + 4 + 4x 8 + 4(x + 2y)’ 


> x + 2y > 8 


Vay dat t-x + 2y va xet ham so /(t) = -——,t > 8. 

Taco f\t) = ———^->0 vdi t>8. 

(8 + 4t) 2 


Suy ra = ^ = J 

8 

Tvr do suy ra gia tri nh d nhat cua P bang —, khi x = 4; y = 2. 

Bai 5. Ta co y = 1 - x nen BDT can chiing minh la 

~i== + ~f=~ - Vx e (0; 1). 

Vl-x Vx 

Xet /(x) Vx e (0; 1). Ta co 

Vl-x Vx 
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2-x x +1 

_ 1 

" 1 + (1-^) 

1 + X 

(l-x)Vl-X Xx/x 

~2 

(l-x)vr^ 

Xx/x 


. / \ 1 +1 11 , / \ 

trong do h[tj = —^— = — + - nghichbien tren ^ 0 ; +ooj , nen 


/'(x) = 0 <=> h[yj\ -x) = h^yjx j <^> Vl-X = x/x X = ^ 

Va /'(x)>0o /^x/l-xj> h(4x j<=> x/l-x< x/x <=> x g^;1 
Do vay: /'(x)<0oxg 

Vay min/(x) = /^j = V2- Suyra /(x) > x/2, Vx g (0;l). 

Chu y. Ta co the danh gia don gian bang C -S . 

Bai 6. Y tudng la dua P ve dang ham so co nhan tu chung dat la t. Muon vay ta tao 
cho P dang dong bac nen them vao P mot luong xy. 

|+^X _ =4 fz + £| + —!—• 

' (x-y) \ x y J j^_ 2+— 
y x 

Dat t = — + — ,(t> 2)dua ve P.xy = 4t-t —-—. 

y x y ’ t—2 

Muon tim gia tri nh d nhat cua P vay truoc tien ta tim gia tri Ion nh at cua xy. 
Khao sat ham so f ( t ) = 4 1 -\—voi t > 2 ta duoc: 

f\t) = 4 --—-;/'(/) = 0<=>£ = — =>;*: = 2v. 

(t- 2) 2 2 

Vay khi do x = 2y => 12y 2 + 8y 3 = 20 <=> y = 1, x = 2 tiic P dat min tai 
x = 2, y = 1. Day la co so cho ta danh gia luong Ion nhat cua xy. 

Xuat phat tir dieu kien ta co: 


Taco: P.xy = 4 xy\ —+ — 


Vi 

U y 
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20 = 3x 2 + 8 / = 3x 2 + 4 ( / + / +1)-4> 3 jc 2 +12/ - 4 . 
=> 8 = jc 2 + 4 y 1 > 4 xy <=>xy< 2. 
Do46P>i/(«)>i/[|] = 6. 

Vay gia tri nho nh at cua P bang 6 dat tai x = 2, y = 1. 

Bai 10. Ta co 


x +Z 
v.y x. 


x + l 


Bai 11 . Tir dieu kien va sir dung bat dang thiic AM-GM ta co: 

(a 2 + 2 b 2 f + 3a 2 b 2 = 2 (a 2 + b 2 )(a 2 + 2b 2 ) > 4ab (a 2 + 2b 2 ) 


— +3*4 ^ 


Khi do dat t = — + — va ta co P = /(/) = + 3t~ — + 1. 

b a t 

4 

Xet ham so f(t) = t 2 +3t -1-1 tren [3; +oo) ta co 

4 

/ '(t) = 3t z + — + 3 > 0, \/t e [3; +oo) nen f(t) d 6 ng bign tren [3; +oo). 

97 

Dodo P = f(t)> f (3) = y- 

97 

Vay gia tri nho nhat cua P bang — dat tai a = b = 1. 

Bai 25. Xuat phat tir dieu kien ta co: 

(a + b) 2 + a + b + ab<l^>l>ab + 2y[ab + 4 ab =>0<a&<^<l. 


Ap dung bat dang thirc co ban ta co: 


yh + a 2 y/l + b 2 y/l + ab 


Suy ra P< 


y/l + ab 


Dat t = y/l + ab ,(e l; 


VlO 


ta co P< — + t 
t 


-50 
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Bai 45. HD: Su dung bat dang thuc quen thuoc: a 3 +b 3 > 
Su dung bat dang thiic AM-GM ta co: 

jf 2x + l + 2y + T~ 




| v(^ x+ i) (2^+1) m 
' £ 


^(x + y + lf 
1 


[e x +e y > 2 e x .e y = 2e 
Suy ra P > e x + ?/' - ^(x + y + lf > 2e 2 ~^(x + y + lf 


CHV DE 3: KY THUATSUDUNG TINHDONDIEU CHO BAI TOAN 
CUC TRIVA bAtdAnG THUC BA BIEN S6 

A. NOI DUNG PHlTGNG PHAP 

1) Su* dung phep the dua ve bai toan mot bien so 

{ x + y + z = p 

xy + yz + zx = g thi luon bieu dien dugc S n = x n + y n + z n theo 
xyz = r 

p,q,r. 

Do vay voi bai toan gia thiet cho 2 trong 3 dieu kien (p,q,r) ta hoan toan co the 
dua S ve mot da thuc cua mot bien. 


Vi du 1. Cho x,y,z la cac so thuc thoa man 
Tinh P = x 3 + y 3 + z 3 theo x. 


jx+y+z=0 
[xy + yz + zx = -1 


Theo gia thiet ta co: 


L&i giai 

y + z = -x 

yz = -\-x(y + z') = -l-x(-x) = x 2 -1 


P = x 3 + y 3 +z 3 =(y + z) 3 -3 yz(y + z) + x 3 = (-x) 3 + 3x(x 2 -l) + x 3 = 3x 3 -3x. 
Nhan xet. Ta chan gia tri cua bien x nhu sau 

(y + zf >4yz<=>x 2 >4(x 2 -l)«3x 2 <4<=>--j= <x<^= 
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Vay bai toan tim gia tri Ion nhat va nho nhat cua P dua ve khao sat ham mot 
bien f (x) = 3x 3 -3xtren doan —■ 

' L V3 V3 J 

Vi du 2. Cho a,b,c la cac so thuc duong thoa man dieu kien — + — + — = 5. 

b c a 


Tim gia tri 1cm nhat va gia tri nho nhat cua bieu thuc P = 
Lifi giai 

a b o f xyz = 1 

Dat x = —,y = -,z = —=>1 

b c a [x + y + z = 5 

Ta can tim gia tri Ion nhat nho nhat cua bieu thuc P - — h 


b c a 


yz = - 
x 

y + z- 5-x 


>(y + zf >4yz<=>(5-x) 2 >-. 


<=>(x-4)(x 2 -6x + l)>0<=> 


x>3 + 2>/2 
3-2^2 < x < 4 

x 2 (5-x) + 1 


Khido P = —+ l|fe = —+ x(5-x) = 

x yz x x 

, x 2 (5-x) + 1 

Xet ham so /(x) = — ---lien tuc tren 

x 

D = [3 - 2a/2;4] U [3 + 2 V 2 ; + 00 ) dl co 

min/(x) = / W = /( 4 ) = ^;max/(x) = /( 3 -2V2) = 1 + 4V2 . 
x<eD y2 J 4 xeD ' ’ 

Vi du 3. (TSBH Khdi B 2012) Cho cac so thuc x,y,z thoa man x + y + z = 0va 

x 2 + y 2 + z 2 = 1. Tim gia tri Ion nhat cua bieu thuc P = x 5 + y 5 + z 5 . 

L&i giai 

Ta co: 

fx + y + z = 0 


x + y+ z = 0 fx + y + z = 0 

2 +y 2 +z 2 = 1 |(x + y + z) 2 -2(xy + yz + zx) = l |^xy + yz + zx = -^- 

Suy ra y + z = -x va x{y + z} + yz = -\^> yz =*.— ^ + x 2 . 
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Matkhac (y + zf >4yz=>x 2 > 4^-^ +x 2 ^^< x <^~. 
Khi do : 

P = x 5 +(y + zf -5yz[y 3 + z 3 )-10y 2 z 2 (y + z) 

=x 5 +(y + zf - 5yz [(7 + zf -3 yz(y + z)] - 10/z 2 (y+z) 


= x 5 +(-x ) 5 -5 


1 




(-*) 




10x 3 -5x 
4 


Xethamso /(x) = - 


.... t _ I 76 V6l . 

- lien tuc tren-; — ta duoc: 

1 3 3 


30x 2 -5 -76 

/(*) =—-— ;J\X)=0^X=± . 

4 6 




3 


Suy ra P = f (x) < 


761 576 76 


Taco / =/ — \ = -—J\ — =/ -TT 


36 


Tel 576 


36 


576 


Vay gia tri ldn nhat cua P bang dat tai x = ^-.y = z = . 

36 ' ' 3 3 6 

Binh luan. Bieu thuc cua P la mot doi vbi x nen theo ket qua tren ta tim duoc ca 
gia tri nho nhat cua P. Ngoai ra co the bien doi P nhu sau: 

P = x 5 +y 5 +z 5 =x 5 +(y 3 +z 3 )(y 2 +z 2 J-y 2 z 2 (y + z). 

Vi du 4. Cho a,b,c la cac so thuc thuoc doan [l; 4] va a + b + 2c = 8 . 


Tim gia tri ldn nhat cua bieu thuc P-a 3 +b 3 + 5c 3 . 

Lifi giai 

Theo giathiet taco 2 + c<a + d + 2c = 8<8 + 2c<=>ce[l;3] 

Taco P = (a + bf -3ab(a + b) + 5c 3 = (8-2c ) 3 -3ab(S-2c) + 5c 3 
= -3c 3 + 96c 2 - 3 84c + 512 - 3ad (8 - 2c) 

Vbi a,&>l=>(a-l)(&-l)>0<=>aZ)>a + &-l = 7-2c>0 
Khi do 


P < -3c 3 + 96c 2 -384c+ 512-3(7-2c)(8-2c) = -3c 3 + 84c 2 - 294c + 344 
Xet ham sd /(c) = -3c 3 + 84c 2 - 294c + 344 lien tuc tren doan [l; 3], ta co 
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f\c) = -9c 2 + 168c + 512;/'(c) = 0 <=> c = c 0 = e [i ; 3]. 

Ta co f (c) d6i dau tur am sang duong khi di qua c 0 nen f(c) dat cue ticu tai c 0 . 

Do do P < /(c) < max{/(1);/(3)} = /(3) = 137 . 

Dang there xay ra khi va chi khi a = b = \,c = 3>. 

Vay gia tri Ion nhat cua P bang 137 dat tai a = b = l,c = 3. 

2) Danh gia thong qua cac dai luong trung binh cua ba bien so 
Vai moi so thuc x,y,z ta luon co 
3(x 2 + y 2 + z 1 )>(x + y + zf; 

(x + y + z) 2 > 3(xy +yz + zx); 

(xy + yz + zx) 2 > 3xyz(x + y + z). 

Vai x,y,z la cac so thuc khong dm ta luon co x + ^ + z > 3]xyz; 
xyz > (x + y -z)(y + z-x)(z + x- y) 

(x + y)(y + z)(z + x)>^(x + y + z)(xy + yz + zx) 

Nhan xet. Vdi cac bai toan co x,y,z e [a;i] va x + y + z = ,y ta thudng ser dung bat 
dang thuc dl tim moi rang buoc giua cac dai luong doi xemg xy + yz + zx va xyz . 

Mot s6 d&ng thuc danh chu y 

(a + b + cf =a 3 +b 3 + c 3 +3(a + b)(b + c)(c + a) 

(a + b)(b + c)(c + a)-(a + b + c)(ab + bc + ca)-abc 

2[a 2 b 2 +b 2 c 2 + a 2 a 2 ^-^a 4 +b A + c 4 j = (a + b + c)(a + b-c)(b + c-a)(c + a-b) 

Vi du 1. (TSDH Khoi B 2011) Cho a,b,c la cac so thuc khong am thoa man dieu 
kien a + b + c = 1. 

Tim gia tri nho nhat cua bieu there 

P = 3>(a 2 b 2 +b 2 c 2 +c 2 a 2 ^ + 3(ab + bc + ca) + 2sja 2 +b 2 +c 2 

Ldi giai 

Theo gia thiet ta co: 

a 2 +b 2 +c 2 =(a + b + c) 2 - 2(ab + bc + ca) = l-2(ab + bc + ca ). 

Matkhac: 3 [a 2 b 2 +b 2 c 2 + c 2 a 2 'j>(ab + be + caf . 
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Suyra P > (ab + be + caf + 3(ab + bc + ca) + 2l\~2(ab + bc + ca ) . 
Dat t = ab + be + ca khi do: P > f (t) = t 2 + 3t + 2yjl^2^. 

Voi 0 < ab + be + ca <^(a + b + c) 2 = ^ => t e . 

Xet ham s6 /( t ) = t 2 +3t + 2-Jl - 21 lien tuc tren doan j^O;ta co: 

/'(0 -2t+3 r== ;/"(0 -2- i 2 < o, we[~Q;~1 ■ 

^ 7(1-2 tf L 3j 

Dod6/'(O^/0] = y-2V3>O. 


Vi vay f(t) dong bien tren doan |7; j j. Suy ra P> f(t)> /(0) = 2. 

Dang thuc xay ra khi va chi khi a=b = 0,c = \ hoac cac hoan vi. 

Vay gia tri nho nhat cua P bang 2 dat tai a = b = 0,c = 1 hoac cac hoan vi. 

Vi du 2. Cho x,y,z la cac so thuc thuoc doan [0;2] va thoa man dieu kien 
x + y + z = 3. 


Tim gia tri Ion nhat cua bieu thuc 


P = 


x + y 


--§is=-1 -xy + yz + zx. 

y+z z+x 


Ldi giai 

Chu y bat dang thuc 

(jc + y)(y + z)(z + x) >-(x + y + z)(xy + yz + zx). 
Khi do 


p _ (x + y)(x + z) + (y + z)(y + x) + (z + x)(z + y ) 
(x + y)(y + z)(z + x) 


+ xy + yz + zx 


(x + y + z) 2 + xy + yz + zx 

{ x +y){y+ z ){ z +x) 

(x + y+ z) 2 + xy + yz + zx 
^(x + y + z)(x_y + yz + zx) 


+ xy + yz + zx 

+ xy + yz + zx 


27 3 

= -r- + XV+VZ + ZX + — 

8 (xy + yz + zx) 8 

Chu y dieu kien x,y,ze[0;2] nen 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


(2 -x )(2 -y){2-z) >0=>xy + yz + zx> A+ ^ Z > 2 . 

1 2 

Khidodat t =xy + yz + zx vi xy + yz + zx<—(x+y + z) = 3nen t e[2;3]. 

Dodo P<f{t) = —+/ + -. 

8 1 8 

Xethamsd f(t)- — + t + - trendoan [2;3] tac 6 /'(r) = l--^->0,Vt>2. 
8 t 8 8 t 2 

9 

Do do f(t) dong bien tren doan [2;3] suy ra f{t) < f (3) = — . 

Dau bang xay ra khi va chi khi x = y = z = 1. 

Vay gia tri Ion nh at cua P bang 9/2. 

Nhan xet. Ta co the danh gia thong qua bat dang thuc(xem chuong 2). 

1 1 1^3 x+y+z 

-^ -r H---. 

x + y y + z z + x 2 (x + y + zJ xy + yz + zx 

Vf du 3. Cho x, y, z la cac so thuc thuoc khoang (0, 1) thoa man dieu kien 
xyz = (l-x)(l-y)(l-z). 

Tim gia tri nho nhat cua bieu thuc P = x +y + z+ — + — + —. 

x y z 

L&i giai 

Theo gia thiet ta co: x + y + z-xy-yz-zx + 2xyz -1 = 0. 

Dir doan dau bang xay ra khi x = y = z=>x 3 =(l-x) 3 =>x = y = z = -^-. 

Do do ta xet hai kha nang sau: 

+ Neu xy + yz + zx < ^=> xy + yz + zx> 3 %]x 2 y 2 z 2 => xyz < ^. 

Khi do su dung bat dang thuc AM - GM ta co 
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xy + yz + zx + \ — x — y — z 
2 ‘ 


xyz 

Va chuy x + y + z > 3(xy + yz + zx 
Taco P-x + y + z + 


= x + y + z + 2. 


xy + yz + zx V 
xyz 

xy + yz + zx 


xy + yz + zx + 1- x - y - z 


>yj3 [xy + yz + zx) + 2 . 


xy + yz + zx + 1- ^3 (xy + yz + zx) 


Dat t - ^3(xy + yz + zx),— < t < 3 ta co 


_ (2,-3^-7,,15) 15 ^ J 3 ' 

2t 2 -3t + 3 2 2 L2 J 


Nhan xet. Ly do xet hai truong hop do suy nghi lam theo hudng hai dau tien tuy 

3 


hai truong hop, voi xy + yz + zx < — ta kheo leo ket hop AM - GM de chi ra P Ion 
4 

hem 15/2. 

Bai tap tuo'ng tvr 

Cho x, y, z la cac so thuc thuoc khoang (0, 1) thoa man dieu kien 
xyz = (l-x)(l-y)(l-z). 

Tim gia tri nh d nhat cua bieu thuc P = x 2 + y 2 + z 2 . 


3 

4' 


DS: P mu 
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Vi du 4. Cho a,b,c la cac so thuc duong. Tim gia tri nhd nhat cua bieu thuc 
„ a b c _ 8 abc 

P= -+-+-2+ 7 -77-77-7. 

\b c a (a + Z>)(Z> + c)(c + a) 

Lai giai 

Sir dung bat dang thiic AM-GM ta co: 

8 abc 8 ^ 8.27 


(a+i)(i+c)(e+ “ ) 

Dat f = - + - + - + 3,(f£6)tacd P> f(t) = +^~. 

b c a t 

Xet ham so f(t) = \jt-5 + vdi t > 6 ta co: 

r 

2^/^-^5 t 4 2t 4 yft^5 

Suy ra P > f(t)> /( 6 ) = 2. Dang thuc xay ra khi va chi khi a = b = c . 

Vay gia tri nhd nhat cua P bang 2 dat tai a = b=c . 

Vi du 5. Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 + y 2 + z 2 - 3 . 

16 xy + yz + zx 


Tim gia tri nh d nhat cua bieu thuc P = 


^V + vV+zV * + y + z 


yx y +y z +z x' 

Ldi giai 


Taco xy + yz +z x = 

2 2 

Su dung bat dang thiic AM-GM ta co : 

x 4 + x + x>3x 2 ;y 4 + y + y>3y 2 ;z 4 + z + z>3z 2 
Cong theo ve 3 bat dang thiic tren ta duoc : 
x 4 + y 4 + z 4 > 3^x 2 +y 2 +z 2 )-2(x + y + z) = 9-2(x + _y + z). 


xy + yz + zx = 


(x + y + z) -x 2 -y 2 -z 2 _(x + y + z) -3 
2 “ 2 ' 
(x + y + z ) 2 -1 


sjx + y + z + 1 2(x + y + z) 

Dat t-x + y + z,t e |^V3;3j. Khi do P> f{t) = -^= + ~~~ • 
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Xethamso f(t) = -^=+- --lien tuc tren doan \*J3; 3 ]taco 

y/t + l It L J 

f'(t) = —+ — — , ■ig glr- + — —0 nen f(t) la ham nghich bien tren 

2 6 2 


dan |^V3;3^|. 


28 


Vi du 6. Cho a,b,c la cac so thuc duong thoa man dieu kien ab + bc + ca = 1. 
Tim gia tri nho nhat cua bieu thuc P = a + b + c + abc . 

Loti giai 

Theo gia thiet ta co: c- -— —,c > 0 => ad < 1. 
a + b 

Thay vao bicu thuc cua P ta duoc: 

„ , 1 -ab l — ab , 1 - a 2 b 2 

P-a + b-\ - + ab. - = a + b-\ -. 

a + b a + b a + b 


Su dung bat dang thuc AM-GM ta co: a z b 1 




Suy ra P>a + b + 


'~{°f 


a + b 

Dat t - a + b,(t > 0) khi do P > f(t) = 


-(a + b) +\6(a + b) +16 
16 (a + b) 

-t 4 + I6t 2 +16 


16t 


, a ... -r+16r+16 

Xethamso j{t)- -—-voi t>0taco: 

3t 4 -16t 2 +16 (4-t 2 )(3t 2 -4) 

m = - \\ = 1 - £- 2 --; f ( t )=0 O 

I6r I6r 


t = 2 
2 . 
t = j3 


Lap bang bien thien suy ra Min fit)- f[ -^1 = => p > . Dang thuc 

t> 0 W3 J 27 27 


xay ra khi va chi khi a- b-c = —==. 

V3 

Vay gia tri nh d nhat cua P bang 1^2^ dat tai a-b = c = —. 

27 V 3 
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Vi du 7. Cho a,b,c la cac so thuc thoa man dieu kien a 2 + b 2 + c 2 = 2. 

Tim gia tri Ion nhat va nho nhat cua bieu thuc P - a 3 + b 2, + c 3 - 3 abc. 

L&i giai 

Ta co: 

2 = a 2 + b 2 +c 2 = [a+b + c) 2 -2(ab + be + ca)=>ab + be + ca =—— ^ 
Khido: 

P = (a + b + c)(a 2 +b 2 +c 2 -ab-bc-caj 
= (a + Z> + c) (a + b + c) 2 -3(ab + bc + ca)^ 

= (a + b+c) (a + b+cf- + ~ 2 

= („ + b + c). -( a + b+ 2 C)2+6 
Dat t = a + b + c^>t 2 = (a + Z> + c) 2 <3 ^a 2 +b 2 +c 2 j = 6 <=> i e \/6 ;a/6 J . 
Khido i> = /(*) =-if 3 +3f. 

Xet ham so /(f) = -if 3 + 3?lien tuc tren [~yf6; V<5 J ta co 

/'(0=-|^+3;/'(0=o»miW2. 


Bang bien thien: 


t 

-S 





f(t) 

- 

0 

+ 

0 


f(t) 

o 

^- 2 ^ " 


2V2. 

S' \ 

0 


Dua vao bang bien thien suy ra f(t) dat gia tri lbn nhat bang 2^2 tai f = V 2 va 
dat gia tri nh o nhat bang 2^2 dat tai t = —\[2 . 

Vay gia tri Ion nhat cua P bang 2 a/ 2 dat tai a - y[2,b = c - 0 hoac cac hoan vi. 
gia tri nho nhat cua P bang -2 a/ 2 dat tai a = ~^2,b = c - 0 hoac cac hoan vi. 
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3) Bat dang thuc co hai bien doi xung 

Ghep cap hai bien doi xung voi nhau va danh gia bat dang thuc co ban nhu AM 
- GM va Cauchy - Schwarz hoac mot so bat dang thuc phu dua ve bien con lai 
va hoan tat bang khao sat ham so (xem chu de sau). 

Vi du 1. Cho x,y,z la cac so thuc duong thoa man dieu kien x 2 +y 2 +z 2 = 1. 

Tim gia tri Ion nhat cua bicu thuc P = 6(y + z - x) + 21xyz. 

Ldi giai 

Su dung bat dang thuc AM - GM va C -S ta co 

y + z < p?y 2 +z 2 j = fell-x 2 ) 


yz< 


y+z _ 1-x 


Suyra P<6 


t# 1 


27 1 1 2 ^ 

X )-X +yX(l-X ) 


Xethamso /(x) = 6 ^2^1-x 2 ) -x +^-x^l-x 2 jtren khoang (0;1) ta co 


f\x) = -\ -21 x 1 + 5 - 


4^2x 
yjl — x 2 . 


/'(x) = 0»-27x 2 +5-4^^ = 0 
Vi -X 2 


4V2x 


= 5-27x 2 <=> 


0 <x<l 
5-27x 2 >0 
32x‘ 


1 -x 2 


= 5-27x 2 =0 


0 <x<l 

<^\5-21x 2 >Q 


[(3x 2 -l)(9x 2 -l)(27x 2 — 25) = 0 


Ta co f (x) d6i dau tu duong sang am khi di qua ^ nen f(x) dat cue dai tai ^. 


Vi vay P < /(x)< / - =10. Dau bang dat tai x = y = z = - 


U 

Vay gia tri Ion nhat cua P bang 10. 


Vi du 2. Cho x,y,z la cac so thuc thoa man dieu kien x 2 + y 2 < —z 2 . 
Tim gia tri nho nhat cua bieu thuc P = fx 4 + y 4 + z 4 
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Lai giai 

Six dung bat dang thuc c a ban: a 2 +b 2 >^(a + bf ta co: 

—z 2 > x 2 + y 2 > — (x + y) 2 => x + y < z . 

4 4 1 / 2 2 \ 2 1, \4 1 12 32 

x + y >- x + y >~(x + y) + — - - 

2 8 x y x y (x + y) 


Suyra P> 


hi 


(x + y) 


= i|^f + 32fj|&*5. 


F)at t = j 11 j ,(0 "■ / < I) ta co: P> /(t)-b+^ + 5. 

1 32 

Xethamso f(t) = -t +— + 5vdi 0<t<ltaco: 
f \t) = — - ^ < 0 , Vt g ( 0 ; l] vi vay f(t) nghich bien tren ( 0 ; l]. 


Do do P > fit) > f (1) = ——. Dang thuc xay ra khi va chi khi x = y - — . 


Vay gia tri nho nhat cua P bang-dat tai z-2x-2y. 

8 

Vi du 3. Cho a, b, c la cac so thuc duong thoa man dieu kien 
1 1 


a>—;—-— + —^—H ——-2 . 
2 a +1 b +1 c +1 


Tim gia tri nho nhat cua bieu thuc P = 


3 


32 Z> 3 +c 3 +10 


8 a 2 +1 64b 2 c 2 +\6bc + \ 

Ldi giai 

Chu y. Ta can danh gia be theo a muon vay xuat phat tu dieu kien ta co: 

labc + ab + be + ca = 1 be < 1 . 

Va-L + -L = 2 --L = i±^. 
b +1 c + 1 1 + a 1 + a 

t , , r 1 12 1 + 2 a 2 , ^ 1 

Voi be < 1 ta co-+-<- j= =>-<- j= =^>bc< -- 

b +1 c + 1 1 + yjbc 1 + a 1 + VZ?c (2a + l) 

32(z> 3 +c 3 ) + 10 6 6 

Mat khac —- L -> >--. 

64b 2 c 2 +16Z>c + l 8 Z>c + l 8 


(2a + iy 
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* 6(2a-l) 4a 2 +8a + l) 

Suyra P>^— + --= -^----f + 3>3. 

8a +1 _ 8 _+ i (8a 2 +l)f(2a + l) 2 +8) 

(2a + 1) 2 V A ’ 

Dau bang dat tai a-—;b- c ;—-— + —— + —= 2o a = b = c = — . 

2 a+ 1 b+ 1 c+1 2 

Vi du 4. Cho a,b,c la cac so thuc duong thoa man dieu kien abc = 1. 

1 1 2 


Tim gia tri nb b nhat cua bieu thuc P = 


2a + \ 2b + \ (2c + l)V6c + 3 

Lai giai 

112 1 

Ta biet bat dang thuc phu -H-> —-=== dung voi ab>—. Do vay t; 

F ' l + 2a 1 + 2 b 2 4ab 4 

chia trubng hop de xii ly. 


+ TH1: N6u ab<-^a <—, khi do P>—^— + —^— > 
- 4 4b 2a + 1 26 + 1 


1 26 + l" 




Xet ham so / (c) = 


1 + 2 jab (2c + l)V6c + 3 V^ + 2 (2c + l)V6c + 3 ' 
, 2 


\[c + 2 (2c + l)V6c + 3 


nkhoang (0;4] taduoc 


min/(c) = /(l) = ^. 

Dau bang dat tai a = b = c = l.Vay gia tri nho nhat cua P bang ^. 

4) Danh gia xoay quanh cac dai lirong (a -b),(b -c), ( c-a). 

Vi du 1. Cho cac so thuc khong am a,b,c co tong bang 1 . 

Tim gia tri Ion nhat, gia tri nho nhat cua bieu thuc P - (a -bj(b -cj(c- a j. 
L&i giai 

Taco: P 2 =(a-bf (b-cf (c-af. 

Khong mat tinh tong quat ta co the gia su a>b>c> 0 khi do 
P 2 <(a + c-6) 2 6 2 (a + c) 2 . 

Dat t = a + cta co P 2 =(2t-if t 2 (\-tf = (2t 3 -3t 2 . 
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Taco: t-a + c-\-b<\,t-a+c> a + ^ + C -—. Vay te 
2 2 

Xet ham s6 f(t) = (2t 3 -3t 2 +t^ lien tuc tren j^;lj ta co: 


—;1 . 
.2 


/'(/)-212< -3 1 1 +t)[6t I -6t + \);f'(0 = 0<r 


1) 


3 + V3 


~ 2 
t = 1 

_ 3 + y/3 
. ~ 6 
1 


1 


Ta co / — = /(1) = 0,/ - =-. Suy ra 0 < /(0 <-hay P < -. 


108 


108 


108 


p. ,, -\/3 _ V3 3 + V3 , 3-\f3 V3 . 

Do do-<P< —. Tai a- - ,b-0,c = -thi P -—. Tai 

18 18 ' 6 6 18 

3 + S 3-V3 , _ yf3 

a = - ,b = -,c = 0thi P- -. 

6 6 18 

VaygiatrinhonhatcuaPbang -^-dattai a = ^ + ^ ,b ~-——,c = 0vagia 
108 6 6 

tri Ion nhat cua P bang dat tai a - ^ + ^ ,b - 0, c = -——. 

18 ' ' 6 6 

Nhan xet. Xuat phat tir dang there 

x 3 +y 3 +z 3 -3xyz = (x + y + z)^x 2 +_y 2 +z 2 -xy-yz-zxj. 

Ta thay x = a - b, y = b - c, z = c - a ta co x 3 + y 3 + z 3 = 3xyz. 

Thay vi yeu cau tim gia tri Ion nhat, nho nhat cua P co the yeu cau tim gia tri 
Ion nhat, nho nhat cua bieu there 

P = [a-bf +{b-cf +(c-a) 3 . 

Vi du 2. Cho a,b,c la cac so there khong am doi mot phan biet thoa man 
ab + be+ ca = 4 . 

Tim gia tri nho nhat cua bieu there P --—— +--—- +--——. 

( a-bf ( b-cf ( c-af 

Ldi giai 

Khong mat tinh tong quat gia ser a>b>c> 0 . 

1 1 1 


Khido P> 


(a-bf a 2 b 2 
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Ta co: 4 = ab + be + ca> ab => ab < 4 . 
Khi do 4P > P.ab = ab \- 


b b 


Dat t = ° + h ,(t>2). Khi do P>/(t) = ^r + ^ ' ^ j. 

Xet ham s6 f(t) = — f 14 —— | voi t > 2, ta co 

4 v t — 2) 

f\t) = 7 1-—^ ;A0 = 0At = 3. 

4 L (^-2) J 

Ta co f (t) doi dau tu am sang duong khi di qua 3 nen tai t = 3 thi f(t) dat cue 
tiiuhay f(t)>f(3) = \. 

Vay gia tri nho nhat cua P bang 1 dat tai 

c = 0, ah = 4,— + — = 3 <=> a = V5 -l,b = V? + l,c = 0 va cac hoan vi. 
b a 

Cach 2: Khong mat tinh tong quat gia sir a>b>c> 0 . Khi do viet lai ve trai cua 
bat dang there va sir dung bat dang there AM-GM ta co: 


f-U-U-U 

\a-b b-c c-aj 


\a-b b-c b-c c-a c-a a-b) 

4 ( 1 1 1 4 4 


\a-b b-c c-a) a-b\b-c c-a) (h-c)(a-c) ab 

Nhan xet. Chu y dang there quen thuoc 

1 1 + 1 1 + 1 1 _ c-a+a-b+b-c 

a-b b-c b-c c-a c-a a-b (a-b)(b-c)(c-a) 

Voi gia thiet a,b,c de bieu there sau co nghTa va each cherng minh tuong ter ta co 
cac bat dang there tuong tu dang sau 
1) Voi a,b,c> Ota co 

11 + 5V5 


a +b +c 


1 


1 


1 


L {a-b) {b-c) {c-a} 

2) Voi a,b,c> Otaco 

r 

1 1 


|^(a + h) 2 +{b + cf +(c + a) 2 J 


{a-b) {b~c) {c-a) 


59 + 11V33 
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Vi 
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3 + V5 ^_ 11 + V5 


Dua vao bang bien thien suy ra f(t)>f | 

Dau bang xay ra khi va chi khi 

3 + 7? a b 3 + 7? 3 + 75+^675^2, 

2 b a 2 4 

w- ., + . u , 11 + 57?^. n 3 + 75 + 7675-2^ 

Vay gia tn nho nhat cua P bang ---dat tai c-Q,a = --- b 

hoac cac hoan vi. 

du 4. Cho a,b,c la cac so thuc phan biet thoa man a + b + c = lva 
ab + be + ca > 0. 

2 2 2 5 

Tim gia tri nho nhat cua bieu thuc P - - -- + --- + --- . 

\a-b\ yjab + bc + ca 

Ldi giai 

Khong mat tinh tong quat gia sir a>b>c khi do: 
p _ 2.2.2. 5 ^ 8 .2. 5 


b b-c a-c yjab + bc + ca a-b + b-c a-c sjab + bc + ca 
10 | 5 

a-c ^lab + bc + ca 

Dat t = y/ab + bc + ca,^0<t do ab + bc + ca< +b + cf = ^ . 

Taco: {a-bf + {b-cf >^\[a-b) + {b-c)f =^{a-cf . 

Suy ra: 

3 
2 


^-(a-c) 2 <[a-bf +{b-cf + (c-a) 2 = 2^[a + b + c) 2 -3(ab + bc + ca)^ = 2-6t 2 


2yJ\-3t 2 573 5 

=> a -c <-=—=^> P> f(t)= ,- = + - 

73 ^ t 

Xethamso + —voi iefo;-5=1 taco: 

JPT? < l P) 


I5y/3t 5 


-|-;/'(0 = 0»373t 3 =^(l-3t 2 ) = 


f\t) = 
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Ta co f (t) doi dau tur am sang duong khi di qua t - —=nen f(t) dat cue tieu tai 

V6 


t = —. Do do P>/(0>/f-Ul = 10V6 




^ . 


, ,, , . 11,1 11 

Dang thuc xay ra tai a - — + — j=,b - —,c = -^. 

3 V6 3 3 v6 

Vay gia tri nho nhat cua P bang 10^6 dat tai a- — + -j=,6 = — ,c = — —hoac 

3 y6 3 3 a/6 

cac hoan vi. 

Cach 2: Danh gia thong qua bat dang thuc AM-GM. 

Khong mat tinh tong quat ta gia su a>b>c ta co: 

2 2 2 5 


P = - 


-b b-c a-c yjab + bc + a 


r , 1 1 4 

Su dung bat dang thuc: — + — >-, Vx, y > 0 ta duoc: 

x y x + y 


a-b + b-c a-c y lab + bc + ca ya-c Jab + bc + ca J 

_ 5.2V2 ___20_ 

yj(a- cf (ab + bc + ca) yj(a - cf ( 4 ab + 4 be + 4 ca) 

_20_ 20V2 _ 20V2 

(a~c ) 2 + 4 ab + 4 bc + 4 ca f(a + cf +4 b(a + c) yj(a + c)(a + c + 4 b) 


20V2 


20V6 


40y[6 


f(l-b)(l + 3b) yl(3-3b)(l + 3b) 3-36 + 1 + 3 


- = 10V6 


Dang thuc xay ra khi va chi khi 


a-b-b-c 
2 1 


a-c *Jab + bc + c 
3-36 = 1 + 36 


_ 2 + V6 
6 

1. 

"3 

2-V6 

6 


Vay gia tri nho nhat cua P bang 10V6 dat tai a- — + —j=,6 = —,c- — —\= hoac 

3 v6 3 3 v6 


cac hoan vi. 
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Vi du 5. Cho a,b,c la cac so thuc khong am thoa man dieu kien 

2 [a 2 +b 2 +c 2 ^ = (ab + be + ca + l)(ab + be + ca). 


Tim gia tri ldn nhat citabieu thuc P = 2ya 2 +b 2 + c 2 ~\a -b\-\b~c\ -\c - a\. 
L&i giai 

Khong mat tinh tong quat gia sir a>b>c=>P = 2 yja 2 +b 2 +c 2 - 2 (a - c). 
Dat t - ab + bc + ca,{t> 0) theo gia thiet ta co: a 2 +b 2 +c 2 = ^ . 

Ndu t = 0<=>a = Z? = c = 0=>.P = 0. 

Xet t > 0 khi do sir dung bat dang thuc co ban ta co: 

a 2 +b 2 +c 2 >ab +be+ ca=> ——- > t <=> t > 1. 

2 

Ta co 

(a-b) 2 + (b-cf +(c-a) 2 = 2 ^a 2 +b 2 +c 2 ^-2(ab + bc+ca) = t(t + \)-2t = i(i-l). 
(a-c) 2 = [(a-6) + (6-c)] 2 = {a-bf +(b-cf +2(a-b){b-c)>(a-bf +(b-cf. 

W'-i) 


Suyra 2(a-c) >(a-b ) +(b-c ) +(c-a) =t(t-V)^>a-c>. 


Dodo p < m = p t( t + 1 ) - pit-i) = . 

Xet ham so /( t ) = ^2t[t + l) -^2t(t-l) vdi t > lta co: 


m= 




;fXt) = 0^(2t + l)pt-l) = (2t-l)pt + l). 


(vo nghiem). 


l(2t + l) 2 (t-l) = (2t- 1 ) 2 (t + l)^ 

Vay f (t) khong doi dau tren (l; +oo) ta co / '(2) < 0 nen / \t) < 0, Vt > 1. 
Vay f(t) la ham nghich bien tren [l; +co). 

Suy ra P< f(t)< /(l) = 2. Dang thuc xay ra khi va chi khi a-b-c = —. 

V3 


Vay gia tri Ion nhat cua P bang 2 dat tai a-b = c = . 

V3 
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Vi du 6. Cho a,b,c la cac so thuc thoa man dieu kien a 2 +b 2 +c 2 - 5 . 
Tim gia tri Ion nhat va nho nhat cua bieu thuc 

P = (a - b)(b -c)(c - a)(ab + be + ca) . 

Lai giai 

Taco: P 2 = (a-b) 2 (b-c) 2 (c-a) 2 (ab + bc + ca) 2 . 

Be tim gia tri Ion nhat va nho nhat cua P ta tim gia tri lbn nhat cua P 2 . 
Khi do ta co the gia sir a>b>c khi do: 

Su dung bat dang thuc AM-GM ta co: 

(a- b f( b -cf <fra-W-c)f «[ (-»);(»-«> J 

Suyra P 2 < - a) 6 [ab + be + caf. 

Bat t-ab + bc + ca,{t< 5) do ab + bc + ca < a 2 +b 2 +c 2 -5 . 


Ta co: (a - bf +(b-cf > |[(a -b) + (b-c)f $ ^(a - cf . 

Suy ra: 

^-(a-c) 2 <(a-b) 2 +{b-cf +{c-af -2^a 2 +b 2 +c 2 -ab-bc-ca^ = 10-2t 
V ' 3 16 v 3 J 27 K ’ 


Xethamso f(t) = — t 2 (5-t) vdi t<5taco: 


/’(*)**—i(i-2)(i-5) 2 ;/'(t) = 0« 
Bang bien thien: 


t = 0 
t = 2. 
t = 5 


t 

-00 

0 

2 

5 

f(t) 


0 

0 

0 

f(t) 




^^0 


Dira vao bang bien thien suy ra P 2 < f(t)< f (2) = 16 => -4 < P < 4. 
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Tai a = 2,b = l,c = Othi P = -4;tai a = -2,b = -l,c = 0thi P = 4. 

Vay gia tri nho nhat cua P bang -4; gia tri Ion nhat cua P bang 4. 

Nhan xet. Phep toan binh phuong chra ve da thuc doi xiing voi ba bien a,b,c giup ta 
co the gia sii duoc a>b>c. Day la mot each rat hay dupe ap dung khi gia tri Ion 
nhat va nho nhat cua bai toan co gia tri doi nhau. 

Bai tap tiro'ng tvr 

Voi moi a,b,c tim so thuc M nho nhat thoa man bat dang thuc 

| ab[a 2 -b 2 ^ + bc[b 2 -c 2 ^ + ca(c 2 -a 2 | <M(a 2 +b 2 +c 2 ^. 

Vi du 7. Cho a,b,c la cac so thuc thoa man dieu kien a 2 + b 2 + c 2 = 1 . 

Tim gia tri Ion nhat, gia tri nho nhat cua bieu thiic 

P = (a-i)(i-c)(c-a)(a + b + c). 

Lai giai 

Chuyen P v£ dang doi xiing 
P = ( a-b ) 2 (b - c ) 2 (c - af (a + b + cf 
= [a-bf (b-cf (c-af [l + 2 (ah + hc + ca)] 

Khong mat tinh t6ng quat gia su a>b>c va dat x = ab + bc + ca,xs 1 j. 

Ta co: 

(a-b)(b-c)<{ ^ b+ 2 b C j ^{a-b){b-c){a-c)<^{a-cf 

Mat khac lai co 

a 2 +b 2 +c 2 - ab - be - ca = ~{ a ~ b) 2 + ^{b-cf +^-(a -cf 

>— (a-cf +— (a-b+b-cf 
2 V ’ 4 V ’ 

Suyra l-x>-^-(a-c) 2 => a-c< l-x);-^-<x<l 
Suy ra P 2 <(1 + 2x) = ^(2x +1)(1 -xf 

Xethamsd fix)=—(2x + l)(l-xf trendoan ^' 1 J ,a co 
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/'(*) = -—(*-!) (8* + l);/'(*) = 0o 


Tvrdodlco max f(x) = f \— =-. 

r_I,r l 8 J 512 


Suyra P 2 < — <=>-^=<P<— 

512 16V2 16V2 

9 

Vay gia tri nho nhat cua P bang- j= dat tai 

16V2 

3^ + V 6 , 1 V6-3V3 

Vi du 8. Cho a,b,c la cac so thuc thoa man dieu kien a 2 +b 2 +c 2 = 8 . 

Tim gia tri Ion nhat, nho nhat cua bieu thuc 

P-(a-b) 5 +(h-c) 5 + (c-af. 

Ldi giai 

Ta co: 

(a-bf +(h-c) 5 +{c-af =5 (a-b)(b-c)(c-a)[a 2 +b 2 +c 2 - ab-bc-ca j 
= 5(a-b)(b-c)(c-a)(8-ab-bc-ca) 

Vay de tim gia tri lbn nhat va nho nhat cua P ta tim gia tri lbn nhat cua bieu thuc 
P 2 - (a - bf (b - cf (c - af (8 - ab - be - caf. 

Khi do ta co the gia su a>b>c. 

Su dung bat dang thuc AM-GM ta co: 

(a- b f( b -cf =[(«- 4 )( 4 -c)]V[fcVMV£)] 4 

Suyra P 2 <^(c-af (S-ab- be -caf . 

Dat t-ab + bc + ca,{t< 8 ) do ab + bc + ca<a 2 +b 2 +c 2 =8 . 

Ta co: (a - bf +{b- cf > |[(a -b) + (b- eff = |(a - cf . 

Suy ra: 
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-(a-c) 2 <[a-b) 2 +{b-cf + (c-a) 2 = 2[a 2 +b 2 +c 2 - ab - be - caj = 16-2t 


y ’ 3 16 V 3 J 


( 8-0 2 =/W = ^( 8-<) 5 


(a + b + c ) =a 2 +b 2 +c 2 +2(ab + bc + ca) = 8 
Xet ham s6 f(t) = - tf tren doan [-4;8] ta co: 

/ '(0 - - B) 2 < 0, do do f(t) la ham nghich bien tren doan [-4; 8]. 

Suy ra P < f{t) < /(-4) = 921600 => -960 < P < 960. 

Voi a = -2,b = 0,c = 2=>P = 960 . Voi a = -2 ,b = 2,c = Othi P = -960. 

Vay gia tri Ion nhat cua P bang 960 va gia tri nh d nhat cua P bang -960. 

Vi du 9. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + be + ca = 1. 

1 1 1 


Tim gia tri nho nhat cua bieu thuc P = - 


1,2 .2 


+c Vc +a 

L&i giai 

Khong mat tinh tong quat gia sir c = min { a, b,c) , khi do ta co: 


a 2 + b 1 < a + — +\b + - 


a +c < a + - 


1 = ab + be + ca > ^ j ^b + ^ j 


1 11 I xy (l 0 I 1 

tJx 2 +y 2 x y +y U y) Jz+z 


i 

i- +z 

\ y x 


,j^0<t<-^=Jkhi do P> f(t) = t + -^~. 
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Ta co /’(/) = l—=- 


-<0,Vt e|^0;-y=Jnen f(t) la ham nghich bien tren 


Dod6P>/(0>/^J = 2 + 


V2 ' 


1 


. Bai toan nay toi trich 


Vay gia tri nho nhat cua P bang 2i#&= dat tai a = b = 1, c - 0 hoac cac hoan 
V 2 

vi(xem them ky thuat sir dung tinh dang cap). 

Cach 3: Dat x = a 2 ,y = b 2 ,z = c 2 khi do xy + yz + zx< 1. Bai toan dua v'e tim gia 

tri nho nhat cua bieu there P - . + . + . 

yjx + y yjy + z yz + x 

rieng va trinh bay duoi day. 

Vi du 10. Cho a,b,c la cac so there khong am thay doi thoa man dieu kien 
ab + bc + ca- 1. 

Ill 

yja + b y/b + c yjc + a 

Ldi giai 

Nhan xet. Voi dieu kien a,b,c khong am va ab + bc + ca -1 nghT den P dat gia tri 
nh o nhat khi mot so bang 0 va hai so bang 1. Vay ta co ghep cap hai can lai voi 
nhau xem co danh gia duoc qua can there con lai hay khong. 


Tim gia tri nh o nhat cua bieu there P = - 


Ta co: 


1 


1 


1 


1 


yja + b yja + c J a + b a+c J(a + b)(a + c) 

2 a + b + c 2 2a + b + c 2 

- 1 - / — -2- = ' 

+ ab + bc + ca V a 2 +ab + bc + ca a +1 ya 2 +1 


Suyra 


yja + b yja + c 


2# + & + c + 2'v# +1 


1 j2a + b + c + 2^7 


Khong mat tinh tong quat gia sit a = ma.x{a,b,c} khi do: 

P = _ T— 4 
yjb + C 

i day 1; 

/'(«) = - 


Coi day la ham so voi bien a va b,c la cac hang so ta duoc: 
be-a 2 - ayja 2 +1 


ij(a 2 + 1) ^2a + b + c + 2yfa 2 +lj 
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Do do f(a) la ham nghich bien nen tur a - -—— < —-— suy ra 
b + c b + c 


ic: ,/f ' + J- 


b + c) 4b + c y(b + cf+l' 


t - f as— mm i + ~ + - + 

< 7 * * 


Dat u =t + -,(«■ > 2). Khi do P> g(u) = u + —j=J= tren [2;+oo) taco: 
* a/w 2 -2 


g'(«) = ! — 


= >1—p= = > 0 ,Vm > 2 . 

> V7 ^ 


Do do g(u) la ham dong bien tren [2; +oo) nen P>g(u)> g(2) = 2 + -r=. 

a/2 

Vay gia tri nho nhat cua P bang 2 + —dat tai a=b = \,c = 0 hoac cac hoan vi. 

a/2 


Nhan xet. Ta co the khao sat true tiep ham so g(t) -t + 


= tren (0; +co) ta duoc: 



Ta co g’(t) doi dau tir am sang duong khi di qua t = 1 nen g(t) dat cue tieu tai 

t = ltrenkhoang (0;+oo) hay min g(t) - g(l) = 2 + —]=. 

t< 0;+co) v2 


Vay gia tri nho nhat cua P bang 2 + —=■ dat tai a = b = 1, c = 0 hoac cac hoan vi. 

a/2 


Cach 2: Dat x 2 = a,y 2 = b,z 2 = c. Khi do x 2 y 2 + y 2 z 2 + z 2 x 2 = 1. 
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Suyra 

(xy + yz + zx ) 2 = x 2 y 2 +y 2 z 2 + z 2 x 2 + 2 xyz (x + y + z)> x 2 y 2 + y 2 z 2 +z 2 x 2 =1. 

Bai toan dua ve tim gia tri nh d nh at cua bieu there 


P = - 


1 


1 


1 


^ vdi xy + yz + zx>\. 


V x + y yjy +z yjz +x 
Day chinh la bai toan vita trinh bay trade do. 


B. BAI TAP REN LUYEN 

Bai 1. Cho x,y,z la ba so there duong thoa man dieu kien x + y + z <^. 

Tim gia tri nhd nhat cua bieu there P = x 3 +y 3 +z 3 + — + — + — . 

x y z 

Bai 2. Cho x,y,z la cac so there khong am thoa man dieu kien x 2 + y 2 + z 2 = 3 . 
Tim gia tri ldn nhat va nhd nhat cua bieu there 

P = xy + yz + zx + ---. 

x + y + z 

Bai 3. Cho x,y,z la cac so there khong am thoa man dieu kien x + y + z = 1. 
Tim gia tri nhd nhat cua bieu thuc 

P = ?>[x 2 y 2 +y 2 z 2 +z 2 x 2 j + 3(xy + yz + zx) + x 2 + y 2 +z 2 . 

Bai 4. Cho cac so there x,y,z thoa man dieu kien x 2 +y 2 + z 2 - 1 . 

Tim gia tri ldn nhat va nhd nhat cua bieu there 

4 

P = xy + yz + zx-\ -. 

xy + yz + zx+ 2 

Bai 5. Cho x,y,z la cac so there khong am thoa man dieu kien 
3^x 2 + y 2 + z 2 j + xy + yz + zx = 12. 

Tim gia tri ldn nhat va nhd nhat cua bieu there 


P =-1 -xy + yz + zx. 

x + y + z 

Bai 6. Cho x,y,z la cac so there duong thoa man dieu kien x + y + z - 3. 


x +y +z + 3 

Bai 7. Cho x,y,z la cac so there duong thoa man dieu kien x + y + z = 3. 
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Chung minh rang ^ X +Z + 8 2] xyz < 9 . 

Bai 8. Cho x,y,z la cac so thuc duong thoa man dieu kien x 2 +y 2 +z 2 = 3. 

Tim gia tri nho nhat cua bieu thuc P - —— - y- + ---. 

x 2 y + yz + z 2 x x + y + z 

Bai 9. Cho x,y,z la cac so thuc duong thoa man dieu kien x + y + z - 3. 

xy + yz + zx 


Tim gia tri nho nhat cua bieu thuc P-x 2 +y 2 +z 2 + - 


x y + y z + z~x 

Bai 10. Cho cac so thuc duong x,y,z thoa man dieu kien xy + yz + zx = 3. 

.2 , ,.2 , ,2 V 


Tim gia tri nho nhat cua bieu thuc P = ( x 1 + v + z l ) +-. 

' ' x+y+z 

Bai 11. Cho x,y,z la cac so thuc duong thoa man dieu kien xyz = 1. 
Tim gia tri nho nhat cua bieu thuc P - (x + y)(y + z)(z + x) + 


y/x + y + z + l 

Bai 12. Cho a,b,c la cac so thuc duong thoa man dieu kien 

3(a 2 +b 2 +c 2 ^ = 3(a + b + c) + 4. 

Tim gia tri nho nhat cua bieu thuc 

P - a 3 +b 3 +c 3 - a + ^ + C -6 (ab + bc + ca). 

a 2 +b 2 +c 2 V ' 

Bai 13. Cho x,y,z la cac so thuc thoa man dieu kien x 2 +y 2 +z 2 = 3 . 

Tim gia tri nho nhat cua bieu thuc P = (x + 2)(y + 2){z + 2). 

Bai 14. Cho cac so duong x, y, z . Tim gia tri nh d nhat cua bieu thuc 

_ x 2 y y 2 z z 2 x 13 xyz 

y 3 3 {xy 2 + yz 2 + zx 2 } 

3 

Bai 15. Cho x,y,z la cac so thuc thuoc doan [0; l] va x + y + z- — . 

Tim gia tri 1cm nhat cua bieu thuc P-x 2 +y 2 + z 2 . 

Bai 16. Cho x,y,z la cac so thuc duong thoa man x + y + z = 10va xy + yz + zx = xyz. 
Tim gia tri 1cm nhat va nhd nhat cua bieu thuc P = x 2 + y 2 + z 2 . 

( x ~h y ~l~ z = 4 

. 

xyz = 2 


S = - 
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Chung minh rang 183-165V5 < x 4 + y 4 + z 4 < 18 . 

Bai 18. Cho a,b,c la cac so thuc duong. Chung mi nh rang 

a+ 2014 6 + 2014 c + 2014 a 6 c_ 

6 + 2014 c + 2014 a+ 2014 _ 6 c a 

Bai 19. Cho x,y,z la cac so thuc thoa man \ <x< y < z <4 . 

Chung minh rang (x + y + z)\ — + — + — |<(l + y + z)|l + — + — 

U y z J v y 

Bai 20. Cho a,b,c la cac so thuc duong thoa man dieu kien a + 6 + c = 3 

2 


Tim gia tri ldn nhat cua bieu thuc: P = - 


abc 


3 + ab + bc + ca ]/ (1 + a)(l + 6)(1 + c) 

fl 


Tim gia tri ldn nhat, nh d nhat cua bieu thuc P = ' + Z + Z + X + X + ' . 

x+l y+ 1 z +1 

Bai 22. Cho a,b,c la cac so thuc thoa man a + 6 + c = 3. 

Chung minh rang abc(a 2 + 6 2 + c 2 j < 3 . 

Bai 23. Cho x,y,z la cac so thuc thoa man dieu kien jt + y + z = 0 va x 2 + y 2 + z 2 = 1. 

Tim gia tri ldn nhat cua bieu thuc P = x 2 y 2 z 2 . 

Bai 24. Cho a,b,c la cac so thuc. Chung minh rang 

6 (a + 6 + c)(a 2 + 6 2 + c 2 ) + llabc < 10^a 2 +b 2 +c 2 f . 

Bai 25. Cho a,b,c la cac sd thuc duong thoa man dieu kien ab + be + ca = 3 . 

1 


Tim gia tri nhd nhat cua bieu thuc P =-+ 


abc (a + 6)(6 + c)(c + a) 

Bai 26. Cho a,b,c,d,e la cac so thuc duong thay doi thoa man a + b + c + d + e = l. 

Tim gia tri ldn nhat cua bieu thuc P = abc + bed + ede + eda + eab . 

Bai 27. Cho a,b,c la cac so thuc duong thoa man dieu kien ab + bc + ca = 3 . 

Tim gia tri ldn nhat cua bieu thuc 

P = 7 -£-r + 7 -^-r + 7 -£- a 2 -b 2 -c 2 + 2(a + b + c). 

(a + 6)(a + c) (6 + c)(6 + a) (c + a)(c + 6) 

Bai 28. Cho a,b,c la cac sd thuc thuoc doan |^0; \[3 J . Tim gia tri ldn nhat cua bieu 


thuc P = — 


yja + b + c + l 


+ ^3l-a 2 (a + l)-b 2 (6 + l)-c 2 (c + l). 
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Bai 29. Cho a,b,c la cac so thuc khong am thoa man dieu kien a+b+c- 3. 
Tim gia tri ldn nhat va nh d nhat cua bieu thuc 


'a 4 +Z) 4 +c 4 , , s 

-r- — +3(ab + bc + ca). 

\a 3 + b 3 +c 3 V 7 

Bai 30. Cho a,b,c la cac so thuc khong am va khong co hai so nao dong thbi bang 
0. Tim gia tri nho nhat cua bieu thiic 

P = / --- ^ T ‘ 

\la 2 -ab + b 2 Jb 2 -bc + c 2 Vc 2 -ca + a 2 

Bai 31. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca> 0. 

J2(a* + b* + c*) 


Tim gia tri nho nhat cua bieu thuc P = - 


a + b + c 4 a 2 b + b 2 c + c 2 a 

Bai 32. Cho x,y,z la cac so thuc thuoc khoang (0;l) thoa man dieu kien 
xyz=(l-x)(l-y)(l-z). 


Tim gia tri nho nhat cua bieu thuc P = x 2 + y 2 + z 2 . 

Bai 33. Cho x,y,z la cac so thuc thoa man dieu kien x 3 +y 3 +z 3 - 3 xyz = 1 


Tim gia tri nho nhat cua bieu thuc P -x l + y l + z 1 


Bai 34. Cho x,y,z la cac so thuc thoa man dieu kien 


x+y+z =0 


3 


Tim gia tri Ion nhat, gia tri nh d nhat cua bieu thiic P = xy 1 + yz 1 + zx 1 . 


Bai 35. Cho a,b,c la cac so thuc thoa man dieu kien 
Chung minh rang b(c-a) < 4 . 


a +c =1 
b 2 +2Z?(a + c) -6 


Bai 36. Cho a,b,c so thuc khong am thoa man dieu kien 
•\J a + 2b +1 + a + 2 c +1 = 4. 

Tim gia tri ldn nhat cua bieu thiic: P - a( 1 + b) + b{\ + c) + c(l + a). 
Bai 37. Cho x,y,z la cac so thuc khong am thoa man dieu kien x 3 + y 3 + z 3 =2 + 3 xyz. 


Tim gia tri nhd nhat cua bieu thiic P = 


x 1 + 2 y 1 + z 1 
x 2 +y 2 +z 2 +1 
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Bai 38. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 3. 

Tim gia tri ldn nhat va nho nhat cua bieu thuc P - (a -1 ) 3 + (b - 1 ) 3 + (c - 1 ) 3 . 
Bai 3 9. Cho a,b,c la cac so thuc khong am doi mot khac nhau. 

Tim gia tri nh o nhat cua bieu thuc 

P-^[a + b) 2 T (b + cf +(c + af J 

D. HUONG DAN GIAI - DAP SO 


1 1 1 

(a-b'f ( b-c ) 2 ( c-a ) 2 


Suyra P>3 


'x + y + z ¥ 

. 3 J ' 


111 9 

i - + — + ->-. 

x y z x+y+z 


f 9 


Dat t-x + y + z\ 0 <t<— taco P> — + — 
\ 2) 9 t 

? 9 3 

Xethamso f(t) = — + — vdi 0<t< — taco 


..., r 9 r -27 

/(,>= T ■7 = ^ <0>v,e 


H] 


/>../.n-i 


A 

2J 8 


Vay gia tri nho nhat cua P bang ^ dat tai x - y = z = -^. 


Bai 2. Dat t = x + 




Do 0 < xy + yz + zx < x 2 + y 2 + z 2 = 3 => 0 < - 3 <=> t e ||-s/3;3] . 

t 2 -3 5 

Khi do P = f(t) = - -- + 

2 t 

Xethamso f(t) = t ^ +-vdi t e |^V3 ;3^| ta co 
>0,\/te^j3;3^. 

Vay f(t) la ham dong bien tren doan ^V3;3j. Do do P = f(t)> /(V3) = -jL. 
Dang thuc xay ra khi va chi khi co mot so bang y/3 va hai so con lai bang 0. 


5 t- 5 
f\t) = t —j = — T~ 

t t 
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Vay gia tri nhb nh at cua P bang dat tai x = *J3, y = z = 0 hoac cac hoan vi; 
V3 
14 

gia tri ldn nhat cua P bang — dat tai x=y=z- 1. 

Bai 3. Ta co P = 3{x 2 y 2 + y 2 z 2 + z 2 x 2 ) + xy + yz + zx +1 > 1. 

Dang there xay ra khi va chi khi x = y = 0;z = l hoac cac hoan vi. 


Bai 4. HD : Danh gia t = xy + yz + zxs 


;1 . 

2 


Bai 5. HD : Danh gia t - x 2 + y 2 + z 2 e [3;4]. 

Bai 6. HD: Dat t = x 2 + y 2 + z 2 e[$;9). 

Bai 7. HD : Ser dung dang there ket hop AM - GM ta co : 
x 3 +y 3 +z 3 =(x + y + zf -3(x + y)(y + z)(z + x) 

= 27 - 3 (x + y)(y + z) (z + x) < 27 - 24xyz 
Dua ve khao sat ham so voi t = xyz. 

Bai 8. Ser dung bat dang there C-S ta co : 

(x + y + z)(x 2 + y 2 + z 2 ) = (x 3 + xy 2 ) + (y 3 +yz 2 'j + (z 3 + zx 2 'j + x 2 y + y 2 z + z 2 x 

> 2x 2 y + 2y 2 z + 2z 2 x + x 2 y + y 2 z + z 2 x = 3 ^x 2 y + y 2 z + z 2 xj 


Do do x 2 y + y 2 z + z 2 


p ^(x + y + z - + _ 

x+y+z x+y+z 


Dat t = x + y + z. Taco 

x 2 +y 2 +z 2 <(x + y + z ) 2 <3^x 2 +y 2 + z 2 j=>t e(V3;3j . 
Xet ham so /( t ) = ——— +1 vdi t e (V3;3 J ta co 


Do do f(t) la ham nghich bien tren (V3;3j . Suy ra P> f(t)> f(3)= ^ . 
Dang there xay ra khi va chi khi x = y = z - 1. 
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Bai 9. Ta co : 

?>{x 2 +y 2 + z 2 j = (x + y + z)(x 2 +y 2 +z 2 j 

= (x 3 + xy 2 ) + (y 3 + yz 2 ^ + (z i + zx 2 J + x 2 y + y 2 z + z 2 x 

> 2 x 2 y + 2 y 2 z + 2 z 2 x + x 2 y + y 2 z + z 2 x = 3 ( x 2 y + y 2 z + z 2 xj 

=>x 2 y + y 2 z + z 2 x<x 2 +y 2 +z 2 

Suy ra : 

222 xy + yz + zx 222 (x + y + z) 2 -x 2 -y 2 -z 2 

P>x z + y z + z 1 + * * - - = x z +y z + z z + ± --- L --- 


= x + y +z + 


x + y + z 
9-x 2 -y^_ 


2 (x 2 +y 2 +z 2 ) 


Dat t = x 2 +y 2 + z 2 ,(t>3)khi do P> f(t) = t+ ^> f(3) = 4. 
Dang thiic xay ra khi va chi khi x = y = z - 1 . 

Bai 10. HD : Dat t-x + y + z,(t> 3). 

Bai 11 . Sir dung dang thiic ket hop bat dang thiic AM - GM ta co : 
(x + y)(y + z)(z + x) - (x + y + z)(xy + yz + zx) - xyz 
= (x + y + z)(xy + yz + zx) -1 
>(x + y + z)^3xyz(x + y+ z) -1 
= (x + y + z)^3(x + y + z)-l 

Dat t = x + y + z,(t>3)khido P>t\f3t +-^Z=-1. 


72 

¥ yi+i~ 


3J3t(t + lf -72 , 

/'(0 = —— , -> 0, Vt > 3 do do f(t) la ham dong bien tren [3; + 00 ). 

Vi vay P > f(t)> /( 3)-44. Dang thiic xay ra khi va chi khi x = y = z - 1. 
Vay gia tri nh d nhat cua P bang 44 dat tai x = y = z - 1. 
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Bai 12. Ta co 

6(ab + bc + ca) = 3^(a + b + cf -a 1 -b 2 -c 2 J = 3(a + b + cf -3(a + b + c)-4. 
Va theo bat dang there AM - GM dang luy thua ta co : 
a 3 +b 3 +c 3 >^(a + b + cf. 

S„yraP>(^^-A^^-3(« + t + o) 2 + 3(« + i + c) + 4. 

Theo gia thiet ta co : 3(a + b + c) + 4 -3^a 2 +b 2 +c 2 j>(a + Z? + c ) 2 

<^>(a + 6 + c + l)(a + Z? + c-4)<0<=>a + Z> + c<4. 

3 (a + b + c) 4 a 'j 

Suyra v -= -l + 


3(a + Z> + c) + 4 3(a + Z> + c) + 4 3.4 + 4 4 

Dodo P>---—-— 2>(a + b + cf + 3(a + Z? + c) + -^. 

Dat t = a + Z> + c,(0<t<4)khi do : 

P> —-3t 2 +3t + —= -(t-4)(t 2 -23t-65)- —>-—,V0<t<4. 
9 4 9 V 'V / 36 36 


Dang there xay ra khi va chi khi a = b = c = —. 

923 4 

Vay gia tri nho nhat cua P bang —— dat tai a = b — c = — . 

Bai 13. Theo gia thiet ta co —s/3 < x,y,z < V 3 . 

Dodo x + 2 > 0,y + 2 > 0,z + 2 > 0. 

Vi vay P dat gia tri nh o nhat khi va chi khi ca x,y,z deu am. 

Khong mat tinh tong quat gia set x = max{x,y,z} khi do -1 < x < 0 va 

P = (x + 2)(yz + 2(y + z) + 4) = ^(x + 2)^(y + z + 2) 2 +x 2 +l]>^(x + 2)(x 2 +l) 
Xethamso /(x) = -^-(x + 2)^x 2 +l)vdi xe[-l;0]taco 


/'(x) = |x 2 +2x + l;/'(x) = 0« 


Lap bang bien thien suy ra min ^ fix) = /-—J = —. 
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Dang thuc xay ra khi va chi khi 

jfeT", l 

3 

y + z + 2-0 <=>(x;y;z) = 

x 2 +y 2 + z 2 = 3 


25 ] 5 

Vay gia tri nho nhat cua P bang — dat tai hai bien bang -—va mot bien bang - —. 


J 1. 1. 5\| 

' i. 5. n 

'“I 3* 3* sj’l 

V 3* 3* 3> 


x~y y A z z x y/z zlx 


xl y 


a b c 1 1 1 

b 2 c 2 a 2 a b c 

-ab + bc + ca> <j3abc(a + b + c) - ^3(a + b + c) 

^S>f{t) = St+-,t = a + b + c>3,a = -,b = ^,c = - 
3 1 y z x 

+no=-l r -^>oyt>3^s>m>m~ 

2sj3t 3 r 9 

Bai tap tiro'ng tvr 

Cho x,y,z la cac so thuc duong. Tim gia tri nh o nhat cua bieu thuc 
„5 ^5 

P = -' 


y 


9xyz 


y i z z i x x i y 2(x y + y z + z x) 


Ta co P = x 2 + y 2 + z 2 = x 2 + (y + z'f - 2yz < x 2 + (y + z ) 2 = x 2 + ^ - x 

2 f3 f ™ 1 

Xethamso /(x) = x +1 —-xl 


f\x) = 4x - 3; / '(x) = 0ox = -.Tac 6 /-« /(1) = -;/ 


2 -». 

4 J 8 


Do do P < dang thuc xay ra khi va chi khi x = -^,y = 0,z = 1 va cac hoan vi. 
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Bai 16. Ta co : P = (x + y + z ) 2 -2 [xy + yz + zx) = 100-2x_yz. 


fy+ z = 10 -x 

Tu dieu kien ta co : \ = 

[yz(x-l) = x(y + z) = x(lO-x) 


y + z = 10 —x 
_x(10-x)- 


Suy ra P = /(x) = 100 - 


2 x 2 ( 10 -x) 


Matkhac: (y + z) 2 > 4yz <^> (10-x) 2 >4. *^ 

<^>(x-1)(10-x)>4x»x 2 -7x + 10<0<^>2<x<5 . 
2 x 2 (l0-x) 

Xet ham so /(x) = 100-- —-—- lien tuc tren [2; 5] ta co 

2x(2x 2 -13x + 20) *** L = 1 

/’(x) = —- 72 - L ;f'(x) = 0 < X£[2;5J > 2. 

I*" 1 ) [x = 4 

Bang bien thien : 



Gia tri nho nhat cua P bang 36 dat tai x = 2, y = z - 4 (chu y chi co mot trucmg 
hop xay ra dau bang d bat dang there (y + z ) 2 > 4yz trong moi trucmg hop max 
va min). 

Bai 17. Ta co P - x 4 + y 4 + z 4 = (x 2 + y 2 + z 2 ) - 2^x 2 y 2 + y 2 z 2 + z 2 x 2 j 

= [(x + y + zf - 2 (xy + yz + zx )] ~ 2 ( x y + yz + zx ) 2 + 2 xyz (xy +yz + zx) 

Theo gia thiet ta co J X ^ , &at t = xy +yz +zx^> P = 2(t 2 -32t+ 144) 

[xyz = 2 ' > 
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Ta co (y + zf > Ayz => (4-xf > —, giai bat phuong trinh nay ta suy ra 
3-V5<jc<2. 

2 , 2 

Ta co t - x(y + z) + yz - x( 4-jc) + —, xet ham so /(x) = x(4-x) + — tren 
doan |^3-%/5, 2 J taduoc te 

Tuong ter xet ham so f(t) = 2[t 2 -32t+ 144 j tren doan j^5,—-Jta c ° di 6 u 
phai chung minh. 

Bai 18. Nhan xet. De y hai ve cua bat dang there neu bo di so 2014 ta co dang there 
va neu thay t - 2014 ta duoc ngay mot ham so ma f it) < f ( 0 ). 



, a s t + a t + b t + c „ r_ \ 

Xethamso f(t) = -H-H-tren 0;+oo). 

t+b t+c t+a 

Bat dang there duoc chung minh neu chung minh duoc f(t) la ham nghich bien 
tren [0;+oo). 

b—a c—b a—c b—c+c—a c—b a—c 


~{ a ~ c )\' 


{t+b ) 1 


+ (b-c) 


1 _ 1 


{t + b) {t + c) [t + a) 

_\_ _ 1 

L (t + af {t + bf 

(<a - c)(b - a)(2t + a + b ) (b-cf (2t + b + c) 

(t + af (t + bf (t+bf(t + cf 

Dc f \ t ) < 0 ta chi can gia siia = max { a,b,c } va bai toan duoc chung minh. 
Dang there xay rakhi va chi khi / \t) -t),\/t>0<z>a = b-c. 

Bai 19. Xet ham so /(x) = (x + y + z)f—+ —+ —l-(l + y + z)fl + —+ —1 tren 


[1; 4] ta co: 


(x 2 -yz)(y + z) 


Do do f(x) la ham nghich bien tren [l; 4] suy ra /(x) < /(1) = 0 hay 
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Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = 1. 

Nhan xet. Be tim gia tri Ion nhat cua P = (x + y + z)\ —+ —+ —jvdi cimg dieu 

V y z J 

kien ta xet tiep ham so g(y) = (l + y+z)| 1 + — + — | (xem them chu de ky thuat 

v y z ) 


khao sat ham nhieu bien). 


Bai 20. Ta co ab + bc + ca> 3 %](abc) 2 . 

(l + a )(l + b )(l + c) = 1 + ab + be + ca + a + b + c + abc > (l + %/abc j . 

Khi do P< 2 + — ,t = yabc,0<tZl. 

3+3 r t +1 

, 2 t t (t + \)(3t 2 +1 —1\ 

Xet ham so /(t) =-7 + ^—, 0<t<l=>/'(i) =--- 

U 3 + 3t 2 f + 1 3(t + l) 2 (l + t 2 ) 2 

Tit do suy ra MaxP - — <=>t = l<=>a = Z> = c = l. 

6 

Bai 21. Ta co: 

p+3=f±z +z+l + 

x + 1 y +1 


= (x + y + z + l)f—*— + —'— 
v \x+\ y+l z + 1 

Tim gia tri nho nhat cua P. 

Su dung bat dang thuc C-S ta co: 
111 9 


x+1 y+l z+1 x+y+z+3 

Suy ra P + 3>(x + y + z + l).-- 


Dat t = x + y + z,t e —;3 khi do P> f(t) = 


t++i) 


Xet ham so f(t) = 


2 J 

9(( + l) 


-3 lien tuc tren doan — ;3 ta co: 

' l_2 J 
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f '(0 = — ^ 2 > 0, Vt e 3 j do do f(t) dong bien tren 3 j . 

( 3^ 1 

Suy ra P> f(t)> /1 — I = 5. Dang thiic xay ra khi va chi khi x = y = z = —. 


Vay gia tri nho nhat cua P bang 5 dat tai x=y=z-—. 

Tim gia tri lbn nhat cua P. 

Ta co: 

(l-x){x-T\>0e>-x 2 Px-+>0e>-2x 2 +lx-\>0 


x + 1 3 6 

5 

' y + l“ 3 ' 6’z + 1 _ 3 6 

Cong theo ve 3 bat dang thiic tren ta dupe: 


Tuong tu ta co: 


<=> (x + 1) (-2x + 5) > 6 <=> 


1 


1 


1 


x+1 y +1 z+1 


x+y+z 5 
3 + 2' 


Suy ra P<(x + y + z + l) 


x + y + z 5 | 


Dat t = x + y + z,te^;3jta duoc: P<(t + l)^-^- + -^j = -^(2f-7)(3-f) + 6<6. 

Dang thiic xay ra khi va chi khi x = y = z = 1. 

Vay gia tri Ion nh at cua P bang 6 dat tai x = y = z = 1. 

Bai 22. Goi bieu thiic ve trai cua bat dang thiic la P ta co 

P - abc\^a + b + cf - 2(ab + be+ ca)^ = 9abc-2abc (ab + bc + ca). 

Taco (ab + bc + ca) 2 >3abc(a + b + c) = 9abc . 

Suy ra 

p ^^M^L^ 2(ab+bc+ca) ^-±{°n^L +{ab+bc+ca f. 

_ 2t 3 9 

Dat t-ab + bc + ca suy ra P < f(t) = -b t l . 


Xethamso f(t)= — +t 2 vd i te(0;3]taco 
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Ta co f (t) doi dau ter am sang duong khi di qua t = 3 nen f(t) dat cue dai tai 
t = 3 . Suy ra P < f(t)< f ( 3 ) = 3 . Dang there xay ra khi va chi khi a = b = c- 1. 

Bai 23. Ta co: 2 yz = (_y + z) 2 - ^y 2 + z 2 j = x 2 - ^1 - x 2 j = 2x 2 - 1 . 


Suyra P-x x— -x -x +—x . 


Matkhac: (y + z ) 2 >4yz<=>x 2 >2^2x 2 -l) <=> 0< x 2 < — . 


Dat t = x , te 0;- va P-f(t)-t -t +—t. 


l3 - * 2 j- — # Uir. tron ,tnan \0 j—1 t* 


Xet ham so f(t) = r- t 2 + —t lien tuc tren doan 
4 L 

f'(t) = 3t 2 -2t + —;/'(0 = 0<^> t = —hoac * = -. 
J W 4 J 6 ' 2 


Suy ra max fit) - —. Do do P < — dang there xay ra khi 
^0; 2 j 54 54 5 3 

1 [2 1 

Vay gia tri ldn nhat cua P bang — dat tai x = , y = z = ——j= ■ 

Bai 24. Neu a 2 +b 2 +c 2 =0oa = b = c = 0 bat dang there tro thanh dang there. 
+ Neu a 2 +b 2 +c 2 > 0 viet lai bat dang there duoi dang : 

6(a + h + c)^a 2 +b 2 +c 2 J-27abc 


"V7 




\]a 2 +b 2 


+ y +z =1. 


Bat dang there trd thanh: 6(x + y + z)-27x_yz < 10 <=> 2(x + y + z) -9xyz < —. 
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x +y +z~ _ 1 


Khong mat tinh tong quat gia su x 2 = maxyc 2 ,y 2 ,z 2 
Ta co 

(x(2-9yz)+2(y+z)f <[x 2 +(y+zf^[(2-9yzf +4^ = (2yz + l)(&ly 2 z 2 -36yz+&y 


Dat t = yz~ 




Khido P</(0 = (2t + l)(81t 2 -36t + 8) voi t e| taco: 


/ '(0 = 486r +18t - 20; / '(<) = 0 « 


27 

5 1369 Jl') 25 


TaC0/ l 3j 3 ’ y 9) 9 ,f \21) 243’^UJ 3' 

Suyra Max /(0 = /f--l = — ^ P 2 < — ^P< —. 

, r_i.il y 9) 9 9 3 


Dang thuc xay ra chang han tai a = -l,b = c = 2. 

Bai 25. Ta co: 

[a + b){b + c)[c + a) = (a + b + c)(ab + bc + ca)-abc = 3(a + b + c) -abc . 
1 4 

Khido P = -4 —---. 

abc 3[a + b + c)-abc 

Mat khac (ab + bc + caf > 3abc(a 4 

1 4 

Suy ra P > -4 


abc 9 _ ahc abc 9-(abcf ’ 
abc 

Dat t = abc,(0 < t < l) khi do P > /(t) = -4 ^ 2 . 

, 1 4 ^ 

Xet ham so /(t) = - 4- — tren (0; ll ta co: 

t 9-t 2 

1 4t 2 4 36 t 2 (4t 2 436)-(9-t 2 f 

f ( 0 = i 4 ~ ~7T = - / \ 2 ’ <0 ; Vte(0;l] 

* 9 -t 2 S 9 -t 2 ) 
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nen f(t) la ham nghich bien tren (0;l]. Do do /(?) > f(l) = —. 

3 

Vay gia tri nho nhat cua P bang — dat tai a-b=c- 1. 

Cach 2: Ta co the danh gia nhanh thong qua bat dang thuc AM-GM nhu sau: 
11 4 11 4 


2 abc labc (i a + b)(b + c)(c + a ) 2 labc (i a+b)(b + c)(c + a ) 

3 


1 2 - 1 1" 1 

I 1 

j(ac + bc)(ab + ac)(bc + ab ) 2 

f 2ab + 2bc + 2ca'f 

l 3 J 


3 

Vay gia tri nho nhat cua P bang — xay ra khi a - b = c - 1. 

Bai 26. Khong mat tinh tong quat gia su e = min{a,b,c,d,e} viet lai bieu thuc P 
duoi dang: P - bc[a + d - e) + e(a + c)(b + d). 

Su dung bat dang thuc AM-GM ta duoc: 


bc(a + d -e)< 


f b + c + a + d-e 
l 3 


e(a + c)(b + d)<e | 
Suy ra P < 


a+c+b+d\ 

. 2 J 


•(¥) 


"Pi 


¥ 


Voi a,b,c,d,e>0va a + b + c + d + e = l,e = mm[a,b,c,d,e}^>0<e< —. 
Xethamso f(e) = { ^ ^ tren ta duoc: 

/'(e) = ^(-5e 2 -4e + l) = ^(l-5e)(e + l)>0,Vee^0;-^-Jnen f(e) la ham 


1 


dong bien tren . Do do f(e) < f = —. 

Vay gia tri Ion nhat cua P bang dat tai a-b-c-d-e-^. 


(a + Z>)(a + c) (b + c)(b + a ) (c + a)(c + Z?) 
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2 (ab + bc + ca) 6 

(a + Z>)(Z> + c)(c + a) (a + Z>)(Z> + c)(c + a) 


Va 

2(a + b + c)-a 2 -b 2 -c 2 =2(a + b + c)-(a+b + c) 2 +2(ab + bc + ca) 
= 2(a + b + c)-(a + b + c) 2 +6 

Mat khac: 

(a + b)(b + c)(c + a) = (a + b + c)(ab + be + ca) - abc 


>(a + b + c)(ab + bc + ca)-^(a + b + c)(ab + bc + ca ) 


Suy ra: (a + Z?)(Z? + c)(c + a) + b + c)(ab + be + ca) = ~( a + b + c). 

Suyra P< ——-y + 2(a + Z> + c)-(a + Z> + c) 2 + 6. 

Dat t = a + b + c,(t > ^3(aZ> + be + ca) = 3j=>P< f{t)-^ + 2t-t 2 +6 . 

9 9 

Xethamso f(t) = — + 2t-t + 6voi t>3taco: 
q 

/ '(0 =- 5- + 2(l - 1) < 0, Vt > 3. Do do f(t) la ham nghich bien tren [3; +00). 

Suy ra P< f(t)< /(3) = —. Dang thiic xay ra khi va chi khi a = b = c = 1. 

4 

Vay gia tri Ion nhat cua P bang — dat tai a-b-c- 1. 

4 

Bai 28. Sii dung bat dang there AM-GM ta co: 

a 2 (a + l)+b 2 (b + l)+c 2 (c + \) = a i +b 3 + c 3 +a 2 +b 2 +c 2 > ^ (a + b + cf + ^(a + b+cf. 
Dat t = a + Z) + c,(te[0;3V3])^P</(0 = --^= + ^31-^--y . 

Xet ham so f (t) = —+ .31 --— — lien tuc tren doan [ 0; 3V31 ta co: 

y/t + 1 V 9 3 • ’ L J 


m= 


j(t + 2)_ 


2 y{t + lf V-t 3 -3t 2 +279 
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Ta co: f\t) = 0<=>8-\/-/ 3 - 3t 2 + 279 -t{t + 2)^(t + l) 3 <=>? =3 (do vd trai la 
ham so nghich bien). 

Ta co f\t) doi dau tir duong sang am khi di qua t = 3 nen f(t) dat cue dai tai 
t = 3 . Do do P < f (t) < f (3) = 3. 

Vay gia tri Ion nhat cua P bang 3 dat tai a = b = c = 1. 

Bai 29. Tim gia tri nh d nhat cua P 

Taco: x 4 - 3x 3 -9x(x-3) -x(x-3) 2 (x + 3) >0,Vx e[0;3]. 

Neu ab + bc + ca> — ^P> 3.—= —>V3. 

5 5 5 

9 

Xetvoi ab + bc + ca< — taco: 

5 

a 4 +b 4 +c 4 ^ a(a-3) + b(b-3) + c(c-3) 

a 3 +b 3 +c 3 ~ + ' a 3 +b 3 +c 3 

a 2 +b 2 +c 2 -3(a + b + c) _ a 2 +b 2 +c 2 -(a + b + cf 
+ ' a 3 + b 3 +c 3 ~ + ' a 3 + b 3 +c 3 

ab + bc + ca ab + bc + ca ab + bc + ca 

3 1 0. z. I T" — 3 1 0. z z z 3 1 0. p - . —i 

a 3 +b 3 +c 3 a 3 +b 3 +c 3 -3abc 3.[9-3 (ab + bc + ca) j 

-3 + 2 a b + bc + ca 
ab + bc + ca-3 

Vay P>J3 + 2. °* + ^ + iT 

V ab + bc + ca-3 3 7 

Dat t = fl^ + ^c + ca,^e|^0; jjjkhi do P> f ( t ) = ^3 + ~~ +3t = 3t + ^5 + ■ 

Xethamsd /( t ) = 3t + ^3 + taco: 


mm 




;f’(t) = 0^t 


3 

2 ' 
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Bang bien thien: 



Dira vao bang bien thien suy ra P > /(0) = V3 . 

Vay gia tri nh b nhat cua P bang ^3 dat tai a = 3,b = c = 0 hoac cac hoan vi. 
Bai 30. Khong mat tinh tong quat gia sir c = min [a, b,c} khi do 

b 2 - be + c 2 = b 2 + c(c - b) < b 2 ,c 2 - ca + a 2 = a 2 + c(c - a) < a 2 . 

Suy ra: 

„ 1 11 a+b+c a+b 

pW £, — +-+- = +- 

ya 2 -ab + b 2 a b <J(a + bf -lab ab 
> a + b ^(a + bf _ I | a + bf 

\ ( a + b ) 

Dat t-— U b ,(0<t <—1 khi do P> f(t)~— p^= + -. 

(a + bf V 4J ^3t t 

Xet ham so f ( t ) = , + - tren f 0:— ta co 

t l 4 j 


/■( t)=- 


i it 


V(i- 3 0 3 


- 2 V(i-3 o 3 
t 2 ^~iif 


A_2.I 

: 16 4 <Q,Wefo;-l 

2t 2 f(l-3tf ^ 4 J 

Gh 


Vay gia tri nh b nhat cua P bang 6 dat tai a-b- 


]_ 

2’ 


c = 0 hoac cac hoan vi. 


Bai 31. Khong mat tinh tong quat gia su b la so nam giua a va c. 
Khi do: 
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(b - a) (b - c) < 0 b 2 + ac < ab + be => b 2 c + c 2 a < abc + be 2 

=> a 2 b + b 2 c + c 2 a < a 2 b + abc + be 2 =b[a 2 +ac + c 2 J 

Suy ra 


ab + b 2 c + ca bla 2 +ac + c 2 ) a+ac + c 


Jl( a 2 +b 2 +c 2 ) 

Ta can danh gia —- / —\ 

Ji + b + c 

.^2 (a 2 +b 2 +c 2 


a +ac + c 


a+b+c ^ (a + b + cf 
Ser dung bat dang there AM-GM ta co: 

4 (ab + bc + ca)[a 2 +ac + c 2 ^<[ab + bc + ca + a 2 +ac + c 2 J 

= |j>(a + c) + (a + c) 2 J =(a + b + c) 2 ( a + cf 
ab + bc + ca (a + cf 


Suyra - 


(a + Z? + c) 4(a+ac + c 2 


, (« +c ) 2 , 

3ac 

a 2 +ac + c 2 4 (a 2 

' +ac + c 2 

Jl- 2 ^ 2 IJ 


V a 2 + ac + c 2 

3 J 


P>/( 0=* + |(l-* 2 ) = -|* 2 +* + |- 


3 


Xet ham so f(t) = —r + t + — lien tuc tren doan 1 ta co 


f'(t) = -^t + \<0,\/t e j . Do do f(t) nghich bientren |^y;lj . 

Suy ra P > f{t)> /(l) == 1. Dang there xay ra khi va chi khi a = b,c = 0 . 

Vay gia tri nho nhat cua P bang 1 dat tai a = b,c = 0 hoac cac hoan vi. 

Bai 34. Day la mot bieu there hoan vi can tim each danh gia chuyen ve bieu there 
doi xerng each there hien la xet phan tuong emg voi P cu the la 
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Q — x l y + y z z + z l x . 

Theo gia thiet ta co 

(x+y + zf -x 2 -y 2 -z 2 4 

xy + yz + zx = A --- --- 

x 2 + y 3 + z 3 =(x+y + zf — 3(jc + y){y + z)(z+x) = 3;<yz 

x 3 y 3 + y 3 z 3 + z 3 x 3 = (xy + yz + zxf - 3 [ ~xyz(x + y + z) (xy + yz + zx) - x 2 y 2 z 2 ] = 3 x 2 y 2 z 2 - ^ 

Khido 

I P + Q = xy (x + y) + yz(y + z) + zx(x + z) = -3 xyz 

P.Q = x 3 y 3 + y 3 z 3 + zV + xyz (x 3 + y 3 + z 3 ) + 3x 2 y 2 z 2 = 9x 2 y 2 z 2 - ^' 

Theo dinh ly Vi-et P,Q la 2 nghiem cua phuong tri nh 

x 2 + 3tx + 9t 2 - — - 0 vdi t = xyz . 

27 


Suy ra P = 


-3. + M-27 
V 27 


hoac P- 


-st-J 256 ^ 2 

27_ 


2 ' 2 
Khao sat P nhu tren ta tim dugc Max va Min. 

Bai tap tiro'ng tvr 

Cho x,y,z la cac so thuc thoa man x + y + z = 5va x 2 +y 2 + z 2 = 9. Tim gia tri 
Ion nhat va nh o nhat cua bieu thuc P = x 2 y + y 2 z + z 2 x . 

|^(a + c) 2 - 2ac-\ 

6 -b 2 


Bai 35. Theo gia thiet ta co < 


=> 2 ac = 


\a+c=- 
{ 2b 

,i 2 -A2/ 2 , 2_ 


6 -b 2 
2b 


- 1 . 


Do do P 2 =b 2 (c-af = b 2 (c 2 + a 2 - 2ca) = b 2 


Bai 36. Ta co P- a + {a + \){b + c) + bc < a + {a + \){b + c) + 



f6-6 2 Y 1} 

1- 

|W i 




Ta chi can rut dugc b+c theo a. 

ix + 2- \la + 2b + l 


Theo gia thiet ta co 


[2 - x = yja + 2c + l 


=>xe[-l;l]taco 
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a + b + c = x 2 + 3 
• b-c = 4x 


+ b + c = x 2 + 3 
b-c=4x 


[ a 2 + 2(b + c+\)a+(2b + \)(2c+\) = 4-x 2 
Ta co 

4(a + b + cf -3 (b-cf =\2(ab + bc + ca)-(2a-b-cf >12 (ab + bc + ca). 
Do do yj 

P = a + b + c + ab + be + ca < a + b + c + ~( a + b + cf ~~^{b - cf 


= x 2 + 3 +—(x 2 + 3- 4x 2 = — —x 2 + 6 = 

3' ' 3 3 

Dau bang xay ra khi va chi khi a - b = c - 1. 

Bai 37. Theo gia thiet ta co: 

(x + y+ z)^x 2 + y 2 + z 2 —xy — yz — zxj — 2 

[l(x 2 +y 2 +z 2 )- l {x + y + zf)-2 


x 2 x 2 -3 


- + 6<6,Vxe[-l;l] 


2 2 2 (x + y + z) 

ox +y +z 2 =4 --- 


3 3 (x + y + z) 


> 3/4 


UO .T = —r-;-7 ^ —;-7-~-= i 7-~7^ i- Tj= ■ 

x 2 +y 2 +z 2 +l x 2 +y 2 +z 2 +l x 2 +y 2 +z 2 +l 1 + 3/4 

Voi x = 3/2,y = z = 0 thi P = 1- \j =. 

1 + 3/4 

Bai tap tuo’ng tu 

Cho x,y,z la cac so thuc khong am thoa man dieu kien x 3 + y 3 + z 3 = 2 + 3xyz . 
Tim gia tri nh d nhat cua bieu thiic P = x 2 + 2y 2 + 3z 2 . 

Bai 38. Tim gia tri nh d nh at 

Khong mat tinh tong quat gia su a = min [a,b,c] =>a<l=>b + c = 3-a>2. 
Khi do 

(6-1) 3 +(c-l) 3 =(fe + c-2)[(6-l) 2 -(6-l)(c-l) + (c-l) 2 j 
>(Z? + c-2)| 


(6-1+c-l) 2 

(6-1 + c-l) 2 

(Z? + c-2) 3 

2 

4 J 

4 
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Suyra 

P>(a-1) 3 +^(Z) + c-2) 3 =(a-l) 3 +^-(l-a) 3 = |(a-l) 3 >-^-,Vae[0;l]. 

3 3 

Vay gia tri nho nhat cua P bang dat tai a-0,b = c- — hoac cac hoan vi. 

+ Tim gia tri Ian nhSt. 

Su dung dang thiic x 3 +y 3 +z 3 = (x + y + z) 3 -3(x + _y)(y + z)(z + x). 

Taco: P = (a + b + c-3) 3 -3(a + Z?-2)(Z? + c-2)(c + a-2). 

= -3(a + b - 2){b + c - 2)(c + a - 2) 

=> P 2 =9(Z? + c-2) 2 (a + Z?-2) 2 (c + a-2) 2 
TacoZ> + c-2>0,(a + Z>-2) + (a + c-2) = a-l<0. 

+ Neuca a + &-2<0,a + c-2<0=>P<0. 

+ Neu ton tai mot thira so duong 1 thira so am ta gia sir a + b - 2 < 0, a + c - 2 > 0 
khi do 

P = 3(Z> + c-2)(2-Z>-a)(a + c-2) 
b + c-2 + a + c-2^ 

~2 J 


<3(2 -b-a)\ - 


= f( c -l) 3 -ft 3 ” 1 ) 3 =* 

Dang thirc xay ra khi va chi khi a = b = 0,c = 3. 
Vay gia tri Ion nhat cua P bang 6. 

Bai 39. Gia suc = min{a,Z?,c} => 0 < c < a,b khi do 


P>^[a + b) 2 +a 2 + Z> 2 J 


1 


1 1 


(a-b) a 2 b 2 


[(a + bf + a 2 +b 2 


1 1 1 

-o a 2 +ab + b 2 0 | 

r - + ~) 

2 

+ 2 I 

^- + -1 

_(a-bf + a 2+ b 2 _ 

’ ( a-b) 2 

\b a) 

<b a) 


- a _2 + b 
b a 


+ 2 fAt *21 

\b a 


(K) 


Dat f = - + -,(t>2)khid6 P> /(f) = 2 t 2 +t + - 
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Xet ham so f (t) = 2^t 2 +t-\ - -I tren (2;+oo) ta co 


/ '(0 - 2 


2t + l — 


3 


;/'(0 = 0 <=> {2t + l)(t — 2) 3 —3 = 0. 
>2 , 5 + ^33 


(t-2) 2 

<=> 2t 3 - It 2 + 4t+ 1 = 0<- 

4 

Tai t = ~ > + thi f(t) doi dau tit am sang duong nen f(t) dat cue tieu tai 
4 

5 + V33 

---hay /(/)>/ 


5 + V33^ 59 + 11V33 


-, + . ,, , Bui 59 + 1 W 33 , ++ . a b 5 + V33 

Vay gia tn nho nhat cua P bang-dat tai — + — =- ,c = 0 . 

4 ’ ’ b a 4 


CH u de 4: KYTHUATSUDUNG TMHTHuAnNHAt 

A. NOI DUNG PHlTGNG PHAP 

Xet mot bieu there P(xy,x 2 \...\x n ) dupe goi la bieu there thuan nhat bac kkhi 
P(tx l ;tx 2 ;...;tx n ) = t k P(x 1 ;x 2 ;...;x n ). 

Nhu da de cap trong chu de Bat dang there AM - GM vdi bat dang there thuan nhat 
ta co the chuan hoa dieu kien cua cac bien de chung minh cho don gian. Vdi dang 
toan nay chung ta tiep can dua ve bai toan it bien so hon bat dang there ban dau va 
ket hop ser dung tinh don dieu cua ham so. 

> PHlTGNG PHAP 

Phuong phap chung la giam bai toan n bien ve (n-1) bien hoac nh o hon bang 
cac phep dat an phu. 

Bang each dat 
x 2 = t\X x 
x 2 = t 2 x 2 


x n = t n _ x X n _ x 

Ta dua ve bai toan vdi (n-1) bien t 1 ,t 2 ,.,.,t n _ 
Dau hien nhan dien: 

- Gia thiet bai toan co dang thuan nhat. 

- Bieu there cua P thuan nhat. 
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1) Ky thuat flat x = ty hoac y =tx cho trudng hop bat dang thuc va bai toan 
cvrc tri hai biSn s6. 

Vi du 1. Cho x,y la cac so thuc duong thoa man dieu kien x > 2y. 

x 2 +y 2 

Tim gia tri nh d nhat cua bieu thuc P =-. 

xy 

Liti giai 

Dat x = ty tit x > 2y => t > 2 va ta duoc: 
p _t 2 +l_t 2 +l 5 | 5 _ 2t 2 -5t + 2 | 5 
t t 2 2 2t 2 

(t-2)(2t-l) 5 

s=4-^-- + — > 0, Vt > 2 

2t 2 


Vay gia tri nhd nhat cua P bang 


5 

2 


dat tai x = 2y . 


Nluin xet. Ta co the xii ly bang each khac nhu sau: 

Vdi du doan dau bang xay ra tai x = 2y ta viet lai P dudi dang: 

3x 2 x 2 +4y 2 3 x x 2 +4y 2 ^3„ 4xy 5 

4xy 4xy 4 y 4xy 4 4xy 2 
Trong truong hop khong du doan duoc dau bang ta sit dung ky thuat dang cap 
nhu tren ta de dang tim duoc gia tri ldn nhat, nhd nhat cua bieu thuc cua P vdi 
viec coi P la ham cua t. 

Vi du 2, (TSDH Khoi B 2006) Cho hai so thuc x, y thay doi va thoa man dieu 


kien x 2 +y 2 = 1. 


Tim gia tri ldn nhat va gia tri nhd nhat cua bieu thuc P = 


2(x 2 +6 xy) 
l + 2xy + 2y 2 


Ldi giai 

Nhan xet, Bieu thuc P chua dong bac nhung de y neu thay x 2 +y 2 =1 vao bieu 
thuc cua P thi ta dua P ve dang dong bac. 

2(x 2 +6xy) 2(x 2 +6xy) 

Viet lai bieu thitc P dudi dang: P = ^-——- = —^-r —. 

x + y + 2 xy + 2 y x + 3 y + 2 xy 


THI: Ndu y = Ota co P = 2 . 


TH2: Ndu y ^ Ota dat x = t.y ta co: P = f ( t ) = 


2[t 2 + 6t) 
t 2 +2t + 3' 
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Xet ham so f (t ) ■ 


2(t 2 +6t) 


4(2t 2 -3t-9) 

f\t) = - TT'JXt) = 0 «• 


(t 2 + 2t + 3) 


__3 

2 . 


Bang bien thien: 



P . =P — = -6 dat tai 

mm I 2 I 


'”4 

x=-fyo(x;y) = ^-V;J=);[j=;- 


Vi du 3. Gia sir x, y la cac so thuc duong thoa man dieu kien x + y< 2. 


Tim gia tri Ion nhat cua bieu thuc P = 7(x + 2 y) - 4^x 2 +2xy + 8_y 2 . 
L&i giai 

Vi x, y la cac so thuc duong nen 

|" 7(x + 2 y) - 4^jx 2 +2xy + 8y 2 
x + y 


P = (x + j)| 

kx (Ty-4j77^Z 


( 1 ) 


w x ly- 4-Jx 2 + 2 xy + 8 y 2 l-4y/t 2 +2t + S 

Dat t = —, t > 0 khi do —-x---— =- - -. (2) 

y x+y t+1 




Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


, 1 -A^t 2 + 2? + 8 A 

Xet ham so /( t ) =-voi t > 0. 


, „ — 7V? 2 + 2? + 8 + 28 „ r~2 r r . _ 

Taco / (?) =- , / (?) = 0 V? 2 +2? + 8 = 4 <» ? = 2. 

(? + l) 2 V? 2 +2?+ 8 


Suy ra bang bien thien t 

0 2 +oo 

m 

+ 0 


3 

m 



(3) 


Tu bang bien thien ta suy ra /(?) < -3 voi moi ? > 0. 

Dau dang thuc xay ra khi va chi khi t = 2. 

Tvr (1), (2) va (3) ta suy ra P < (x + y)(l - 3) < 8, diu dang thiic xay ra khi va 
fx + y = 2 


chi khi 


, 4 2 


4 2 

Vay gia tri Ion nhat cua P la 8, dat khi x = —, y = —. 

Vi du 4. (TSBH Khoi D 2013) Cho x,y la hai so thuc ducmg thoa man dieu kien 
xy < y -1. Tim gia tri Ion nhat cua bieu thuc 

p _ * + y x ~ 2 y 

y]x 2 - xy + 3y 2 6(x + y)' 

Loi giai 

Nhan xet. Nhan thay P dong bac nen ta tim each danh gia mien gia tri cua t = — va 

y 

dua ve khao sat ham so voi t. 


Xuat phat tir gia thiet 


, A x y-1 1 1 {1 lY 1 1 

et ta co: 0 < — < J =-- = --+ — < —. 

y r y y ly 2 J 4 4 


Dat t = — => 0 < t < — va P = , - 7 -r-. 

y 4 x/t 2 -t +3 6(t+l) 

Xet ham s6 f(t^^ ^ + ^ -\—^-tren f 0;— ta 

«(t+i) l 4J 
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f'(t) = 


7 — 3t 



2(t + l) 2 ' 


Voi 0 < t < — ta co t] 

4 J 


-t + 3 = t(t-l) + 3<3;7-3t>6;t + l>l. 


7 — 3t 



2(t + lf 


6 l 

> 234 ?, 2 


=-!=-—> o. 

73 2 


Vay f(t) la ham dong bien tren 



Do do f(t) < f 


3 30 


Vay gia tri Ion nhat cua P bang —— + — dat tai x = —, y = 2. 

' 3 30 ' ' 2 

2) Ky thuat giam bien voi bat dang thuc va bai toan cue tri ba bien 

Ta thudng dat a = x.h; b = y.c . 

Vi du 1. (Bat dang thuc Schur) Cho a,b,c la cac so thuc khong am ta luon co 
a 3 +b 3 +c 3 +3abc> ab(a + b) + bc(b + c) + ca(c + a). 


Chimg ntiith. 

Khong mat tinh tong quat gia su a > b > c khi do ton tai hai so thuc khong am 
x,y sao cho a = (x + 1 j c, b = (y + 1 ) c va bat dang thuc tuong duong vdi: 


(x+l) 3 +(y+l) 3 +l+3(x + l)(y + l)>(x + l)(y + l)(x + y + 2)+(x + l)(x + 2)+(y + l)(y + 2) 
<=>(x-y) (x + y + l)> 0 (luon dung). 

Vi du 2. Cho x,y,z la cac so thuc duong thoa man dieu kien z (x + y j = xy . 

x 3 + y 3 z 

Tim gia tri nh d nhat cua bieu thuc P =---1-. 

z x + y 

L&i giai 

Dat x = a.z, y = b.z ta co a + b = ab. 

Khi do 

P = a 2 +b 2 +7_ = ( a + b)‘ -2ab + —*_ = (' a + b) 2 -2(a + b) + 7_. 

a+b v ’ a+b v ’ v ’ a+b 
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Matkhac (a + b) >4ab=>(a + b) > 4(a + b) <=> a + b > 4. 

Dat t = a + b,(t>4)khido P = f(t) = t 2 -2t + j-. 

1 t 3 — 2t 2 —1 

Xet ham s6 f(t) = t 2 -2t + -voi t > 4 ta co f '(t) =---> 0,Vt > 4nen 

t t 2 

f(t) la ham dong bien tren (4; +oo) suy ra P = f(t) > f(4) = ^. 


Vay gia tri nho nhat cua P bang — dat tai x = y = 2z. 

4 


, xy 

Cach 2: Tit giai thiet suy ra —- = 
z 


x + y 
z 


Khi do P = 





z 

x + y 


= —=>t>4. 
4 


Khi do P = f(t) = t 2 - 2t + -. 

t 

Xet ham so f(t) = t 2 -2t + -voi t > 4 ta co f'(t) = - ^ -- > 0, Vt > 4 nen 

t t 2 

f(t) la ham dong bien tren f4; +oo) suy ra P = f(t) > f(4) = —. 

L ’ 4 


Vay gia tri nho nhat cua P bang — dat tai x = y = 2z. 

4 

Vi du 3. Cho a,b,c la cac s6 thuc duong. Chung minh 

a b c ^ a + b b + c , 
b c a b + c a + b 
L&i giai 

r , / a + b x + l b + c 

Dat a =x.b;c = y.b (x,y >0 khi do -=-;-; 

V ’ b + c y + l a + b 

Bat dang thuc trb thanh: x + — + — dtsft- 1 -- + 

y x y+l x+l 


y+l 

x + l' 
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<^> x 3 y 2 + x 2 + x + y 3 + y 2 > x 2 y + 2xy 2 + 2xy . 

Bat dang thuc cuoi dung vi la tong cua ba bat dang 

x 3 y 2 +x 2 x 3 y 2 +x + y 3 +y 3 2 2, 2. 0 

— y ;—-- ^ -— >2 xy ;x +y >2xy. 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Vi du 4. Cho x,y,z la cac so thuc thuoc doan [l; 2]. 

Tim gia tri gia tri Ion nhat cua bieu thuc 

(x 2 +z 2 +4xz'\ fy 2 + 2yz-5z 2 


L 

Dat x = a.z;y = b.z;a,b 2j . 


yz - 4z 2 

Loti giai 


V 3x-x 


a 2 +4a + l | f b 2 + 2b-5 


a 2 +4a + l b 2 +2b-5 , 

/(«) =-T - ;— ',g@) = — tren doan 

a +1 b-4 

va h(x) = —7 3x — x 2 tren doan [l; 2] taco 

4(a 2 -l) , 

f\a) = ~~TZ - ry-,f\a) = 0^a = \e 


fl;2l 

_2 




> a = 1 e —;2 . 

L2 J 


Suy ra max /(a) = /(1) = 3; min /(a) = /(2) = / f \ ^. 


g\b) = - 


(i-4) 2 


°’ V6 s [t 2 ] 

n 15 . /n ^ 3 


=> g(b) = g ^ - J = —; min g(b) = g( 2 ) = -- 

h '(x) = - - r ^ X ; h '(x) = 0 « X = — 

2yj3x-x 2 2 

=> max h(x) = h{ 1) = h(2) - V2; min h{x ) = h j = - 
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Do vay P = (/(a)) 3 + (g(b)) 3 + h(x). 


Vi vay P max = (max /(a)) 3 + (max g(b)f + max h(x) = 3 3 +1 — J - 2 . 


Dau bang xay ra khi va chi khi 


b = — 
2 


'x = l 
x = 2 


^r 


y= 2 z< ^ r 1 ' 


- X = 1 

x = 2 


Vi du 5. Cho 3 so thuc duong a,b,c thoamandieukien ya — c 4 


Tim gia tri nh d nh at cua bieu thuc P =-1-1-1— -- 

b + cc + aa + ba^+b 

Ldi giai 

Dat a = x.c, b = y.c, (x, y > l) khi do theo gia thiet ta co: 
y/x-l+yjy-l = *Jxy (y](x-V)(y-Y) -l) 2 =0 
xy = x + y > 2 *Jxy =>xy> 4 

Ta viet lai bieu thuc P dudi dang: P = —— 1 ——— 1 --- 1 --- 

Su dung bat dang thuc C-S ta co: 


y+ 1 x+1 x+y x+y 

1 


xy + x xy + y x + y (x + y) 2 - 2xy 
2 xy + x + y xy x y -2xy 


3 xy xy x y -2xy 

xy 1 1 

= — + — + ——- 

3 xy x y -2 xy 


Dat t = xy, (t > 4) => P > f(t) = ^ ++ 2 ^ 
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Xet ham s6 f(t) = — + - H--— tren \ 4; +oo) ta co: 

3 t t 2 -2t L ' 

t 2 (t 2 -4t + l) + 6(t-l) 

f'(t) = —^-- > 0,Vt > 4 . 

6t 2 (t-2) 

41 

Vi vay f(t) dong bien voi t > 4 => P > f(t) = f(4) = —. 

41 

Vay gia tri nho nhat cua P bang — dat tai x = y = 2. 

Vi du 6. Cho a,b,c la cac so thuc thoa man dieu kien a>b>c> 0. 

, . r 7 ’ (3 ab + bcY 121 b 2 

Tim gia tn nho nhat cua bieu thuc r = ---— 1 - 

b‘ 

Lai giai 


a +b +c +8 ac 


Dat x = -^,y = -^-,(x>l>y >0)khido: 
P = (3x + y) 2 + — 


= 9x +6xy + y + 


x + y + 8xy +1 
121 


x +y +8xy + l 


121 


> x 2 + 8xy + y 2 + 6 + - 

x 2 + y 2 + 8xy +1 


Dat t = x 2 + 8xy + y 2 +l^P>f(t) = t + —+ 5. 


Taco: f'(t) = l-—;f *(t) = 0 <=> t = 11. 

t 

Ta co f (t) doi dau tu am sang duong khi di qua t = 11 nen f(t) dat cue tieu tai 
t = 11 hay P > f(t) > f (11) = 27. Dang thuc xay ra khi va chi khi a = b = c. 
Vay gia tri nho nhat cua P bang 27 dat tai a = b = c. 

Vi du 7. Cho x,y,z la cac so thuc duong thoa man dieu kien 
7 (x 2 + y 2 + z 2 ) = 11 (xy + yz + zx). 

Chung mi nh rang — < ———I———I-—— < 2 . 

28y + zz + xx + y 
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Dat P =-1— -1-khi do 

y + z z + x x+ y 


P + 3 = ——+ 1 + —— + 1 +-+ 1 

y+z z+x x+y 

_x + y + z + x + y + z + x + y + z 
y+z z+x x+y 


x+y y+z z+x) 


_{x + y + z)\_(x + y)(x + z) + {y + z){y + x) + {z + x)(z + y)\ 
(■x + y)(y + z)(z + x ) 

(x +y +z)^(x +y +z) 2 +xy + yz + zx^j 
(x + y)(y + z)(z + x ) 

Theo gia thiet ta co: 7 (x + y + z)~ = 25 (xy + yz + zx ). Suy ra 


x + y)(y + z)(z + x) 


25 (x+y)(y+z)(z + x) 


Dod6 “._!_ = k^)kzf)(ii£) 

25 P + 3 (x + y + zf 


Dat a = - ,b = - 

x+y+z * 


—.— = ( a + b )(b + c)(c + a ) = (l-a)(l-h)(l-c) 

= 1 - (a + b + c) + ab + be + ca - abc 

= 1 -1 + —— abc = — - abc 
25 25 

Vay de tim gia tri Ion nhat va nho nhat cua P ta tim gia tri Ion nhat va nho nhat 
cua Q = abc. 


Q = a\—~ab — ac\ = a —-a(b + c) = a —-a(l-a) = a 3 -a 2 +—a 
125 25 1 ; 25 1 ; 25 


Ta co: 
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bc = a 2 - a - 

25 


7 ;(b + c) 2 >4bco(l-a) 2 >4 a 2 - a H-<=> — <a< —. 


Xet ham so f (a) = a 3 -a~ -\ - a tren doan 

25 


' 1 3" 
an —t< 

' |_ 15 5 J 


f'(a) = 3a 2 -2a +— ;/'(a) = 0« 


1 

a = — 
5 


T a c 6/(i]= / g] = J F ; /(|) = /(i) = I | J . 

3 49 51 

Suyra Q =—-,Q .=——^>P =2 ;P = — . 

max 125 mm 3375 max mm 28 

3) Mot danh gia hay sii* dung 

Voi dieu kien cac so thuc a,b,c khong am ta cac bat dang there thucmg dat diem 
roi tai mot bien bang 0 nen ta thucmg gia sir c = min |a,b,c| va tim each danh 
gia dua bat dang there ve hai bien. 

Ta co cac ude luong hay sir dung: 


a 2 +c 2 <^a + ^-j ;b 2 +c 2 <^b + ^- ;a 2 +b 2 < ^a + -^-| +| b + 


a"+b +c < a + — + b + — 


ab + bc + ca> a + — b + - 


a 2 -ac + c 2 =a 2 +c(c-a)<a 2 <|^a + -J ; 
b 2 -bc + c 2 =b 2 +c(c-b)<b 2 <fb + —1 ; 


a + — - a + — b + — + b + — 


a 2 - ab + b 2 < 
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Vi du 1. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 3 . 
Tim gia tri lbn nhat cuabieu thuc P = (a 2 -ab + b 2 )(b 2 -bc + c 2 )(c 2 -ca + a 2 ). 
Lai giai 

Gia su c = min |a, b, c) ta co: 
b 2 -bc + c 2 = b 2 +c(c-b)< b 2 ; 
a 2 -ac + c 2 = a 2 +c(c-a)<a 2 
Suy ra 

P < a 2 b 2 (a 2 -ab + b 2 ) 

/ >. / x a b 

p a b (a -ab + b ) a b (a -ab + b J b _i+ a^ 

3 ‘ (a + b + c)" (a + b)" (f +2 + -J 


Xet ham s6 f (t) = 3 6 . —-—voi t > 2 ta co: 

(t + 2) 

f(t) = 3 6 .A2L ; f'(t) = 0ot = -. 

(t + 2) 2 


Ta co f (t) doi dau tir duong sang am khi di qua 


t 


5 

2 


nen f(t) dat cue dai tai 


t = |hayP<f(t)<f[^|j = 12. 

Vay gia tri Ion nhat cua P bang 12 dat tai a = 2, b = 1, c = 0 hoac cac hoan vi. 
Cach 2: Thuc hien danh gia nhu tren va su dung AM-GM ta co: 


P<a 2 b 2 (a 2 -ab + b 2 ) = -.-a 
^ ' 9 2 


-ab(a 2 -ab + b 2 )<- 

2 ' ' 9 


-ab + -ab + a 2 -ab+b 2 
2 2 _ 


4 

9' 


(a + b) 6 4(a + b + c) 6 

27 <L27 


= 12 
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Dang thuc xay ra khi va chi khi 


a + b + c = 3,c = 0,—ab = a“-ab + b <=> 

2 


a = 2, b = 1, c = 0 
a = l,b = 2,c = 0 


Cach 3: Gia su c = min {a,b,c| khi do ta co: 
a 2 -ac + c 2 = a 2 +c(c-a) < a 2 < f a + “l ; 


b 2 -bc + c 2 =b 2 +c(c-b)<b 2 <| b + —I ; 


a 2 - ab + b 2 < a + — 

2 


■Tb + § 


2JI 


Dat x = a + ^-,y = b + ^-,(x,y>0)^>x + y = a + b + c = 3khido: 

P<x 2 y 2 (x 2 -xy + y 2 ) = x 2 (3-x) 2 (x 2 -x(3-x) + (3-x) 2 J 

= 3x 6 -27x 5 +90x 4 -135x 3 + 81x 2 < 12 
Vi du 2. Cho a,b,c la cac so thuc khong am khong co hai so nao dong thdi bang 0 
thoa man a + b + c = 2. 

1 1 1 


Tim gia tri nho nhat cua bieu thuc P = - 


va 2 +b 2 'V b 2 + c 2 
Lai giai 

Khong mat tinh tong quat gia sit c = min |a, b, c| khi do ta co: 


“ +c" 
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Dat x = a + — ,y = b + — ,(x,y>0)=>x + y = a + b + c = 2. 


2 2 
Theo bat dang thuc AM-GM ta co: xy < | 


x + y 
2 


„ i i i.2 i i i r i)i 
p-~ r+~r + I-, , r -~/ =+ ~ j = i -~/^=+ /~r~^ + 2_ 7r -“r^ 

Vx y] y tfx +y yxy tfx +y y]2xy tfx +y V V2j ^/xy 


fv(- 


2 + 2~U 2 

in 


2xy + x+y 
2 


i 2 V2 ^2 


Daubangxayrakhivachikhi x=y = l=>a = b = l,c = 0. 

Vay gia tri nho nh a t cua P bang 2 + —j= dat tai a = b = 1, c = 0 hoac cac hoan vi. 

S/2 


B. BAI TAP CHON LOC 

Bai 1. (TSDH Khoi A, A1 2013) Cho cac so thuc duong a,b,c thoa man dieu kien 
(a + c)(b + c) = 4c 2 . 


Tim gia tri nho nhat cua bieu thiic P = 


32a 3 32b Va 2 +b 2 


(b + 3c) (a + 3c) 
Leri giai 

Dat a = cx,b = cy,(x,y > 0) tvr dieu kien bai toan ta co: 

(x +1 )(y +1) = 4 o xy + x + y = 3. 

_ , n 32x 3 32y 3 j~ 2 J 

Taco: P = --—+ - r -y]x + y . 


(y + 3) (x + 3) 

Truoc tien ta chung minh bat dang thuc quen thuoc sau day: 

Voi moi a,b duong ta luon co a 3 + b 3 > a + b) . 

That vay bit dang thiic tuong duong voi: 4(a + b)(a 2 -ab + b 2 ) > (a + b) . 
<=> 4^a 2 -ab + b 2 j> a 2 +2ab + b 2 <» 3(a-b) 2 > 0. 
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Bat dang thurc luon dung va bai toan phu duoc chung minh. 

Ap dung ta co: 

32x 3 | 32y 3 f x | y Y J x 2 +y 2 + 3x + 3y Y 

(y + 3) 3 (x + 3) 3 U + 3 x + 3j ^ xy + 3x + 3y+ 9 J 

(x + y) 2 +3(x + y)-2xy 
xy + 3(x + y) + 9 
Thay xy = 3 - x - y vao bieu thurc tren ta duoc: 

32x3 1 32y3 ^ s [ ( x+y ) 2 - 2 ( 3 - x -y) + 3 ( x+ y) l = ( x+y _!) 3 . 

(y + 3) 3 (x + 3)’ 3-x-y + 3(x + y)+9 


Do do 


p> 

(x + y-1 

) 3 -V^+7 

=(-+h)‘-jk 

-2xy 

= 

(x + y-1 


2 —2(3 —x —y) 


= 

(x + y-1 


2 +2(x + y)-6 


Dat t = 

x + y ta ci 

5 p > (t-i) 3 

-Vt 2 +2t-6 va 




3-x-y = xy<|^-^J =>3-t < «- (t-2)(t + 6)>0t >2. 

Xet ham s6 f(t) = (t-1 j -Vt 2 +2t-6 voi t > 2ta duoc: 

V_. + 1 _W.»+2.-6(.-l) 2 -.-l 


f W =3(t-i>WIi—jjg ^ u 
V t 2 +2t-6 Vt 2 +2t-6 

^ 3V2(t-l) 2 -t-l 4(t l) 2 t — 1 4t 2 — 9t + 3 s 

V t 2 +2t —6 Vt 2 +2t — 6 Vt 2 +2t —6 

Vay f(t) la ham dong bien tren ^2; +00^ do do 

f(t) > f(2) = 1 - V2 => P > 1 - V2 . 

Vay gia tri nh o nhat cua P bang 1 - V2 dat tai a = b = c. 
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Bai 2. Cho a,b,c la cac so thuc duong doi mot phan biet thoa man b < 8a < 4c va 
ab + be = 2c 2 . Tim gia tri Ion nh at va nh d nhat cua bieu thuc 

P- a + + c 

a-b b-c c-a 
L&i giai 


Dat a = x.c,b = y.c,| 0<—y<x< — |va xy + y = 2<=>y =- 


X +1 , 1 

2 | 1 — x 

x+1 x+1 

x 2 +x + 3 _ x2 + x-3(x + 2) _ x 2 _2 x- 6 
x 2 +x-2 1 — x x 2 +x - 2 x 2 +x-2 

-l + T^ ll 

2 ’2 


Ta co —y < x < — => x e 
8 2 


, , x . X 2 -2x -6 
Xet ham so r(x) = —--lien tuc tren 


f'(x) = 


x 2 +x-2 

3x 2 +8x + 10 . w 

->0,Vxe 


-1 + 72.1 


(x 2 +x-2) : 
suy ra f(x) la ham dong bien tren 


-1 + 72 . 1 

2 ’2 

-1 + 72 1 

2 ’2 


Suyra f 


< f(x) < f — hay 


17 + 672 


27 

<P< —. 

5 


Vay gia tri Ion nhat cua P bang — dat tai b = 2a, c = — a va gia tri nh d nhat 
cuaPbSng 1? + 6 ^ dattai a = ~ 1 + ^ C ,b = 4^72-ijc. 
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Bai 3. Cho a,b,c la cac so thuc duong thoa man dieu kien a 3 + b 3 = c 3 


Tim gia tri nho nhat cua bieu thuc P = 


a 2 +b 2 -c 2 


(c-a)(c-b)' 

L&i giai 

Nhan xet. Dieu kien de bai cho dong bac 3 va bieu thuc P bac 0 nen ta dat 
a = xc,b = yc,(x,y > 0). 


Khido x 3 + y 3 = 1 va P = 


2 +y 2 -l _ (x + y) 2 — 2xy — 1 
(l-x)(l-y) xy-(x + y) + l 


Xu&t phat tir 1 = x 3 + y 3 = (x + y) -3xy (x + y) => xy 


_ (x+y) 3 -i 

" 3(x + y) ’ 


Dat t = x + y ta co t > 1 va (x + y) > 4xy => t 2 > 4. * ^ ^ <=> 1 < t < ^4 . 

Ta co P = ^ ^ dc thay day la ham nghich bien voi 1 < t < \[a suy ra 

yfc-l 

Vay gia tri nho nhat cua P bang dat tai a = b, c = a yfl. 

v4-1 

Bai 4. Cho a,b,c la cac so thuc duong thoa man dieu kien a > b > c . 

2 jVab + bc + ca 


Tim gia tri nh o nhat cua bieu thuc M = 4 


L&i giai 


f b + c) 


Nhan xet. Dieu kien cho a > b > c => ( b - a)(b - c) < 0 va M bac 0 nen dat 

a = x.b, c = y.b, (x > 1,0 < y < 1 Wa 

(l-x)(l-y)<0«xy-x-y + l<0=>x + y>l + xy. 

(x 2 + y 2 )Jx + y + xy 

Khi do: M = 4- / ---. 

xylx + y + 1) 
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Day la bieu thuc doi ximg voi tong x + y va tlch xy nen suy nghi ngay den viec 
dat S = x + y, P = xy tir dieu kien ta co ngay 0 < P < S -1. 

(s 2 -2 pY/s+p 


p(s+i) 

Coi ve phai la ham so voi P va tham so S ta duoc: 

fw- 2sa+s;p+ j p l< 0 .vs,p >0 

2(S + 1)P ! ,/s7p 

do do f(P) la ham nghich bien tren (0; S -1]. 

, « (s 2 -2S + 2)>/2S-1 

Dodo f(P)>f(S-l) = ^--. 

v ; S 2_ 1 

(s 2 -2S+2W2S-1 

Xethams6 g(S) = -—— -tren (l; +oojtaduoc: 

= S 4 +2S 3 -13S 2 +12S-4 _ (S~2)(s 3 +4S 2 -5S + 2) ^ 

V 2 S -1 (s 2 - 1 ) 2 V 2 S -1 (s 2 - 1 ) 2 

g'(S) = 0<—>S = 2 

Ta co g’(S) doi dau tir am sang duong khi di qua S = 2 nen g(S) dat cue ticu tai 
S = 2 tren (l; +oo) hay g(S) > g(2) = . 

2 

Vay gia tri nh d nhat cua M bang — j= dat tai a = b = c . 

v3 

Binh luan. Ngoai lbi giai tren ta co the xet ham so true tiep bang each coi b la an 
va a,c la tham so ta co ket qua tuong tu hoac chimg minh 

b 2 +2ac 4ac (a + cfVb 2 +2ac 2 

- >--. Khi do - j -r— > —j=. 

(a + b + c) 3(a + c) ac(a + b + c) ^3 

Nhung ro rang voi dau hieu dang cap tir dieu kien cho den bieu thirc M viec sir 
dung ky thuat giam ve hai bien x,y to ra hieu qua. Day la mot bai toan hay doi 
hoi phai tu duy logic khi gap tong va tich doi ximg cua S = x + y,P = xy. 

Bai 5. Cho a,b,c la cac so thuc duong thay doi thoa man dieu kien (a + b + c) = 32abc. 
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Tim gia tri Ion nhat va nho nhat cua bieu there P = 


(a + b + c) 


Theo gia thiet ta co: 


Lai giai 
b 


a+b+c a+b+c a+b+c 32 


,z =-,x,y,z> 0 va xyz =—,x + y + z = l. 

a+b+c a+b+c a+b+c 32 


-.y=- 


Khi do P = x 4 + y 4 + z 4 va ta co: 

P = (x 2 + y 2 +z 2 ) -2(x 2 y 2 + y 2 z 2 +z 2 x 2 ) 

= j^(x + y + z) 2 -2(xy + yz + zx)j -2^(xy+ yz + zx)~ -2xyz(x + y+ z)j 
= |^1 — 2(xy + yz + zx)J -2^(xy+ yz + zx) 

= 2(xy + yz + zx) 2 -4(xy + yz + zx) + ^- 

Q 

Dat t = xy + yz + zx ta co P = 2t 2 - 4t + —. 

Taco: t = x (y + z) + yz = x (l - x) + = -x 2 + x + . 

Mat khac: 


3-V5 1 

4 -<x<- 

(y+ z ) 2 >4yz=> (l-x ) 2 >—— <» (2x-l)(4x 2 - 6 x + l) > 0 <=> 4 2 


x> 




Xet ham s 6 f(x) = - x 2 + x H—— tren 
32x 


f'(x) = - 2 x+l--;f'(x) = 0 <— 

32x 2 


3-V5 1 
4 ’2 


3 + V5 


;+oo taduoc: 


4 

_ 1 + V5 ' 
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3 -J 5 ) J\ + ^) 5 V 5 -I /l"| =( |l"| = 5 f 3 + V 5 = _W5+l_ 

5 5^5-1 




Suy ra — < t < -—-. Xet ham so g(t) = 2t 2 -4t +—tren 

16 32 8 


16 32 


Taco: g'(t) = 4t-4 < 0,Vt e 


5 .5^5-1 


Suy ra gl — l>g(t)>g 


f5<j5-l) u , , 383-165^^ 9 

1 1 hay ta co-< P <-. 

256 128 


Vay gia tri Ion nhat cua P bang dat tai a = 2, b = c = 1 hoac cac hoan vi va 


& 383-165^5 „ 1 + V5 

ang-dat tai a = 3 - V5 ,b = c =-. 


gia tri nh d nhat cua P bang _ _ , _ , _ 

256 ' ' 2 

Bai 6. Cho a,b,c la cac so thuc thoa man dieu kien a>b>c>0va 
2b + 2c - a > 0 . 


Tim gia tri nh d nhat cua bieu thuc P = 2 


2b + 2c-a 


TH1: Ndu c = 0 => P = 2, 


I- 


Lai giai 
1 2b-a 


Dat t = ^,^<t<lj khido P = f(t) = 2t — V2t 2 -1. 
Xet ham so f (t) = 2t - V2t 2 -1 lien tuc tren —!=; 1 ta co 

LV2 J 


f’(t) = 2 — 


2 M 


< 0, Vt e -=: 

v2 


V2t 2 -1 V2t 2 -1 V2t 2 -l|V2t 2 -l+tJ 

Do do f(t) la ham nghich bien tren —J=; 1 , suy ra P = f(t) > f(l) = 1 

Lv2 J 


;1 • 
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Truong hop nay gia tri nho nhat cua P bang 1 dat tai a = b, c = 0. 
TH2: Ndu c>0=>a>b>c>0dat c = x.a,b = y.a,(0 < x,y < l). 

“ d6: P= ®® _V2x+2y_1 ' 


Ta chung minh 


>V x +y 


Vy+i Vx+i 

That vay bat dang thuc tuong duong vdi: 


Vx 2 +x + V y2+y ^v( x+y )( x+1 )( y+1 ) 

<=> x 2 + x + y 2 + y + 2^xy(x + l)(y + l) >(x + y)(x + l)(y + l). 

<=>2^xy(x + l)(y + l) > xy(x + y+ 2) <=> 4(xy+ x + y+ l) > xy(x + y+ 2)‘. 
Bat dang thiic luon dung do xy (x + y + 2) < 4xy (x + y + 2) va 
xy + x + y +1 -xy(x + y + 2) = (x + y + l)(l-xy) > 0. 

Vay P > 2^/x + y - 2x + 2y-l 

Dat t = ^Jx + y,{o < t < yfl j suy ra P > f(t) = 2t - y] 2t 2 -1. 


Taco: f'(t) = 2 — 


=; f '(t) = 0 <=> t = 1. 


x/2t 2 —1' 

Do do P > f(l) = 1. Nhung trubng hop nay dau bang khong xay ra. 

Ket hop hai trubng hop suy ra gia tri nho nhat cua P bang 1 dat tai a = b, c = 0. 
Bai 7. (TSDH Khoi A 2009) Chung minh rang vbi moi so thuc duong x,y,z thoa 
man dieu kien x(x + y + z) = 3yz ta luon co 

(x + y) 3 + (x + z) 3 + 3(x + y)(y + z)(z + x)< 5(y + z) 3 . 

Lai giai 

Dat y = a.x, z = b.x, (a,b>0)taco a + b + l = 3ab. 

Ta can chung minh (a + l) + (b + l) + 3(a + l)(b + l)(a + b)<5(a + b) . 

(a + b + 2) — 3^a + l)^b + l)^a + b + 2) + 3^a + l)^b + l)^a + b) < 5^a + b) . 
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«(a + b + 2) 3 -6(a + l)(b + l)<5(a + b) 3 

<=> (a + b + 2) 3 -6(ab + a + b + l) < 5(a + b) 3 

Thay a + b +1 = 3ab vao bat dang thuc ta can chung minh 

(3ab +1) 3 - 6(ab + 3ab) < 5 (3ab -1) 3 «(3ab - l)(ab - l)(6ab -1) > 0 

(luon dung) 

Do 3ab = a + b +1 > 2>/ab +1 => | Vab -1 j |3Vab +1 j > 0 <=> ab > 1. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z . 

Bai tap tirong tu 

1) Cho a,b la hai so thuc va c khong am thoa man dieu kien a 2 + b 2 + ab = 3c 2 . 
Chung minh rang a 3 + b 3 + 4abc < 6c 3 . 

Cho a,b,c la cac so thuc ducmg thoa man dieu kien a 2 + 2a (b + c) = 5 be . 

Chung minh rang (a + bf + (a + c) 3 + (a + b)(a + c)(b + c) < 2>(b + cf. 

Bai 8. Cho a,b,c la cac so thuc duong thoa man a + b + c = 6vh a 2 +b 2 +c 2 = 14. 

Tim gia tri Ion nhat va nho nhat cua bieu thuc P = + ^ 

c 

Lai giai 

\c(x + y + \) = 6 

Dat a = x.c,b = y.c,(x,v > 0)theo gia thiet ta co: < , „ , N 

V 1 \c 2 (x 2 + y 2 + 1) = 14 


x + y = 


_ ( 6 ~ c ) 2 —(l4 — g 2 ) _ c 2 — 6c + 11 


x + y)c = 6-c 
[(x + y)c] 2 -2xyc 2 = 14-c 2 

Trade het ta phai co: 

t ( 6 ~ c }\a c 2 -6c + ll 6-2V3 ^ 6 + 2V3 

(x + y) >4xyo\ -I >4.---<=>---<c<---. 

Suy ra x,y la hai nghiem duong cua phuong trinh: 

_ 6 - c - V-3c 2 + 12c - 8 

' 2c 


6-c +V-3c 2 +12c-8 


2c 
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Taco: P = 4x + y. 

Tim gia tri ldn nhSt ciia P. 

De tim gia tri Ion nhat cua P ta xet vdi x = t 2 ,y = t l v i t 2 >t { . 

Khido 

. 6-c+7~3c 2 +12c-8 6 -c-7-3c 2 + 12c-8 30-5c+37~3c 2 + 12c-8 


P = 4.~ 


2c 


, , a „ , 30-5c+3V-3c 2 +12c-8 , , 

Xet ham so J(c) = -lien tuc tren doan 


2c 

6 - 2^.6 + 273 " 
3 ’ 3 


3(5V-3c 2 +12c-8+3c-4) _ 

/'(c) = --i/ '(c) = 0o 5v-3c 2 +12c-8+3c-4 = 0 
c 2 v-3c 2 +12c-8 

3C “ 0 «c = ^ 

25(-3c 2 + 12c-8) = (4-3c) 2 l' 


Ta co f (c) doi dau tvr duong sang am khi di qua c = — ncn f(c) dat cue dai tai 

c = |hayP</( C )</(|) = ^. 

Dang there xay ra khi va chi khi a = —,h = —,c = —. 

Ill 

Vay gia tri Ion nhat cua P bang —dat tai a = —,b = —,c = —. 

2 ’ ’ 111 

Tim gia tri nhd nhSt ciia P. 

De tim gia tri nho nhat cua P ta xet vdi x = t l ,y = t 2 . 

Khido 

, 6-c-V-3c 2 +12c-8 6-c + 7-3c 2 +12c-8 30-5c-37~3c 2 + 12c-8 


P = 4- 


2c 


2c 


v , A , 30-5c-3V-3c 2 +12c-8 ,. a A ^ 

Xet ham so g(c) =- lien tuc tren doan 


6-2^3 6 + 2^3 


3(57-3c 2 +12c-8-3c + 4) _ 

g'(c) = —i- , - L ; g'(c) = 0o 57-3 c 2 +12c-8-3c + 4 = 0. 


c 2 7-3c 2 +12c-8 
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2 <^>c = 3. 


f3c-4>0 

° [25 (-3c 2 + 12c - 8) = (3c - 4) 2 

Ta co g’(c) doi dfiu tir am sang duong khi di qua c = 3nen g(c) dat cue ticu tai 
c = 3 hay P > g(c) > g(3) = 2. 

Dang thuc xay ra khi va chi khi a = l,b = 2,c = 3 . 

Vay gia tri nho nhat cua P bang 2 dat tai a = 1, b = 2, c = 3. 

Bai 9. Cho a,b,c la cac so thuc duong thoa man dieu kien 


(3a + 2b 4 


i4 + iUo. 

a b c) 


Tim gia tri ldn nhat cua bieu thuc P = 


b + 2c-l'Jl2a 2 +c 2 


L&i giai 


Dat x = —,y = — . Suyra:30 = (4x + 3y + 3)[ —+ —+ 1 
2a 3a \x y 

= {rr) +3(x+y+ irl + ) > -^ +2S 

=> x#i^=> P = 2x + 6y-2lJy 2 + S -2lJy 2 +S < -55 

y + 1 y +1 

Dang thuc xay ra khi va chi khi 6a = 3b = 2c. 

Cach 2: Trade tien ta bien doi dieu kien bai toan 

(3a + 2b + c)[ — + — + —1 = 5 
V \6 a 3b 2c) 

o(6a + 36 + 2c)f—+ —+ —l + ftf—+ —+ —] = 10 


6a 3b 2c) y 6a 3b 2c 

^*i± + ± + ±t sl= 4-L + r| s !o6s 


6a 3b 2c 


6 a 2c 


+ 2c- iTlla 2 + ~c 2 . 

>P <M±£ _= 

a 3a+ c 

At 


Xet ham so /( t ) = —-1-2 1-lyjt 2 +72 < -55 ,{t = c! a )ta co 
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f \t) = 2 + —-- 11 . 

^ + 3 (f + 3) yjt 2 + 72 

DS: P rmK =-55;2a = 3b = 6c. 

Dudi day toi trinh bay mot bai toan tuong tu nhung di theo mot hudng khac 
Bai 10. Cho a,b,c la cac so thuc duong thoa man dieu kien 


(a + 56 + 3c) 


1 1 1 

- 1 - 1 - 

a 4 b 3 c 


39 
" 4 ' 


P = - 


Tim gia tri nho nhat cua bieu thuc 

2 (a + 3c) (a + 3c - 4 b) - 7c 2 + Acyl a 2 + lc 2 
2 ac 

Lai giai 

Theo gia thiet ta co 

39 / /1 1 O J 1 1 1 Vn i r 

4 ya 4b 3c) 46 3c) 46 3c, 

=> 3ac> 26(a + 3c) 

Chu y AM - GM ta co (a + 46 + 3c) > 9. 

Khi do 

_ 2 (a + 3c) 2 - 86 (a + 3c) - lc 2 + 4cyja 2 + lc 2 
lac 

2(a + 3c) 2 -12ac-7c 2 +4c\la 2 +7c 2 _ la 2 +\\c 2 +4c\la 2 +lc 2 
lac lac 

lx 2 +11 + 4V* 2 +7 a 


, k r, \ 2x 2 +11 + 4yjx 2 + 7 ,. 

Xet ham so j (x) =-voi x duong ta co 

2x 

(2x 2 -llW* 2 +7 -28 

f\x) = ^ --;/'(*) = 0«x = 3. 

1x 2 4x 2 +7 

Ta co f (x) d6i dau tit am sang duong khi di qua x=3 nen /(x) > /(3) = “ • 

Dau bang xay ra khi va chi khi a = 46 = 3c. 

15 
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Bai tap tiro'ng tvr 

Cho a,b,c la cac so thuc duong thoa man dieu kien 
(a + 36 + c)f—+ * 


21 

' 2 ' 


Tim gia tri nh d nhat cua bieu there 


p a 2 +[a + c)[a + c-2b) + -J2a 2 +2c 2 
ac 'f 

DS: P^ a =5;a = 2b = c. 

C. BAI TAP REN LUYEN 

Bai 1. Cho x,y la hai so thvrc duong. Tim gia tri Ion nhat cua bieu thvrc 

P _ 4 x y 2 

{x + y]x 2 +4y 2 j 

Bai 2. Cho x,y la hai so khong am. Tim gia tri Ion nhat cua bieu there 

p _ xy + yjx 4 +9x 2 y 2 
x 2 +8y 2 

Bai 3. Cho x,y la hai so thvrc duong thoa man xy < y - 1 . 

, , y 3 2x 2 

Tim gia tri nho nhat cua bieu thvrc P = — H-—. 

x y 

Bai 4. Cho a,b,c la cac so thuc duong thay doi thoa man 

ri. n 


(a + 2b)| 


b c 
a 2 +2b‘ 


= 4, c < 3a . Tim gia tri Ion nhat va gia tri nho nhat cua bieu thvrc 


Bai 5. Cho x,y la cac so thvrc duong. Tim gia tri nho nhat cua bieu thvrc 


4 y 


By ^y 3 +(x + y) 


Bai 6. Cho a,b,c la cac so thvrc duong thay doi thoa man 


< a+b+c (H%) =16 - 


Tim gia tri Ion nhat va nh d nhat cua bieu thvrc P = 
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Bai 7. (TSDH Khoi A 2011) Cho cac so thuc x,y,z e [l;4], jc > y,z > z . 

Tim gia tri nho nhat cua bieu thuc P - ——— Jfetf—— • 

2x + 3y y + z z + x 


Bai 8. Cho a,b,c la cac so thuc ducmg. Tim gia tri nho nhat cua bieu thuc 
p _ be Aabc 

(b + a)(c + a) (a + b)(b + c)(c +a) 

Bai 9. Cho cac so thuc duong thoa man dieu kien (a + c)(b + c) = 4c 2 . 

Tim gia tri Ion nhat cua bieu thuc P = ——— + ——— + ———. 

b + 3c a+ 3c be+ ca 

Bai 10. Cho a,b,c la cac so thuc duong thoa man a>2b. 

Chung minh: 14^a 2 + b 2 + c 2 j > 5(a + b + cf . 


Bai 11. Cho a,b la hai so thuc va c khong am thoa man a 2 +b 2 +ab- 3c 2 . 

Chung minh rang a 3 +b 3 + Aabc < 6c 3 . 

Bai 12. Cho a,b,c la cac so thuc duong thay doi thoa man (a + b-cy - ab. 

_ ., . , n , .. \fab c 2 f c f 

Tim gia tn nho nhat cua bieu thuc P =-+ —-- + - . 

a + b a 2 +b 2 \a + b-c) 

Bai 13. Cho cac so thuc khong am a,b,c thoa man a + b + c > 0 . 

a 3 +Z? 3 +16c 3 


Tim gia tri Ion nhat va nh o nhat cua bieu thuc P = - 


( a+b + c ) 3 


Bai 14. Cho cac so thuc a,b,c. 

Chung minh rang 8a 4 + 8 b 4 + 27c 4 >—(a + b + c) 4 
64 


Bai 15. Cho a,b,c la cac s6 thuc thoa man (a + b + cf = 2 (a 2 + b 2 + c 1 J va a + b + c* 0. 

rT ,, - , , , . , , .. , , „ a 3 +b 3 +c 3 

Tim gia tn Ion nhat va nho nhat cua bieu thuc P = -—;--. 

[a + b + c)[ab + be + ca) 

Bai 16. Cho x,y,z la cac so thuc khong am doi mot phan biet. Chung minh rang 
x+y y+z z+x 9 

(x-y) 2+ (y-z) 2+ (z-x) 2 ~ x + y + z' 


Bai 17. Cho a,b,c la cac so thuc khong am doi mot phan biet thoa man a + b + c = 1. 
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Tim gia tri nho nhat cua bieu thuc P = - 


1 


1 


1 


( a-b ) ( b-c ) ( c-a ) 

Bai 18. Cho a,b,c la cac so thuc khong am khong co hai so nao dong thbi bang 0. 
Tim gia tri nho nhat cua bieu thuc 

P = (a + b + cf [ 1 + 1 ,, + 1 \ 

K ’ W+b 2 b 2 +c 2 c 2 + a 2 J 

Bai 19. Cho a,b,c la cac so thuc khong am va khong co 2 so nao dong thbi bang 0. 
Tim gia tri nh o nh at cua bieu thuc 

P = (ab + bc + ca)( 1 + 1 + 1 1. 

V \a 2 +b 2 b 2 +c 2 c 2 +a 2 ) 

Bai 20. Cho a,b,c la cac so thuc khong am khong co 2 so nao dong thbi bang 0 thoa 
man a+ b + c = 1. 

Tim gia tri nho nhat cua bieu thuc P = ——- + 1 - + ——- . 

a 2 +b 2 b 2 +c 2 c 2 +a 2 

Bai 21. Cho cac so thuc a > 0,b,c > 0. Tim gia tri nh o nh at cua bieu thuc 

P = (ab + bc + ca)\ \+ 1 +—r- \ -5-1. 

V \a 2 a 2 +b 2 a 2 +b 2 +c 2 J 

Bai 22. Cho a,b,c la cac so thuc khong am va c<a,c<b. Chung minh rang 

\b-cj \c-aj ab + bc + ca 
Bai 23. Cho x,y,z la cac so thuc thuoc doan [l; 2]. 

Tim gia tri lbn nhat va nho nhat cua bieu thuc P = 

Bai 24. Cho a,b,c la cac so thuc duong. 

Tim gia tri nh o nh at cua bieu thuc P = 


xyz(x+y + z) 
4a 3 + 3b 3 + 2c 3 - 3>b 2 c 


(a + b + c ) 3 


Bai 25. Cho a,b,c la do dai mot tam giac khong nhon. Chung minh rang 

( a 2 +6 ^)(2_ + 2_ + _Lj> 10 . 

Bai 26. Cho x,y,z la cac so thuc duong thoa man x 2 +y 2 + 6z 2 - 4z (x + y ). 


Tim gia tri nho nhat cua bieu thuc P = 


y(x + z) x(y + z) 
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Bai 27. Choa,b,c lacac sothuc thoaman (a + b + c) -4(ab + bc + ca)wk a+b+c+O. 

Tim gia tri Ion nhat va nho nhat cua bieu thuc P = a ^ + ^ C + ° U . 

(i a + b + cf 

Bai 28. Cho a,b>0,c>0va thoa man dilu kien a 3 + b 3, = c(c - 1). 

(i a + b + cf 

Bai 29. Cho x,y la cac so thuc duong thay doi thoa man x + 2- s fxy > By. 


Tim gia tri Ion nhat va nho nhat cua bieu thuc P = 


Tim gia tri nh o nh at cua bieu thuc P - 4 — + 2— -9 — + 2— 


Bai 30. Cho a,b,c la cac so thuc duong thoa man 0 < 4a < c < 9a . 

12 a 12 b 25 c 


Tim gia tri nh o nh at cua bieu thuc P = 


a+b b+c c+a 


4 3 

Bai 31. Cho a,b,c la cac so thuc duong thoa man —b >a-c>—b. 


Tim gia tri Ion nhat cua bieu thuc P = 


12 (a-b) 12 (b-c) 25 (c-a) 


Bai 32. Cho a,b,c la cac so thuc khong am thay doi thoa man 2a 3 - (b + c) 3 < 4 abc. 
Chung minh +3 [b A +c 4 'j>2a 2 b 2 - 3b 2 c 2 +2c 2 a 2 . 

Bai 33. Cho a,b,c la cac s 6 thuc duong thay d 6 i thoa man ab + bc + ca = 3b 2 . 

Tim gia tri Ion nhat va nh o nhat cua bieu thuc 

p _ a | c | abc-{a + c)[a 2 +c 2 ) 
b + c a + b (a + c)b 2 

Bai 34. Cho a,b,c la cac so thuc duong thay doi thoa man 


(a + c) ^ + ,c>4i. 


Tim gia tri lbn nhat va nho nhat cua bieu thuc P = 


a + c-b 


Bai 35. Cho a,b,c la cac so thuc khong am. Chung minh rang 

[a 2 +b 2 +c 2 ^ >27 (a-b) 2 (b-cf (c -af . 

Bai 36. Cho a,b,c la cac so thuc khong am thoa man ab + bc + ca> 0. 
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. , j 1 1 1 11 _ 32 

Chung mmh rang -y—T + Ti— 2 +^~T + 2 ^ A 2 ^ 2 H 


a +b b +c c+a a +b+c (a + b + c) 

Bai 37. Cho a,b,c la cac so thuc khong am doi mot khac nhau thoa man a + b + c = 0 . 


Chung minh rang ( ab + be+ ca ) 


[{a-b) (b-c) (c-a) 

Bai 38. Tim hang so k tot nhat sao cho bat dang thuc sau dung voi moi so thuc 
khong am a,b,c 

(a + b + cf >k(a 2 +b 2 + c 2 ^)(a - b)(b - c)(c - a). 

Bai 39. Cho a,b,c la cac so thuc doi mot phan biet. Chung minh rang 


HI 


H 


H 


Bai 40. Cho a,b,c la cac so thuc duong. Chung minh rang 


1 1 1 9 

-1-1-H- 

a 2 +ab + b 2 b 2 +bc + c 2 c 2 +ca + a 2 (a + b + c) 1 
Bai 41. (Iran 1996) Cho a,b,c la cac so thuc khong am. Chung minh rang 

111 9 

-1-1->-. 

(a + bf (b + cf (c + af 4 (ab + bc + ca)' 

Bai 42. Cho a,b,c la cac so thuc duong thoa man -H + — T = —H 

a 2 b 2 2c 2 

Tim gia nh d nhat cua bieu thuc P - —-— + —— + . C . 

b + c c + a V fl 2 +Z) 2 +c 2 

Bai 43. Cho a,b,c la cac so thuc duong. Chung minh rang 

27(a + b + c)(a 2 +b 2 + c 2 ^) + 45abc>32(a + b + c)(ab + be + ca). 

Bai 44. Cho a,b,c la cac so thuc duong. Tim gia tri Ion nhat cua bieu thuc 
p _ ab + be + ca 4abc 

(a+b) 2 + (b + cf + (c + a) 2 (a + b)(b + c)(c + a )' 

Bai 45. Cho x,y,z la cac so thuc khong dong thdi bang 0 thoa man 
2^x 2 +y 2 +z 2 j = 3 (xy + yz + zx) . 


Tim gia tri nh d nhat va ldn nhat cua bieu thuc 


xy + yz + zx 
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Bai 46. Cho a,b,c la cac so thuc thoa man a 1 +o + c + 4ab + Abe + 4ca - 0 va 
a + b + c^O . Timgiatri Ionnhat vagiatri nhonhat cuabieu thuc 
p _ a 3 + b 3 + c 3 - abc 
(a + b + cf 

Bai 47. Cho a,b,c la cac so thuc thoa man a 2 + b 2 + c 2 - A(ab + be + ca )va 
ab + bc + ca^ 0 . Tim gia tri Ion nhat va gia tri nho nhat cua bieu thuc 
(i a-b)(b-c)(c-a)[a 2 +b 2 +c 2 -ab-bc-caj 
(a + b + c ) 5 

Bai 48. Cho x,y,z la cac so thuc duong thoa man 5 ^x 2 + y 2 + z 2 j = 6(xy + yz + zx). 
Tim gia tri Ion nhat va gia tri nho nhat cua bieu thuc 

„ , /ill 

P = {x + y + z)\ - + - + - 

U y z . 

Bai 49. Cho x,y,z la cac so thuc khong dong thbi bang 0 va thoa man 
8 ^x 2 + y 2 +z 2 j = ll(xy + yz + zx). 

v3^„3 

Tim gia tri Ion nhat, gia tri nho nhat cua bieu thuc P - 


(x + y + z)lx 2 +y 2 +z 2 


Bai 50. Cho a,b,c la cac s 6 thuc thoa man a 2 + b 2 + c 2 > 0. 
Tim gia tri Ion nhat va gia tri nh o nhat cua bieu thuc 

2 (a + b + c)[a 2 +b 2 +c 2 ^-9abc 


C. HlTOfNG DAN GIAI - DAP SO 

Bai 1. Bat x = t.y,(t > 0) ta co P = f (t) = - 


m= 


4(Vt 2 +4-3 f) 


t +4 \t + yjt +4 


0 = 0 < 


Vr +4 =3;<=>t = — j=. 

V2 
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Ta co f (t) doi dau tu am sang duong khi di qua t = —= tren khoang (0;+oo)nen 

V2 


1 ^ 1 


tai t = —j= f(t) dat cue tieu hay P = f (t) > f I —j= = - 


"V2 


s' 


Vay gia tri nh d nhat cua P bang — dat tai y = -J2x . 

8 

Bai 2. Neu x = 0 =^> P = 0. Xet x > 0 ta dat y - t.x(t > 0). 
t + M A +9t 2 


Khi do P = f(t) = - 


Xethamso /(f) = 


t + \Jt +9t 


tren [0;+oo) taco 




7r +72 + (8-r Wr + 9 


;/'(0 = o 


4t 4 +9t 2 [t 2 +8) 

»7t 2 + 72 + (8-t 2 )Vt 2 +9=0»t = 6V2 

?>-j2 

Lap bang bien thien suy ra P = f(t) < f (6^2) = ^ . 

3V2 

Vay gia tri Ion nhat cua P bang-dat tai x - (yjly. 

4 


y y 2 4 2 

Khi do P = f(t) = f 3 + \. Xet ham s6 f(t) = f 3 + \ voi t > 4ta co 
t t 

f '(0 = 3f 2 - ^ ^ > 0, Vf > 4 do do f(t) la ham dong bien tren 


[4; +00) suy raP = /(f) > /(4) = —. 

Vay gia tri nho nhat cua P bang dat tai x-^-,y = 2. 

Bai 4. Dat a = x.b,c = y.b,(3x >y> 0) khi do tu dieu kien ta co: 

( I+ 2 (l + l) = 4*x-fc!l. 
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Mat khac: 3x > y <=> 3.^^—— > y<=>y 2 -5y + 6<0<=>2<y<3. 

y +1 


Khido P = 


2(y- a 

x 2 + 2 _ ^ y + 1 




2(y- 1 ) 


-=f(y) = 


3y 2 -2y + 2 


■y 


Xethamso f(y) = 

/'(y) = 


j+l 

3/-2y + 2 


lien tuc tren doan [2; 3] ta co: 

y"-y 

■3y 4 + 4/ + 3 _ ~3y 3 (y- 2) - 2y 3 + 3 

(/->)’ = (T-yf 


< 0, Vy e [2; 3]. 


Do do f(y) la ham nghich bien tren [2; 3]. 

Suyra P max = /(2) = ~ dattai a-^b,c-2b 
p min =/(3) = ldattai a = b,c = 3b. 

Bai 6. Dat c = x.a,b = y.a,(x,y > 0) theo gia thiet ta co: (l + x + y)| 1 + —+ —I = 16 


Khido P = f(y) = 


1 + 2 / 


De khao sat ham f(y) ta can tim mien gia tri cua y trade tien. 


1 


Viet lai dang there tren dudi dang: ^1 + —Jx 2 +^y +-13 Jx + y +1 = 0 (1). 

Phuong trinh (1) phai co nghiem x,y duong do do dieu kien la: 

[j>0 

•|A = | J- + --13 | -4\l + -\{y + l)>0^TP^-<y<l^-. 


13l 

-4fl + -l( 

l y J 

l yj 


y + —-13 >0 

y 


Viec con lai ta chi khao sat ham so f(y) tren 
f 7-3>/T)_21-3>/5 


7-3V5 7 + 3V 5 
2 ’ 2 


P max =f 
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Bai 7. Nhan xet. Bieu there P dang cap bac 0 va co x>y,x>z nen ta dat an phu 
giam bien bang each bieu dien y theo x va z theo x. 

Dat y = a.x,z -b.x do x,y,ze[l;4],x>y,x>z=>a,6e|^;lj. 

_ 1 a b 

Khido P- -+-+-. 

2 +3a a + b b +1 

Ta chua co moi lien he giua a va b nen cu manh dan xet ham so voi a hoac b 
xem sao va hy vong dupe mot ham luon dong bien hoac luon ngich bien. 


Xet ham so f(a) = 


2+3 a a+b b+1 


-lientuctren — ;1 taco: 


/'(«) = -- 


3 b _(2 + 3afb-3(a + bf 

(2 + 3 af [a + b) 2 (2 + 3 a) 2 [a + b) 2 


[2 + 3afb-3[a + b) 2 =9a 2 b + 6ab + 4b-3a 2 -3b 2 
> 9a 2 b + 6 a 2 b + 4 b- 3a 2 - 3b 2 


= 3a 2 [5b - l) + b[4 - 2b) > 0,\/a,b e 


P = f{a)>f\^ = ^-+ r ^—+A-. 

V4y) 11 1 + 46 1 + 6 

4 1 6 

Xet ham so g{b) = —t--1--lien tuc tren doan 

11 1 + 46 1 + 6 


-A 1 

.4 


g\b) = ~ - -T-~ -^;g'(6)^0^(l + 46) 2 =4(6 + l) 2 < 14 J >6 = -. 

(6 + 1) (1 + 46) 2 


Ta co g’(b) doi dau tir am sang duong khi di qua 6 = — nen g(b) dat cue tieu tai 


n 34 


34 


6 = —hay g(6)>g — = —. Dodo P> — 


2) 33 


33 


34 1 1 

Vay gia tri nho nhat cua P bang — dat tai a = —,b~ — hay x-4y,x = 2z va do 
x,y,ze[l;4]=>x = 4,y = l,z = 2 . 

Bai 8 . Dat 6 -x.a,c = y.a,[x,y > 0)khi do: 
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4 xy 


~{x + l)(y + l) (.x + y){x + l){y + \) (x + l)(y + l){" x + jy] 
Voi x + y > 4 => P > 0 ta xet voi x + y< 4. 




l — 


xy + x + y + l\ x + y) 

ta co mot ham nghich bien mat khac xy < 


— khi do neu coi ve phai lam mot ham cua xy 


ft)' 


M 


m 


+x+y+1 


(x + y)(x + y-4) 
x + y) (x + yf +4(x + y) + 4' 


Dat t = x + >%(0< t < 4) => P > /(*)= ^ . 


Xet ham so f(t) = - 


i t + 2 ) 


i (0 ;4]taco: 


(2t-4)(t + 2)-2 (t 2 -4t) 8 ,_ 8 

/'« = -- \ 1 - Z = 7 5L -^;A*) = Oor = l. 

i t + 1 ) (t + 2) 

Ta co f (t) doi dau tur am sang duong khi di qua t = lnen f(t) dat cue tieu tai 
t = ldodo P>f(t )>= 

Vay gia tri nh d nhat cuaP bang dat tai x = y = ^<z> a = 2b = 2c. 

Bai 9. Dat a = x.c,b = y.c,(x,y > 0) theo dieu kien bai toan ta co: 

(x + 1)(t + 1)-4. 

_ x y xy x 2 +y 2 +3(x + y) xy 

y + 3 x + 3 x + y xy + 3(x + y) + 9 x + y 

(x + y)" +3(x + y)-2xy + xy 
xy + 3(x + y) + 9 x + y 
Do (x + l)(y + l) = 4=>xy = 3-(x + y). 
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Dat t = x + y,(0<t<3)^>xy = 3-tv 
3-t-xy<( 




.. ., „ t 2 +3t-2(3-t) 3-t t 3 3 

Khi do P = - 1 - L + -= - +- 

3-t + 3t + 9 


2 t 2 
Bang bien thien: 


t 3 3 

Xethamso f(t) = — + -voi 

2 t 2 

t e [2;3)ta co 

f'(t) = ^-\;f'(t) = (U>t = yf6. 

2 t 1 

Dua vao bang bien thien suy ra 
max f{t) = f(2) = 1. 

‘4.W- 

Vay gia tri Ion nhat cua P bang 1 dat tai a = b = c . 

Bai 10. Dat a = x.c, b = y.c,(0< 2y <x)ta can chung minh 


t 

2 V6 3 

f(t) 

0 + 

f(t) 

1 0 


14(x 2 +y 2 + l)>5(x + y + l) 2 o9y 2 -10(x + l)y+ 9x 2 -10x + 9>0 . 

Coi ve trai la ham cua y va x la tham so 
f(y) = 9 y 2 -10(x + l)y + 9x 2 -10x + 9 taco 

/'(y) = 18y-10(x + l)<9x-10(x + l) = -x-10<0nen f(y) la ham nghich 

bi§n suy ra f(y) > /(§) = (fx - 3 j > 0. 

Bat dang thuc duoc chung minh. 

Dang thuc xay ra khi va chi khi a = 2b, 5a = 6c . 

( 3b 2 

Bai 11. Ndu c = 0=>a 2 +ab + b 2 =0o\a + -\ +-^- = 0oa=b = 0 bdt dang 
thuc trb thanh dang thuc. 

Neu c > 0 dat a = x.c,b = y.c khi do theo dieu kien ta co: 
x 2 + y 2 + xy = 3 va bat dang thuc can chung minh trb thanh: 
x 3 + y 3 + 4 xy < 6 <=> (x + y ) 3 - 3xy (x + y ) + 4xy < 6 . 

Dat 

f = x + y=>3 = x 2 +y 2 +xy = (x + y) 2 -xy = t 2 -xy^t 2 -3 = xy<^-o-2<t<2. 
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Thay xy = t 2 - 3 vao bat dang thuc tren ta can chung minh: 

t 3 -3(t 2 -3)t + 4(t 2 -3)<6,Vte[-2;2], 

o 2f 3 - 4f 2 - 9t +18 > 0, Vf e [-2; 2] o (f - 2)(2f 2 - 9) > 0, Vf e [-2; 2] (luon dung). 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a -b = c . 

Bai 12. Dat a = x.c,6 = y.ctudieukientaco: (x + y -l) 2 =xy va P-^-+ ^ + — . 

x+y x +y xy 

Taco: (x + y-lf =xy<^^j =>(x + y) 2 -4^(x + y) 2 -2(x + y) + l]>0. 


2 2 
<=>3(x + y) -8(x + y) + 4<0<=>-<x + y <2. 

Dat t = x + y,^<t< 2 j thay xy = (t - 1) 2 vao bilu thuc cua P ta duoc: 






t t 2 -2(t-\) (f-l) t 

= ^2y + _ L ^ + ^j_ + i 

t 2(f-l) 2 -t 2 + 4f - 2 2(t-l) 2 


+ 4t — 2 (f-l) 2 


T|tel| -t 2 +4t-2 + 2(t-lf V^ -1 l t 2 
Vay gia tri nh d nhat cua P bang 2 dat tai a-b = c -1 
Nhan xet. Ta co the xii ly theo each khac sau day: 

4ab c 2 c 2 yfab c 2 


+ — >2,We -;2 


pm 


a + b a 2 +b 2 ab a + b 2 ab a 2 +b 2 2ab 
4c 2 


c 2 4ab 
ib[a + b ) 


_^ + r^r 


Xuat phat tit gia thiet ta co: 


4 - 


2 +b 2 +2ab a + b K^a + b) 
a + b) (a + b'f 4 2 a + b 2 


Dat t = 6 . Xet ham s6 g(t) = 21 + 41 2 tren —; — ta co ket qua tuong tu nhu 

a + b 12 2 J 

lbi giai tren. Qua bai toan nay ta co nhan xet la doi khi su dung ky thuat giam 
bien doi voi dang dong bac doi hoi chung ta phai bien doi va van dung tinh te 
cac bat dang thuc. 
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Bai 13. Taco: P -^ 
Dat x = — 


+ 16 ■ 


a+b+c a+b+c a+b+c 
3 , ,,3 


a+b+c) 
,(x,y,z>0)va x+y+z- 1. 


Khi do P = x i +y i + \6z i . 

De tim gia tri Ion nhat ta thuc hien nhu sau: 

P = x 3 + y 3 +z 3 +15z 3 <(x + y + zf +15z 3 = l + 15z 3 <16. 
Vay gia tri Ion nhat cua P bang 16 dat tai a-b-0 . 

De tim gia tri nho nhat cua P ta thuc hien nhu sau: 

P = x 3 +y 3 +16z 3 =(x + y)[(x + y) 2 -3xyJ + 16z 3 
> (x + y)^(x + yf ~(x + yf j + 16z 3 = i(l - z) 3 + 16z 3 
Xet ham so /(z) = ^-(l - z) 3 + 16z 3 lien tuc tren doan [0;l] ta duoc: 
f\z) = -^(1 - zf + 48z 2 ;/'(z) = 0 < Z£[ ° ;1] > z = ±. 


16 


16 


Taco /(0) = —,/ — =—,/(!) = 16 . Suyra P>/(z)>f - = — 


81 


Vay gia tri nho nhat cua P bang — dat tai 

1 U C 1 U A 

x — y,z- — <=>a-b, -= — ,a-b-4c. 

9 a+b+c 9 

Bai 14. Neu a + b + c = 0 , bat dang thuc hien nhien dung. 
Neu a + b + c + 0, khi do viet lai bat dang thuc dudi dang: 


81 


\a+b+c) i 
- suy ra x + y + z = 1 


Khi do ve trai cua bat dang thuc bang P = 8x 4 + 8 y 4 + 27z 4 . 

Svr dung bat dang thiic C-S ta co: 

8(x 4 + /)>4(+ + /f =[2(+ + /)] 2 ±(x + y)‘ =(l-z) 4 

Suyra P>21z 4 +(\-z) A . 
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Xethamsd /(z) = 27z 4 +(l-z) 4 tadugc: 

/'(z) = -4(1 -z) 3 + 27.4z 3 ;/'(z) = 0 o (l-z) 3 = 27z 3 o z = ^. 

Ta co f (z) doi dau tur am sang duong khi di qua z = — nen tai z = — thi f(z) dat 

4 ’ 4 

cue tilu hay P > /(z) > . 


Nhan xet. Trong trudng hop a,b,c duong va cac he so cua a ,b 4 ,c doi mot khac 
nhau ta su dung ky thuat can bang he so cho bat dang there AM-GM hoac dung AM 
- GM dang luy thira. 

Bai 15. Taco: [a + b + c) 2 = 2[a 2 +b 2 +c 2 j <=> a 2 +b 2 +c 2 =2[ab + bc + ca). 
o[a + b + c) 2 =4 (ab + bc + ca). 


4 (a 3 +b 3 +c 3 ) 

Khi do P = ^- t - l = 4\ 


a+b+c a+b+c a+b+c 
ab + bc + ca 1 


— 

ta co x + y + z = lva 


(,a + b + cf [a+b+c) [a+b+c) [a + b + c) 

b 


[a + b + c) 2 4 


\y + z -l-x 


Suyra 


yz + x[y + z) — — jyz = x 2 — x -\— 


y + z-l-x 


Mat khac (y + z) >4yz=i>(l-x) >4x 2 -x + — <=>0<x< —. 


Khi do: 


P = 4(x 3 + y 3 + z 3 ) = 4 x 3 + (y + zf -3yz(y + z) 


“4 x 3 + (l-x) 3 —3 x : 




12x 3 -12x 2 +3x + l 
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f '(x) = 36x 2 - 24 x+ 3; / '(*) = 0 


x 

X 


]_ 

6 

]_ 

2 


Taco /(0) = /Q = l»/[f] = /(j) = J- Suy ra 1 < /(x) = P < ^. 

Vay gia tri nho nhat cua P bang 1 dat tai a = 0,b =c . Gia tri Ion nhat cua P 

bang — dat tai b = c~ — hoac b-c = —a. 

9 ’ ’ 2 ’ 2 

Bai 16. Khong mat ti nb tong quat gia sir z = min fx,y,zj => x > y > z >0. 


can chung minh: (x + y + z) 


x+y y+ z z +* 

iy-yf (y-*f (*-*f 

Dat P la bieu there ve trai cua bat dang there. 

Ta co 


P>(x + y) 


{x-y) y x 


=b±4 + £ + z +2 =i 

(x-y) 2 V x 


~—2+— y x 


Dat t = — +—,(t> 2)do x>ykhido P> fit )-—— + 1 + 2. 


Xet ham s6 f(t) = -—— + t + 2 tren khoang (2;+oo) ta co 


/'(() = -, 4 + l ;/'(0 = 0«( r -2) 2 =4^^/=4. 

(t~ 2) 

Ta co f (t) doi dau tir am sang duong khi di qua t-4 nen f(t) dat cue tieu tai 
t = 4 hay f(t) > /(4) = 9 do do P> 9. 

Bat dang there duoc chung minh. 


Dang there xay ra khi va chi khi — + — = 4,z = 0 hoac cac hoan vi. 

y x 

Bai 17. Khong mat tinh tong quat gia set c = mm\a,b,c) => a,b > c > 0 . 
Khi do: 
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P-{a + b + c )' 

,r 

>(a + b) 


1 


1 


1 


( a-b ) ( b-c ) ( c-a )' 

b 

1 1 1 

— 


{a-b) 


«_ 9 * b 2 a 2 U a) 


Dat t = — +—,(t> 2) do a, b duang phan biet. 
a 

Khido P>/(0 = ^| + (/ + l) 2 +l. 


Taco: f\t) = - 


Xethamsd f(t) = —^ + {t + l) 2 +lvdi t>2 
4 


if~ 2) 
/'(0 = oTV = i+V3 

Bang bien thien: 


2 (<+i); 


t 

2 

1 + V3 

+00 

f(t) 


0 

+ 

f(t) 

+CO 

11 + 6V3 

+00 


Dua vao bang bien thien suy ra - min f(t) - f(l + V3) = 11 + 6^3 dat tai 

t>2 

— + — -1 + V3, c - 0 hoac cac hoan vi. 
b a 

Bai 18. Gia sii c - min {a,b,c] khi do a,b >c> Ota co: 


a 2 +c 2 <^a + ^ 
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(a + b + c ) =\a + — + b + —\ >4 \a + 




:y (x 2 + y 2 + x 2 + y 2 


XV' 4 4 

Dat t- — + — >2xet ham so f(t)-4t + — vdi t> 2 taco /'(f) = 4- —>0,Vf>2 
y x t t 

nen f(t) la ham dong bien vdi t > 2. Do do P> f(t)> /(2) = 10. Dang thuc xay 
rakhi vachikhi x = y, c = 0 => a = b,c = 0 . 

Vay gia tri nh d nhat cua P bang 10 dat tai a = b,c = 0 hoac cac hoan vi. 

Bai 19. Gia sii c = min {a,b,c] ta co: 

“ 2 + * 2 s H) 2 + H) 2; 

b 2 +c 2 <(b + ^) ; 


ab + bc + ca-ab + ^-(a + b) + + b-^j>ab + ^(a+b) + ^- = ^a + ^ 


a + - + 6 + - 


Dat x -a + — ,y = b +—khi do P>xy| -^ + -^4—— w 
0 0 'xyx+y 


y x) x + y 
y x 
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Dat t = — + — > 2 xet ham so f(t) = t + - v&i t > 2 ta co f\t) -\-\>0,\/t>2 
y x t f 


ra khi va chi khi x = y,c = 0 => a- b,c = 0 . 

5 . 


Vay gia tri nho nhat cua P bang — dat tai a = b,c = 0 hoac cac hoan vi. 

Cach 2: Coi P la ham so cua c ta chung minh P dat gia tri nho nhat khi c = 0 . 
That vay ta can chung minh: 


<=> c(a +Z?) 




\a 2 +b 2 b 2 + c 2 c 2 + a 

_1_1_ 

2 J 

> ab\ 

W+b 2 a 2 b 2 ) 

+ _I_o 

,a 2 +b 2 b 2 +c 2 c 2 + a 2 ) 

la 2 b 2 b 2 +c 2 a 2 +c 2 ) 

_1_1_ ]_] 

> aZ? 

( c 2 | c 2 1 

. a 2 + b 2 b 2 +c 2 c 2 + a 2 ) 

|^a 2 (a 2 +c 2 ) b 2 [b 2 +c 2 ^ j 


c(a + Z?) 


Bat dang thuc cuoi dung do: 


c(a + b ) 
a 2 +b 2 

c(a + b) _ abc 2 _ac\ L a 2 +b{a-c)\^ 

a 2 +c 2 a 2 (a 2 +c 2 J a 2 [a 2 +c 2 ) 

c(a + b ) abc 2 _bc\b 2 +a{b-c)\^ 

~^J~b 2 (a 2 + c 2 V b 2 [b 2 +c 2 \ 


> 0 ; 


Vay ta tim gia tri nho nMt cua Q = ab\ — r -^—- + \ 

\a+b a b\ 

Tuong tu tren ta co: Q - ——- + — + — > — . 

S ' * a + b b a 2 

b a 


Vay gia tri nho nhat cua P bang — dat tai a = b,c = 0 hoac cac hoan vi. 


Bai 20. Nhan xet. Bai toan nay thuc chat la mot trudng hop rieng cua hai bat dang 
thuc tren: 

Ta co: 
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P={a+b+c f[-L- 


_j _i_j 

b 2 + c 2+ c 2 + a 2 ) 



Voi x-a +—,y = b +— ,(x,_v>0,x + jv = l)va c = mm{a,b,c \. 


Bai 21. Gia sii c -vdm[a,b,c) khi do a 2 +b 2 < a 2 +{b + c) va 
a 2 +b 2 +c 2 <a 2 +(b + cf . 

Suy ra: 


P>(ab + bc+ca ) 

1 l 1 l 1 



a 2 (b + cf a 2 +(b + cf 



= [fic + fl(6 + c)] 

| i i 1 

>a[b + c ) 

1 1 1 

a 2 ( b+cf a 2 +(b+cf 

a 2 {b+cf a 2 + {b+cf 


Dat x - a,y = b + c dua ve tim gia tri nho nhat cua bieu thuc quen thuoc 


Ta co: 
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Dang thuc xay ra khi va chi khi x = y,c-0=> a-b,c-0 . 


Bai 22. Bat dang thuc can chung minh tuong duang voi: 

a 2 +b 2 +c 2 . 




Coi ve trai la ham so cua c ta co: 

2a 2 2 b 2 [b + c)(a 2 +b 2 +c 2 )-2c[ab + bc + ca) 

f\c) = - T +-y +-----^- 

(. b-c ) ( a-c ) (ab + bc + ca ) 

2c(a 2 +b 2 + c 2 j - 2c(ab + be + ca) c|^(a-h) 2 + [b-cf + (c-a) 2 J 

[ab + bc + ca) 2 [ab + bc + ca) 2 

Vay ve trai la ham dong bien voi c vay ta chi can chung minh voi c = 0. 

a 2 b 2 a 2 +b 2 

Khi do ta can chung minh: — + — >- 

b a ab 

<=> a 4 + b 4 >ab[a 2 +b 2 j <=> [a-b) 2 [a 2 + ab + h 2 ) > 0 (luon dung). 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b,c = 0 . 

af.fb 


\b-c) 


2 a 2 h 2 a b a 2 +b 2 a 2 +b 2 +c 2 

> - 1 -> —|— =->-. 

b 2 a 2 b a ab ab + bc + ca 


Bat dang thuc duoc chung minh. 

Bai 23. Gia su x> y > z. Dat x = a.z,y = b.z,(l<b< a < 2), khi do 


p=m= 


ab[a + b + 1) 


[a + b + ab)\b 2 [a-\) + a-b\ 

Ta co f\a) =----4 > 0, Va > b > 1 nen f(a) la ham 

a 2 b[a + b + 1) 

dong bien tren [l; 2] suy ra /(b) < /(a) < /(2) . 

r/i\ b 4 + 2b 2 b 2 +2 (b-l)“ 

Mat khac f ( b ) = —-=-= - — +1 > 1 va 

b 2 [2b + \) 2b+ \ 2b + \ 

56 ; + 4 (136-10)(6-2) |6 6 

JK> 24(6+3) 104(4 + 3) 5 5' 
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Dodo 1 <P<~. 

5 

Vay giatrinhonhat cuaPbang 1 dattai x=y=z \agiatri IonnhatcuaPbang 

— dat tai x = y = 2, z = 1 hoac cac hoan vi. 

5 ’ ’ 

Nhan xet. Ta co the tim nhanh Min cua P nhu sau: 

x 2 y 2 + y 1 z 1 + z 2 x 2 > xy.yz + yz.zx + zx.xy = xyz (x + y + z) suy ra P > 1. 

Neu thay dieu kien x,y,ze [l;2] bang doan [2;4] ta co ket qua tuong tu. 

Bai 24. Su dung bat dang thuc AM-GM ta duoc: b 3 +b 3 + c 3 > 3 b 2 c . 

Suy ra: 

4a 3 +b 3 +c 3 + [2b 3 + c? — 3 b 2 cj 4^3 + ^3 + c 3 
(i a + b + cf (a + b + cf 

% 4<,3 a (>+ ‘ ) 3 = i*j- 3 +(t+c) 3 = / a y + if b+c y 

(a + b + cf 4 (a + b + cf [a + b + cj 4[a + b + cj 

Dat x =- - -, y - ^ + C —,(y >x >0)khi do x + y = lva 

a + b + c a + b + C' ’ 

P > 4x 3 + iy 3 = f(y) = 4(1 - y f + iy 3 . 

Xet ham so /(y) = 4(l-y) 3 +^-y 3 vdi _ye(0;l)taco 



Vay gia tri nho nhat cua P bang — dat tai b = c = 2a. 

Bai 25. Khong mat tinh tong quat gia sir a la do dai canh ldn nhat khi do goc A Ion nhat: 
Tam giac khong nhon nen cos A < 0 => b 2 + c 2 - a 2 < 0 « b 2 + c 2 < a 2 . 

Dat b 2 = x.a 2 ,c 2 = y.a 2 ,(x,y > 0) va ta co: x + y< 1. 

Khi do dat P la bieu thiic ve trai cua bat dang thuc. 
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Ml+ ^4 + ^ +y+1 ^±z) 


>(x + y+ l) 


(x + yf 

- +X + y _ ( X + j, + l)(x + y + 4) 


x + y 


,_io + i„ = (i^zzlH£lzzl) +1 o>o 

x + y 


( x+ y) 

4 

(x + y + l)(x + y + 4) 
x + y 

Bat dang thiic duoc chiing minh. 

Dang thiic xay ra khi va chi khi tam giac do vuong. 

Bai 26. Dat y = a.z,x = b.z,(a,6 >0)khi do ta co a 2 + b 2 + 6 = 4(a + b) va 
a 3 b 3 


. Y+vu+b 2 . 

b(a + 1) a(b + 1) 

Matkhac a 2 +b 2 >-^-(a + 6) 2 =>^-(a + b) 2 + 6<4 [a + b). 

<=>(a + 6-2)(a + 6-6)<0<^>2<t = a + 6<6va 
4 [a + b)-a 2 +b 2 +6>2ab + 6=> ab<2[a + b)-3 . 

Sii dung bdt dang thiic AM-GM ta co: Va 2 +b 2 > -J=(a + b) > V2 va 

a 3 a +1 ^(a + l) 3a 

b(a + 1) 8 8 4 

b 3 6 + 1 a(6 + l) 36 

a(b + 1) 8 8 4 

_ nr a + b ab 1 nr a + b 2(a+b) — 3 11/— 

2 4 4 2 4 4 2 

Vay gia tri nho nhat cua P bang + \[2 dat tai x = y = z . 


Nhan xet. Ta co the danh gia nhu sau 


b(a + \f ='-2b(a + l)(a + \)<^\ 

“( b + l f -\( a+b ) 1 ■ 


l(2a + 2 *_±3f ,|< ~(a + b)\k 
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(i a + b ) (a + b) 


+ 72=2.^ T+ ,/2i2.i + ,/2=i + j2. 

(a+bf * 2 


Bai 27. HD: Tir gia thiet ta co: 
a b b 


a+b+c a+b+c a+b+c a+b+c a+b+c a+b+c 4 
t". w. a b c 


x+y+z- 1, xy+ yz+ zx = — khi do P = x 2 y + y 2 z + z 2 x . 

Bai 28. Taco: P = (°-2(^bc + a,) = , _ 2 a t + i,c + co S1 
(a + i + c) (a + Z> + c) 

Vay gia tri ldn nh at cua P bang 1 dat tai a = b = 0,c = l. 


Tir dieu kien ta co: a 3 +b 3 =c(c-l)<c| 
Mat khac 




3 +b 3 = (a + b)^(a + b) 2 -3ab~^>(a + b) (a + b) 2 -^(a + bf 


Suy ra (a + b) 3 <c 3 o a + b<c. 

Dat a = x.c,b = y.c(x,y >0)taco x + _y<lva 

p _ x 2 +y 2 +l _ (x + yf -2xy + \ ^ (x + yf +\ 2 xy 

(x + y + l ) 2 (x + y + l) 2 (x + y + l) 2 (x + y + l) 2 


> 2 (x+y + 1 )- 


xy^l 1 1 _ 

(x + y + l) 2 2 2 2^1 I 2 8 

Vay gia tri nho nhat cua P bang — dat tai a = b = \,c = 2. 


3 

8 


Bai 35. Gia sir c -mm(a,b,c\ khi do (a-c) 2 < a 2 ,(b-cf <b 2 . 

Vay ta di chimg minh: (a 2 +b 2 + c 2 ^) >2l(a-bf a 2 b 2 . 

Be y (^a 2 + b 2 + c 2 j >(a 2 +b 2 ^) . Vay bat dang thirc duoc chung minh neu bat 
dang thirc sau dung: (a 2 +b 2 ^) >2l(a-bf a 2 b 2 . 
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Neu b- 0 bat dang thuc trb thanh dang thuc. 

Neu b> 0 dat a = x.b, (x > 0) dua ve chiing minh bat dang thuc. 

(x 2 +l) >27(x-l) 2 x 2 <=>(x 2 -3x + l) (x 2 + 6x + l)>0(luondiing). 

3 + y[S 3 + yfS 

Dang thiic xay ra khi x = —,c = 0 <=> a = — b, c = 0 . 

Bai toan duoc chung minh. Dang thiic xay ra khi a = ^ ~ b, c = 0 hoac cac 
hoan vi. 

Nhan xet. Viet lai bat dang thiic duoi dang. 

f{c)-{a 2 +b 2 +c 2 j - 27(a - Z>) 2 (Z> - cf (a - c) 2 > 0 . 

Coi ve trai bat dang thiic la ham so ciia c. 

Taco f\c) = 6c{a 2 +b 2 +c 2 ^ + 54(a-Z>) 2 [Z>-c + a-c]>0(do 
c = min{a,Z>,c} >0). 

Vay /(c) > /(0) = (a 2 + b 2 ) 3 - 27aV (a-bf. 

Bai toan dua ve chiing minh bat dang thiic (a 2 + b 2 j - 21 a 2 b 2 (a-bf >0. 

Day chinh la ket qua ciia each tren. Trong trucmg hop a,b,c la cac so thuc bat ky 
ta co bat dang thiic sau: 

[a 2 +b 2 + c 2 j >2 (a-bf (b-cf (c-af. 


De chiing minh bat dang thiic tren ta tim each danh gia (a - cf (b - cf < a 2 b 2 . 
Khong mat tinh tong quat gia sit c la so nam giua a va b. 

TH1: Neu c > 0 ta co ngay dieu phai chiing minh. 

TH2: Neu c<0 va a,b< 0,ta dat x--a,y = -b,z--c dua bat dang thiic ve 
trucmg hop 1 va co ngay dieu phai chiing minh. 

TH3: Neu c < 0 ,ab < 0,ta co the gia sii c e [a/], khi do xet 

f (c) = (c-a)(c-b) + ab = c 2 -(a + b)c + 2 ab tren doan [a;Z>] ta co: 

/(c) < max{/(a),/(Z>)} =ab tiic (c- a)(c-b)< -ab . Mat khac 
(c - a)(c - b) = c(c - a - b) + ab > ab. 

Vay |(c-a)(c-Z?)|<|<$j=>(c-a) 2 (c-Z?) 2 <a 2 b 2 . 
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Vay dua ve chung minh bat dang thuc: {a 2 +b 2 +c 2 ^ >2(a-bf a 2 b 2 . 

Dat a = x.b va dua ve chung minh bat dang thuc: 

(x 2 +1) 3 > 2 (x - 1) 2 x 2 « (x +1 f (x 4 - 2x 3 + 4x 2 - 2x +1) > 0 . 

»(x + l) 2 ^x 2 -xj +3x 2 -2x + lj >0 (luondung). 

Bai toan dugc chung minh. Dang thuc xay ra khi a = -b, c = 0 hoac cac hoan vi. 
Bai 36. Khong mat tinh tong quat gia six c - mi n {a, b, c }, khi do ta co: 


+42: *HH 4+ lf ; 


b 2 + c 2 <\b + ; 


a +b 2 +c <\ a + —\ + b -\— 


Dat x-a + —,y-b + —,(x,y > 0)bat dang thuc dugc chung minh neu ta chung 
111 ? ?? 

minh dugc: - 


Su dung bat dang thuc AM-GM ta co: 


1 1 12 

Til 4 

l . 8 ^ 4 

8 

x 2 ' y 2 ' x 2 +y 2 

(x 2+ y 2+ x 2 +y\ 

M 2 2 ~ '2 

) x +y xy x 

+y z 



4 32 



2xy x 2 +y 2 2 xy + x 2 +y 2 (x + yf 

Bai toan dugc chung minh. Dang thuc xay ra khi va chi khi a = b,c = 0 hoac cac 
hoan vi. 

Bai 39. Khong mat tinh tong quat gia su a>b>c, dat 

a - x + y + c,b = y + c,[x,y > 0). 

Ggi P la bieu thuc ve trai cua bat dang thuc can chung. 

. (*+yf 


Taco P=2— + 


(*+?) 
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Dat y = t.x ta co P-r + 

Ta can chung minh: f 


1 , (^l) 2 

(^l) 2 t 2 

( ? + l) 2 t 2 

ot 6 + 21 5 - 3 1 4 - 6i 3 + It 1 + 4t +1 > 0 o ( t 3 + 1 2 - It - 1) 2 > 0 (luon dung). 

^ a-b b-c c-a 

Cach 2: Dat x - -, y =-, z =-,khi do: 

b-c c-a a-b 


y ixy + y + l = 0 

_y + — + l = 0<=><yz + z + l = 0 = 

, \zx + x + 1 = 0 


Tacan chung minh x 2 + y 2 +z 2 > 5 <=> (jc + y + z) 2 -2(xy + yz + zx)-5> 0 
<=> (x + y + z) 2 - 2(-3 - x - y - z) - 5 > 0 <=> (x + y + z +1) 2 > 0 (luon dung). 
Nhan xet. Tu each 2 ta co mot dang thuc dep mat sau day: 

[+(■ J£z£ f = 5 J + + 

\b-c) \c — a) \a-bj \b-c c-a a-b ) 

Bai 41. Nhan xet. Day la mot bai toan kho va da co nhieu ldi giai danh cho bat 
dang thiic nay. 

Dudi day trinh bay mot ldi giai khac dua vao dau hieu dong bac cua bat dang 
thuc tren. 

Gia s£rc = max{a,b,c } => c > 0. 

Dat a = c.x,b = c.y,(x,y e [0;l]) khi do ta can chung minh 
1 | 1 | 1 ^ 9 

(x + y) 2 (x +1) 2 (y + l) 2 ”4(xy + x + y) ' 

Quy dong hai ve va rut gon dua ve bat dang thuc: 

4^x + y + x 5 + y 5 + xy |x 4 + y 4 jJ + 2;*y|l + x 3 + y 3 j + 6x 2 y 2 

>x 2 + i y 2 +x 4 + / + 6|x 3 + y 3 +x 3 y 3 j+2jty|^x + y + x 2 +y 2 + Jty(x + y)J + xV|x 2 +y 2 j 
Taco: 4^x + x 5 j-x 2 -x 4 -6x 3 = x(x-l) 2 ^4x 2 + 7x + 4)>0,Vxe[0;l]do do 
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4[x + y + x 5 + y 5 )>x 2 +y 2 +x 4 +y 4 + 6^x 3 + y 3 ) • 

Vay ta chi can chung minh 

4|x 4 + y 4 j + 2|l + x 3 +y 3 j + 6jy >2|x + y + x 2 + y 2 + xy(x + y)) + 6x 2 y 2 + xy(x 2 + y 2 j. 
Ta co: 

4 (x 4 + y 4 j = 3 (x 4 + y ' 4 ) + x 4 + y 4 > 3,2x 2 y 2 + xy (x 2 + y 2 j = 6x 2 y 2 + xy (x 2 + y 2 j. 

Vay ta chung minh 1 + x 3 + y 3 + 3xy > x + y + x 2 + y 2 + xy (x + y). 

Ta co the gia ser x > y => 0 < y < x < 1 va bat dang there tuong ducmg voi: 

j'[(^-i) 2 +0-4h->')+(i-J’) 2 ]+(i-4 2 [i - x + 2(x - y)] > 0 (luon dung). 

Vay bat dang there dugc chung minh. 

Bai 42. Dat a = x.c,b = y.c,(x,y > 0), khi do theo gia thiet ta co: 

1 1 1 2 2 x 2 y 2 

—+ —y = — => x + y - —-—. 


Ser dung bat dang there AM-GM ta co: 


x z +y^2xy = 


- > 2 xy <=> xy > 4 


= x 2 + y 2 > —(x + y) 2 <=> x + y < xy 


Khi do: P=- 


y 


i 


y + l x + l yjx 2 + y 2 +1 ' 

x y _x 2 +y 2 +x + y_ x 2 y 2 +2(x + y) > x 2 y 2 +2xy _x 2 y 2 +2xy 
y + 1 x + 1 xy + x + y + 1 2xy + 2(x + y) + 2 _ 2xy + 2xy+ 2 4xy + 2 

(ham nghich bien voi x+y). 


, xy + 2xy ! 
4xy + 2 


1 


Dat xy = i,(t>4)=>P> f(t) = - 


, k r/ \ t 2 +2t 

Xethamso fit)- - 

4t + 2 


1 


vdi t>4taco: 
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t 2 + t + l)J(t 2 + 2 ) 3 -y/2t(2t + \f 

-^- ->0,Vf>4. 

( 2t + 1 ) 2 \l ( t2 +2 ) 

Do do f(t) la ham dong bien voi t>4=> P> /'(/) > /(4) = ^ . 

Vay gia tri nho nhat cua P bang ^ dat tai a = b = 2c. 

Bai 43. Chia hai ve bat dang thiic cho ( a+b+cf dua ve chiing minh bat dang 

thiic: 27 (x 2 + y 2 + z 2 j + 45xyz > 32(xy + yz + zx) 

» P = 27 (x 2 + y 2 + z 2 ) + xy (45z - 32) - 32z (jc + y) > 0 . 

Trongdo x = ---,y =---,z =-—-;x + y + z = l. 

a+b+c a+b+c a+b+c 



Khong mat tinh tong quat gia suz = min{x, y, z j => z < -^ => 45z - 32 < 0. 

Khi do sii dung bat dang thiic AM-GM ta duoc: 

P > 21 z 2 + y (x + yf + ^ X+ ^ (45 z - 32) - 32z(x + y) 

= 21 z 2 + y(1 - zf + (45z - 32) -32z(l - z) = i(3z -1) 2 (5z + 22) > 0 

Bai toan duoc chiing minh. Dang thiic xay ra khi va chi khi a-b = c . 

Bai 44. Dat a -x.c,b - y.c,(x,y > 0)ta co: 


p _ xy | x | y_ 4 xy 

(x + y) 2 (x + 1) 2 (y + 1) 2 (x + y)(x + l)(y+ 1)" 

Nhan xet. Do bieu thiic cua P doi xiing voi a,b,c nen du doan dang thiic xay ra khi 
a-b = c<z>x = y = 1 . 


Vay ta chiing minh P< 


]_ 

4' 


xy x y 4xy 1 

(x + yf + (x +1) 2 + (y +1) 2 (x + y)(x + l)(y+l) 4 

^ xy(x + l) 2 (y + l) 2 +x(y + l) 2 (x + y) 2 +y(x + l) 2 (x + y) 2 -4xy(x + y)(x + l)(y + l) ^ 

(x+y) 2 (x+i) 2 (y+i) 2 


l 

4 
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^(x 2 y + xy + x + y 2 'j(xy 2 +xy + y + x 2 ) ^ , (*-l) 2 (>>-l) 2 (x-y) 2 > 

^ (* + j)Vl)Vl) 2 S 4 0 (^^7(^- 0 

(luon dung). 

Vay gia tri ldnnhat cua P bang — dat tai a-b=c. 

4 

Cach 2: Ta bien doi dua P ve dang: 

3 ab 1 be 1 ca 1 4 abc 


4 (a + Z>) 2 4 {b + cf 4 (c + a) 2 4 (a + Z?)(Z? + c)(c + a) 

(a-Z?) 2 (Z?-c) 2 ( c-af \6abc 


(a + bf (b + cf (c + af (a+b)(b+c){c+a) 


^ a-b b-c 

Dat -, y =-,; 

a+b b+c 


c-a .2a .2b .2 c 

- -=> x + JWs- ,y +1 =-->z + 1 =-. 

c + a a + b b + c c + a 


Do do : 

P = \-^x 2 +y 2 +z 1 +2(x+\)(y + \)(z + \)\ 

= ^---^x 2 + y 2 + z 2 +2{\ + x + y + z + xy + yz + zx + xyz^ 

= ^-^(x 2 +y 2 +z 2 + 2xy + 2yz + 2zx + 2) = ^-(x + y + zf <^ 

Nhan xet. Lbi giai tren ta su dung dang there quen thuoc: 

a-b b-c c-a a-b b-c c-a 


Bai 45. HD: Theo gia thiet ta co: 


2(x + y + z) 2 - l{xy + yz + zx)< 


—,b = 


xy + yz + zx 2 
> (x + y + zf "7' 
(a + b + c = 1 


x + y + z’ x + y + z’ x + y + z + bc + ca = 

Khido P = 1 ( y ~ 2z } =-{b-2cf. 

2 (x + y + zf 2 V 

Bai 46. Theo gia thiet ta co: (a + b + cf = -2 (aZ? + bc + ca) - 


2 ( 1 ). 
7 


( 1 a + b + c ) 
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fx + y + z = 1 


a + b + c a + b + c |xy + yz + zx = ~— 


Taco: ( y + z ) 2 > 4yz=>(l-x) 2 > 4^--^--x(l-x)j <=> -—^^-<x< * + ■ 

Khido: 

P-x i +y i +z i -xyz = x > + (y+ z) 3 -3yz(y + z)-xyz 


4x 3 -4x 2 -2x + 5 


Xet ham so /(x) = —-—- ^x + 5 |- n tn =. n Joan 


1-VlO 1 + VlO 

3 & 


Bai 47. HD: Ta co: P = 


f '(x) = 6x 2 - 4x -1; / \x) = 0 » 
(a-b) 5 + {b-cf + (c-a)" 


2-VTo 
6 

2 + ^ ’ 
6 


5(a + b + c) 5 


a-b b-c c-a 

Dat x =- ,y = -,z =-: 

~ ' L ' - a + b + c 




Q = x 5 +y 5 +z 5 vdi 


a+b+c a+b+c 
Theo gia thiet ta co: 

( a-b ) 2 +(b-cf +(c-a) 2 =(a + b + c) 2 x 2 + y 2 + z 2 = 1. 

Vay bai toan dua ve tim gia tri Ion nhat va nh d nhat cua bieu thiic 

\x 2 +y 2 +z 2 =1 

Bai 48. Theo gia thiet taco: 5(x + _y + z) 2 = 16(x_y+ yz + zx) 

x y y z z x 5 

<=> -.-1-.-1-.-— - . 

x+y+z x+y+z x+y+z x+y+z x+y+z x+y+z 16 

ab + bc + ca-— 

16 (1). 


x + y + z x + y + z x + y + z 


a+b+c =1 
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(x + y+z)(xy + yz + zx) 5 (x + y + zf 5 


Khi do P = 

xyz 16 xyz 16 abc 

Bai toan dua ve tim gia tri Ion nhat, gia tri nho nhat cua bieu there P vdi dieu 
kien (1). 

f b + c-l-a 


Gia thiet ta co: 


bc- — -a(b + c)- — -a(\-a)-a 2 -a + — 
16 V ’ 16 V ’ 16 


Taco: Q = abc = a\ — - a(b + c) \ = c\ — -a(l-a) \-a[ a 2 -a + — |. 

Ll6 V ’\ L16 y { 16 J 

Mat khac: 

4 bc<(b + cf o4^a 2 - a + ^j<(l-a) 2 <=>12 a 2 -8a + l<0<=>^<a<^ 
Xet ham so f{a) = a i^ a 2 -a + lien tuc tren doan ta co: 


/'(a) = 3a 2 -2a + -;/'(a) = 0« 

16 


1 

a- — 

4 

5 ' 
a- — 

12 


Suy ra MaxO = — =^> MinP - 10 va MinQ - => MinP = —. 

32 ^ 864 5 

Vay gia tri nho nhat cua P bang 10 dat tai y = z = 2x. 

54 5 

Gia tri Ion nhat cua P bang — dat tai y = z = — x. 

5 ' 2 

Bai 49. Theo gia thiet ta co: 

8(x + y + z) 2 = 27(xy + yz + zx)<=> 


x + y + z x + y + z x + y + z 


(.x + y + z ) 2 (x + y + z) 2 (x + y + z) 2 27 


ab + bc + ca -— ,,, 
27 (1). 


8 x i +y i +z J 27 x i +y i +z' 

13(x + y + z)(x_y+ yz + zx) U'( x + y + z f 


.3 , 3 , 3 27 a 3 +b i +c i \ 
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Tir he dieu kien (1) ta co: 


, jbc = — -a[b + c) = — -a(l-a) = a 2 -a+ — 


27 

\b + c = \-a 


27 • 


Mat khac: ( b + cf > 4 be <=> (l - af > 4| a 2 - a-\ -1 <=> — <a< —. 


p = y^[« 3 + ( i + c ) 3 +( 1 -«) 3 - 3 ( 1 - 


a)\ a -a + - 


Xethamso f(a)~ — (21a 3 -21a 2 + 8a +1) lien tuc tren doan —taco: 

13^ > ' |_9 9J 


/'(a) = ^(81a 2 -54a + 8);/'(a) = 0« 


2 

a- — 
9 
4 

a- — 
9 


43 . yf 5 ] 


47 


TaCO/ l 9 J ^UJ 117’^UJ \ 9 ) H9‘ 

47 43 

Suy ra P = —; P min = —. 

max n7 mm n? 


x = ,- ,y= , ,z = -- =>x~ + v~ +z z =1. 

4a 2 +b 2 +c 2 4a 2 +b 2 +c 2 4a 2 +b 2 +c 2 

Khi do P = 2(x + y + z) - 9xyz = x(2 - 9yz) + 2(y + z). 

Khongmat tlnh tong quat gia sir x 2 = max jx 2 , y 2 ,z 2 j =>x 2 > X +Z = . 

Ta co 

[x(2 - 9 yz) + 2(y + z)] 2 < |^x 2 + (y + zf J. Jj2 - 9 yz) 2 + 4^ = (2 yz + 1)^8 ly 2 z 2 -36 yz + 8j 


Dat t = yz~ 


>\ t \< y2+z2 = 1_x2 <- 


Khi do P</(0 = (2t + l)(81t 2 -36t + 8) voi te| taco: 
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f XO = 486 1 2 +1 8t - 20; / '(0 = 0 c 


. ~27 


n 29 


100 


1369 


'n 


Taco / ~ —;/ ~ —;/ ^ 


3 3 


27 ) 243 


100 


Suyra Max /(f) = / -- =—; Min f(t) = f\ — 1 = 


25 
3 ' 
1369 


Vay gia tri Ion nhat cua P bang — dat tai chang han a = -\,b = c = 2vk gia tri 


CH V DE 5: KY THUATSUDUNG bAtDANG THUC TIEP TUYEN 

A. NOI DUNG PHlTONG PHAP 

Dinh ly l(Bat dang thuc tiep tuyen) Cho ham so f(x) lien tuc va co dao ham cap 
2 tren doan [a;Z>]. 

N6u f"(x) > 0, Vx e [a;b] ta luon co f{x) >f'(x 0 )(x-x 0 ) + f(x 0 ),Vx 0 e [a;b\. 

Neu /"(x)<0,Vxe[a;6] taluonco /(x)< f'(x 0 )(x-x 0 ) + /(x 0 ),Vx 0 e[a;^]. 
Dang thuc xay ra trong hai bat dang thuc tren <=> x = x 0 . 

Chung minh. 

Xet ham s6 g(x) = /(x)-/'(x 0 )(x-x 0 )-/(x 0 ),xe [a;b\, Vx 0 e [a\b\. 

Ta co g '(x) = /'(x)-/'(x 0 ) do /"(x)>0,Vxe[a;Z?]nen f(x) la ham dong 
bien tren [a;i]. Do do g’(x) doi dau tir am sang duong khi di qua x 0 nen g(x) 
dat cue tieu tai x 0 hay g(x) > g(x 0 ). 

^ / ( x ) ~ fX x o){ x _ x 0 ) - /(x 0 ) > 0 « /(x) > /'(x 0 )(x - x 0 ) + / (x 0 ), Vx e \a-,b\. 
Chung minh tuong tu. 

Nhan xet. He thuc y = f '(x 0 ) (x - x 0 ) + /(x 0 ) chinh la phuong trinh tiep tuyen cua 
do thi ham so f(x) tai diem x 0 . Do vay neu / "(x) > 0, Vx e [a;Z?]thi tiep tuyen vai 
do thi ham so tai diem bat ky tren doan [a;6] luon nam phia duai do thi ham so. 
Neu /"(x) < 0, Vx e [a;Z?]thi tiep tuyen voi do thi ham so tai diem bat ky tren doan 
[a;Z?] luon nam phia tren do thi ham so. 
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Dau hieu nhan biet 

Thong thucmg bai toan dugc phat bieu duoi dang 

Cho cac s6 thuc x ] ,x 2 ,...,x n thoa man g(x,) + g(x 2 ) + ... + g(x „) > k bai toan 
yeu cau chung minh 

f(x\) + f(x 2 ) +... + f(x n )>y[ hoac f(x ] )f(x 2 )...f(x n )>M. 

Ta co the ap dung true tiep cac dinh ly 1 va 2 hoac lay logarit hoa tu nhien hai 
ve bat dang thuc. 

Ky nang can van dung 

Viet phuong trinh tiep tuyen cua ham s6 f(x) tai diem x () (diem dfiu being xay ra 

k 

thucmg la x 0 - — ) co phuong trinh: y = /'(x 0 )(x- x 0 ) + /(x 0 ) . 
n 

Xet tinh duong am cua fix) - [ / '(x 0 )(x- x 0 ) + /(x 0 )]. 

Thay x bdi x l ,x 2 ,...,x n cuoi cung cong lai theo ve n bat dang thuc tren ta co 
ngay dieu phai chung minh. 

Chu y. Trong mot so trudng hop khong ap dung true tiep dugc each tren ta can xet 
trudng hop hoac xay dung mot ham phu phu hop voi dieu kien( / "(x) > 0, f'(x) < 0) 
va dieu kien dau bang xay ra. 

Vi du 1. Cho a,b,c la cac so thuc thoa man dieu kien a + b + c- 6 . 

Chung minh rang a 4 + b 4 + c 4 > 2^a 3 + b 3 + c 3 j. 

Lcn giai 

Nhan xet. Dau bang xay ra khi a = b = c = 2 nen ta viet phuong trinh tiep tuyen voi 
do thi ham so /(x) = x 4 - 2x 3 tai diem x = 2 . 

Phuong trinh tiep tuyen la y - 8x -16. 

Taco: /(x)-8x + 16 = (x-2) 2 ^x 2 -2x + 4j>0,VxeM. 

Dodo f(a) + f(b) + /(c)>8(a + 6 + c)-3.16 = 0. 

Vivay a 4 +b 4 +c 4 >2^a 3 +b 3 +c 3 j. 

Bai toan dugc chung minh. Dang thuc xay ra khi va chi khi a - b = c = 2 . 

Vi du 2. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c- 1. 

. , i a b c 9 

Chung mini rang —-+ —-+ -< —. 

a 2 +l b 2 +1 c 2 +l 10 

Lai giai 

x 2 x(x 2 -3) 

Xethamso /(x)— —^-voi xe[0;l]taco /"(x) = — -^<0,Vxe[0;l]. 

x +1 (x 2 +1) 
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Ap dung bat dang there ii.dinh ly 1 ta dugc: 




m<r 


/(C) <f 


h-k 


Cong theo ve 3 bat dang thuc tren ta dugc: 


Nhan xet. Bat dang thuc van dung trong trubng hgp a,b,c> —. 

4 

That vay xet tiep tuyen cua f(x) tai diem x = — co phuong trinh la: 

18 3 

y =— x-\ -. 

25 50 

rp, r r/ \ 18 3 (3x-lf(4x + 3) 3 

Taco: fix) -x-= --- '' \ ## 0,Vx> —. 

25 50 50 x 2 +1 4 


Dodo VT^f{a) + m + m< l ^{a + b + c) + 3.|~. 


Dinh ly 2 (Bat dang thuc cat tuyen) Cho ham so f(x) lien tuc va co dao ham cap 2 
tren doan [a; 6]. 

Neu /"(x)>0,Vxe[a;Z?]taluonc6 — j^ > \x-a)+f (a),Vxe[g;/>]. 

Neu /"(x)<0,Vxe[a;Z?] taluonco /(x)<^—^— j-^-(x-a) + f(a),\/x€[a;b]. 

Dang thuc xay ra trong hai bat dang thuc tren <=> x = a hoac x = b . 

Viec cluing minh hai bat dang thirc tren chi can chuyen ve va khao sat ham 
true tiip. 

Ta co mot bat dang thuc khac hay dugc su dung 
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Dinh ly 3.(Bat dang thuc Jensen) Cho ham so /(x) lien tuc va co dao ham cap 
hai tren khoang (a;b) va n s6 thuc duong a k ,k = \,n co t6ng bang 1 ta co 
+ Ndu f\x)>0,\/xs(a;b) thi ta co 

a lf( x l) + a 2 f (^ 2 ) + ••• + a nf ( x n) - f { a \ x \ + a 2 x 2 + ••• + a n x n ) • 

Vdi moi x k e (a;b j,k = 1 ,n . Dang thuc xay ra khi va chi khi x x - x 2 =... = x„. 

+ Ndu/"(x) < 0, Vx e (a;b) thi ta co 

«i/(x,) + a 2 f(x 2 ) +... + a„f(x n ) < f(a x x x + a 2 x 2 +... + a n x n ). 

Voi moi x k e ( a;b),k = 1 ,n . Dang thuc xay ra khi va chi khi x x = x 2 =... = x„. 

Chung minh. 

a) Dat y = a x x x +a 2 x 2 +... + a n x n . Vi /"(x)>0nen ap dung bat dang thuc tiep 

tuyen ta co 

f( x k ) S' f \y) ( x k~y)+f(y\k = \,n 

=> a kf( x k )S f\y){a k x k -a k y) + a k f(y),k = \,n 
Cong lai theo ve n bat dang thuc tren ta dupe 

Yj a kf( x k) * Z( f\y)( a k x k - a ky )+«*/00)= f(y) =/(« i x i+ 2 +-+ a H x „). 

k =1 k =1 

Bat dang thuc dupe chung minh. 

Nhan xet. Ta co the viet lai bat dang thuc duoi dang 

... . ... , ... x -[ «,x, +a 2 x 2 +... + a n x 

a l f(x l ) + a 2 f(x 2 ) + ... + a n f(x n )>(a l +a 2 +... + a n )f\ -— 

a 1 +a 2 +... + a„ 

Trang do a x ,a 2 ,...,a n la cac s6 thuc duong bat ky. 

b) Chung minh tuong tu. 

Tit day ta co ngay ket qua cua bat dang thuc AM - GM suy rong. 

(Bat diing thuc AM - GM suy rong) Cho a 1 ,a 2 ,...,a n la cac s6 thuc duong co 
tong bang 1, khi do voi moi so thuc khong am bat ky x 1 ,x 2 ,...,x n ta co 
«|X| + a 2 x 2 +... + a n x n > x* 1 x 2 2 ...x“ n . 

Chung minh. 

Bat dang thitc tuong duong voi: 

lr i[a x x x +a 2 x 2 + ... + a„x n )>a 1 h\x x + a 2 lnx 2 + ... + « H lnx„. 

Xet ham so /(x) = lnx,x>0taco /"(x) =—y<0,Vx>0. 

Khi do ap dung bat dang thitc Jensen ta co ngay dieu phai chimg minh. 
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Vi du 1. Cho x,y,z,t la cac so thuc duong thoa man dieu kien 


Lai giai 

1 2 

Xet ham so f(t) = - vdi t duong ta co f"(t) -> 0, Vt > 0. 


11111 Jx) 1 Jy) 1 Jz) 1 J t) 
x y z t 2 \2) 4 UJ 6 12 ^12 J 


2 2 4 4 6 6 12 12 ) 36x + 9y + 4z + t 

_ _144_ 

21 x + 5(x + y) + 3 (x + y + z) + (x + y + z +1) 

>_^_.1 

27.2 + 5.6 + 3.12 + 24 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi 
x = 2,y = 4,z = 6,t = 12. 

Bai tap tuong ty 

Cho x,y,z la cac so thuc duong thoa man dieu kien x< 4, y< 9, x + y + z< 49. 

Chung minh rang —j= + -1= + . 

Vx /y -Jz 

Vi du 2. Cho a,b,c la cac so thuc duong thoa man dieu kien abc = 1. 

a b c_ 

Chung minh rang a b ,b c .c a > 1. 

L&i giai 

Bat dang thuc da cho tuong duong vdi —\na + — \nb + —Inc > 0. 

b c a 

Xethamso /(x) = xlnx,x>0taco /'(x) = lnx + l;/"(x) = — >0,Vx>0. 

x 

Vi vay -In a + -In b + -Inc = -/(a) + -f(b) + -/(c) 
b c a b c a 


f 1 1 A 

( a b c 

- + - + - 

: f- + - + -]/ 

b c a 

V& c a) 

1 1 1 

- + - + - 

Ka b c J 
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.a , .x , a b c ^ 1 1 1 

Chu y i(x) aong bien va — + — + — > — + — + — . 

b c a a b c 

That vay theo bat dang thiic AM - GM ta co 



Cong lai theo ve ba bat dang there tren ta co dpem. 

Ter do suy ra 

—lna +—InZH-—lnc>( —+ —+ —|/(1) = 0 . 
b c a \b c a) 

Bat dang there dupe chiing minh. Dang thiic xay ra khi va chi khi a - b - c = 1. 
Chu y. Bat dang there tren van dung khi abc > 1. 


B. BAI TO AN CHON LOC 

Bai 1. Chiing mi nh rang voi moi so there duong a,b,c ta co 

(b + c-af (c + a-bf (a + b-cf > 3 
a 2 +{b + cf b 2 +(c + af c 2 + (a + b) 2 ~5 


Loi giai 

Bat dang there co dang thuan nhat chuan hoa a + b + c- 1. 

Bat dang there tro thanh 

0-2 of , 0-2 bf | (1-2 cf ^ 3 

a 2 +(\-af b 2 +(\-bf c 2 +(l-cf 5 

1 1 1 ^ 27 

<=>- 1 - 1 -< — 

2a 2 -2a + 1 2b 1 -2b + \ 2c 2 -2c + \ 5 

Tiep tuyen cua ham so y = —r— -tai diem x = — la y= + ^ 

2x 2 - 2 jc +1 ' 3 J 25 


Vay ta chiing minh: 


2x 2 - 2 jc +1 25 


, , 2(3x-lf(6x + l) 

That vay bat dang thiic tuong duong voi: ——-—-> 0 , luon dung. 


25 (2x 2 -2x + l 
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Thay x bod a,b,c roi cong lai theo ve ta co dpcm. 

Bai tap tuong ty 

1) Cho a,b,c la cac s6 thuc duong. Chung minh 

(2 c + a + b) 2 

-^< 8 . 

2c 2 + [a + b) 


(2 a + b + cf (2 b + c + af 


2 a 1 + {b + c ) lb 2 +(c + a) 

2) Cho a,b,c la cac s6 thuc duong co tong bang 3. Chung minh 

a 2 +9 | b 2 + 9 | c 2 +9 

2a 2 +(Z? + c) 2 2Z> 2 +(c + a) 2 2c 2 +(a + h) 2 ” 

3) Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c>0. 

b 2 c 2 1 

--i-< —. 

3 


Chung minh rang - 


5 a z +(b + c) 5 b 2 +(c + a) 5 c 2 +(a+b) 

4) Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c > 0 


Chung minh rang 


1 

2 


2 

< —. 
3 


2 a A +(b + c) lb 2 +(c + a) 2 c 2 +(a + b)“ 

5) Cho a,b,c la cac s6 thuc duong. Chung minh 

a(b + c ) Z?(c + a) c(a + b ) <6 

a 2 + (b + cf b 2 + (c + a) 2 c 2 + (a + b ) 2 _ 5 
Bai 2. Cho a,b,c la cac so thuc duong thoa man dieu kien 

\la 2 -ab + b 2 + \Jb 2 -bc + c 2 + \lc 2 -ca + a 2 =12. 

b c 


Tim gia tri Ion nhat cua bieu thuc P = 


\la 2 + 9 ylb 2 +9 \lc 2 + 9 


L&i giai 

Chuy: ^/ a 2 -ab + b 2 + \lb 2 -bc + c 2 + \lc 2 -ca + a 2 >a+b+c. 

Chung minh. 

Taco: = . 

^ IT2 i 2 b + C Hy 2 C + a 

Tuong tu: \Jb -bc + c - ,yjc -ca + a >-. 

2 2 

Cong lai theo ve 3 bat dang thuc tren ta co ngay dieu phai chung minh. 
Tir do suy ra: a + b + c< 12 . 
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Bieu thuc P co dang P- f{a) + f(b) + f (c) trong do /(x) = 



Vx 2 +9 


|# + 9f (x 2 +9) ? 

Do do ap dung bat dang thuc ii ta duoc: 
f(a)<f(4)(a-4)J^f(4) 
f(b)<f\4)(b-4) + f(4) 
f{c)<f\4)(c-4) + f(4) 

Cong lai theo ve 3 bat dang thuc tren ta duoc: 
p = fifl) + m + /(c) < /'(4)(a + b + c- 12) + 3/(4) <3f(4) = y. 

Dang thuc xay ra khi va chi khi a = b = c = 4 . 

12 

Vay gia tri Ion nhat cua P bang — dat tai a - b = c - 4 . 

Bai tap tuo ng ty 

Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 +c 2 = 3 . 

1 . 1 _ 1 _ 

v/l + 8 b 


Chung minh rang - 


=rSSl. 


V1 + 8a yj 1 + 8 b V1 + 8c 
Bai 3. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 3 . 
Tim gia tri Ion nhat cua bieu thuc 


P = \a + \]a +1 


J( b+ 4^i) c (. 


c + yjc +1 


Lai giai 


Lay logarit hoa tu nhien P ta duoc: 

lnP = Mn(a + Va 2 + l) + cln(z> + ^ 2 + l) + aln|c + Vc 2 +l| 


Xethamso /(x) = ln|x +Vx 2 +1 ),Vx>0tac6 


f\x) = - 


Vx +1 


1 


+ Vx 2 +1 -s/x 2 +1 


>0,/"(x) = — 
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Ap dung dinh ly l.ii ta dugc: 

f(b)<f'(\){b-\)+f(\y, 
f(c)<f'(l){c-l) + f(l). 

Lay tong ba bat dang there tren ta dugc 
hiP = h./(a) + c.f(b) + a.f(c) 

< b (/ '(1) (a -1) + /(l)) + c(f '(1) (b -1) + /(l)) + a (/ '(1) (c-l) + /(l)) 

= (ab + bc + ca-a-b-c)f '(1) + (a+b + c)f( 1) 

<[^(a + b + cf -a -b-c j/'(l) + 3/(1) = 3f(l) = 3ln(l + .2.) 

Dodo P<(l + V2) 3 . V" 

Vay gia tri Ion nhat cua P bang [l + \fl j dat tai a = b = c -1 . 

Bai 4. Cho tam giac ABC nhgn tim gia tri Ion nh at cua bieu there 
P = sin A. sin 2 B. sin 3 C . 

Lori giai 

Ta co In P = ln(sin /) + 2 ln(sin 5) + 3 ln(sin C). 

Xet ham so /(x) = ln(sin x), x e ^ 0; y j ta co 

/ '(x) = cot x; / "(x) =-< 0, Vx e f 0; — I. 

sin x V 2 ) 

Vi vay 

f(A) <f\M)(A-M) + f{M) = (A-M)cotM + ln(sinM) 
f(B) < f \N) ( B-N) + f(N ) = (B - N) cot N + ln(sin N ) . 

/(C) <f\P){C-P) + f(P) = (C - P)cot P + ln(sinP) 

Voi M,N,P la ba goc nhgn trong mot tam giac. 

Khido 

tan M.f(A) + tan N.f{B) + tan P.f(C ) <(A-M+ B-N + C-P) 

+tan M. ln(sinM) + tan N. ln(sin N ) + tan P. ln(sin P) 

= tan A/.In(sin M) + tan V In(sin N) + tanP.ln(sinP) 

^ „ , , x , , , , tan M tan N tanP , 

Do vay ta chi can chgn cac goc M,N,P sao cho —-— = —-— = —-— = k . 


Mat khac 
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tan M + tan N + tan P - tan M. tan N. tan P 
=^£ + 2£ + 3Ai = 6& 3 ^& = 1 

. tanM 12 3 

=> sin M = . =—j=-,smN = —=-,smP = —j= 

Vl + tan 2 M V2 V5 VlO 

Thay vao bat dang thuc tren ta co ngay 

In P = f(A) + 2/(5) + 3/(C) < In 4L + 2 In- ~~ +3 In-4= = In-=> f . 

yjl yfs yfs 25V5 25V5 

1 2 3 

Daubang dat tai siny4 = sinM = — j=;sinB -sinN = —^;sinC = sinP = — 

" ' ' V2 v5 VlO 

T6ng quat 

Cho tam giac ABC nhon tim gia tri lbn nhat cua bieu thuc 


P = sin" ! A. sin" 5. sin" C . 

Vbi m,n,p la cac so thuc duong. 

Bai tap tuo’ng tir 

Cho tam giac ABC nhon, tim gia tri nh d nhat cua bieu thuc 
P = tan^4 + 2tanS + 3tanC . 

Bai 5. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 3 . 
Tim gia tri lbn nhat va nho nhat cua bieu thuc 

P = 4a 2 +a + A + 4b 1 +b + A +4c 2 +c + A . 


L&i gidi 

Tim gia tri nho nhSt cua P 

Xet ham so /(x) = 4x 2 +x + 4 vbi x > 0 ta co: 

/'(x) = , 2x+l ;/'(*) = , 15 > o, Vx > o . 

2 ^ X +X + 4 4y(x 2 + x + 4) 

Theo bat dang thuc i.dinh ly 1 ta co: 
f(a)>fXl)(a-l) + f(l) 
m>ni){b-\)+f(i) 
f(c)>f(l)(c-l) + /(l) 

Cong theo ve ba bat dang thuc tren ta duoc: 

P = f( a ) + f(b) + f(c)> f '(1)(a + b + c - 3) + 3/(1) = 3^6 . 
Vay gia tri nh o nhat cua P bang 3^6 dat tai a = b = c = 1. 
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Cach 2: Ta phan tich dugc thira so a 2 +a + 4-^a + -^j +j —thanh tong cua 

hai binh phuong nen nghi ngay den viec ap dung bat dang thuc Mincopski khi 
do a = b = c = 1. 

Su dung bat dang thuc Mincopski ta co: 



Dang thuc xay ra khi va chi khi a = b = c - 1. 


Cach 3: Ta co \la 2 +a + 4 = -J(a-l) 2 + 3(a + l) 2 

Tim gia tri Ion nhat ciia P 

Nhu toi da nhan xet nhung bat dang thuc voi dieu kien cac so thuc khong am 
thong thubng neu khong danh gia qua cac bien doi xung(dau bang khong dat tai 
tam) thi dau bang cua bat dang thuc thubng xay ra khi co mot bien dat tai bien. 
Vbi bai toan nay dau bang xay ra khi co hai bien bang 0 khi do bien con lai 
bang 3. 

Vay de tim gia tri lbn nhat cua P luc nay ta can xay dung ham f(x) co 
/ "(x) < 0 de ap dung bat dang thuc ii.dinh ly 2. 


rr- 15 

Vbi ham so luc dau f(x) = \Jx~+x + 4 taco f"(x) = — , =>0,Vx>0 

Nb 2 « +4 ) 3 

vay de tao ra mot ham co dao ham cap 2 am ta xu ly nhu nao. Dieu nay xuat 
phat tu phat hien dau bang xay ra nhu tren va / "(x) < < 1, Vx > 0. 

Gia su dau bang xay ra khi a = 3,b = c = 0 khi do xet ham so nhu sau: 

g(x) = \Jx 2 +x + 4 - (x-3)x. Taco: g”(x) = — . ^ ^-2<0,Vx>0. 

4^(x 2 +x + 4 ) 3 


Ap dung bat dang thuc ii.dinh ly 2 ta dugc: 
g(a)s g< 3 )-^°> ( 0 - 3 ) + g(3) = *(a-3)+4 

S(b) s ^:f> (>-0) + g(0) = U + 2 


3-0 
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g{c) < - 0) + g(0) = jc + 2 

Cong theo ve 3 bat dang thuc tren ta duoc: 

P = g(a ) + g(b) + g(c) + a (a - 3) + b(b - 3) + c(c - 3) 

£ g(a) + g(b) + g(c)<^[d+b + c- 3) + 8 = 8 
Dang thuc xay ra khi va chi khi a = 3 ,b = c = 0. 

Vay gia tri ldn nhat cua P bang 8 dat tai a = 3,b = c = 0 hoac cac hoan vi. 

Cach 2: Ngoai ra co the ap dung bat dang thuc 

Vx 2 +x + 4 +yjy 2 +y + 4 <2 + yj(x + yf + x + y + 4,Vx,y >0;x + y >1. 

Chimg minh. 

Bat dang thuc da cho tuong duong voi 

x 2 + y 2 + x + y + 8 + 2^x 2 +x + 4j|y 2 +y + 4j <4 + 4^(x + y) 2 +x + y + 4 + (x + y) 2 +x + y + 4 
<=> yj(x 2 + x + 4^y 2 + y + 4} <xy + 2^(x + yf +x + y + 4 

<=> (x 2 + x + 4)(y 2 +y + 4j< x 2 y 2 + 4 xy^(x + y ) 2 + x + y + 4 + 4^(x + yf + x + y + 4j 

<=> xy j^4-J(x + y) 2 +x+y+4 +x+y-?j>0 (luon dung do x + y > 1). 

Ap dung vao bai todn 

Trong ba so a,b,c luon ton tai hai so co tong khong nh d hon 1 gia su hai so do la 
a va b khi do ap dung bat dang thuc phu tren ta duoc 

P<2 + yj(a + b) 2 +a + b + 4 + Jc 2 + c + 4 . 

Matkhac a + b + c = 3>1 nensuyra 

-^(a + Z?) 2 +a + 6 + 4+ Vc 2 +c + 4<2 + ^(a + Z? + c) 2 +a + Z? + c + 4 = 6. 

Do do P < 8 . Dang thuc xay ra khi va chi khi a = 3,b = c = 0 hoac cac hoan vi. 
Bai 6. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 1. 

Chung minhrdng lO^a 3 +b 3 + c 3 )-9(a 5 +b 5 +c 5 )>1. 

Ldi giai 

Bai toan nay bat dang thuc xay ra co hai trubng hop cua dau bang la 

a-b = c~ — hoac a-l,b = c = 0 va cac hoan vi. 

3 ' 

Xethamsd /(x) = 10x 3 -9x 5 vdi xe[0;l]taco: 
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f '(x) = 30x 2 - 45x 4 ; f \x) = 60x -180x 3 = 60x (l - 3x 2 ). 

' 1 


Jo; ‘1 
L yfil 


Suyra /"(x)>0,Vxe|j 
Vay ta can phan chia trudng hap cua cac bien, khong mat tinh tong quat gia sir 


/"(x)<0,Vxe| -j=;l \. 


a>b>c. 

TH1; N6u a 

< -\= khi do ap dung 
■\/3 

fia)>r 

gk 

) +/ 

(0 

m>r\ 


+/ 

A; 

m>f\ 

3B) 

1 \ 

+/ ( 

A) 

3 


Cong theo ve 3 bat dang thuc tren ta duoc: 

VT = f(a) + f(b) + f(c) > /0j(a + b + c -1) + 3/Q-j = 1. 


Dang thuc xay ra khi va chi khi a-b-c-- 


1,1 2 
TH2: Neu a >— ^kbi do neu b >— ^thi a + b + c>— lvo ly. 

V3 V3 V3 

Vay a>-^=>b>c. Khi do xet ham g(x) = 10x 3 -9x 5 +20x 2 (x-l)ta co 
V3 

g"(x) = 180^1-x 2 j>0,Vxe[0;l]. 

Ap dung bat dang thuc i.dinh ly 1 ta duoc: 
g(a)>g’(\)(a-\) + g(\) = d 

g(b) - 0) + g(0) = b 

g(c)> g(1 ^ (Q) (c-0) + g(0)^c 
Cong theo ve 3 bat dang thuc tren ta duoc: 

VT = g(a) + g(b) + g(c) - a 2 (a - 1) - b 2 (b - 1) - c 2 (c -1) 

^ gia) + gib) + gic) > a+ b+ c = 1 
Dang thuc xay ra khi va chi khi a = \,b = c = 0 . 

Bai toan duoc chung minh. 
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Bai 7. Cho a,b,c> 2 thoa man dieu kien 


a 1 -4 b 2 - 4 c 2 -4 1 


Chung minh rang —-— -\—-— H—-— < — . 

a+2 b+2 c+2 1 


Loi giai 


Voi moi t> 2 ta co 


t + 2 iof^-4) 10' 


That vay bat dang thuc tuong ducmg vai: 


M ) 2 


Ap dung bat dang thuc tren ta co 


1 1 1 ^ 9 T 1 1 3 __ 3 _ 

a + 2 b + 2 c + 2 _ iota 2 -4 b 2 - 4 c 2 -4J 10 7 
Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a-b-c-5. 
Chu y. Bat dang thuc tren co the chung minh bang BDT Chebyshev. 


C. BAI TAP REN LUYEN 

Bai 1. Cho x,y,z la cac so thuc duong thoa man dieu kien 
x<4,y<9,x + y + z<49. 

Chung minh rang -J= + 1_ > 1. 

Vx yjy yjz 

Bai 2. Cho x,y,z la cac so thuc duong thoa man dieu kien x<l,y<2,x + y + z< 6 . 

Chung minh rang (x +1)(y + l)(z +1) > 4xyz . 

Bai 3. Cho a,b,c la cac so thuc duong thoa man a 2 + b 2 + c 2 - 1. 

i a b c 3n/3 

Chung minh rang —- 7 + ^-v + ^-• 

b 2 +c 2 c 2 +a 2 a 2 +b 2 2 

Bai 4. Cho a,b,c la cac so thuc khong am thoa man dieu kien a+ b + c = \ . 

Tim gia tri ldn nhat va nho nhat cua bieu thuc 

P-yla 2 + lla+ 4 + ylb 2 +116 + 4 + Vc 2 +llc + 4 . 

Bai 5. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 = 1. 

. , j 1 1 1 3^3 +9 

Chimg minh rang-H-H->-. 

5 \-a 1 -b l-c 2 
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Bai 6. Cho a,b,c la cac so thuc duong co tich bang 1 chung mi nb 
a b c > 3V2 

yj\ + a Vl + b Vl + c 2 


Chung minh rang 1 + a~ 1 + b 111 + c I > - 


Tim gia tri ldn nhat cua bieu thuc 

P-[a + \la 2 +lj{b + \lb 2 +lj|c +Vc 2 + lj. 

Bai 9. Cho x,y,z la cac so thuc duong thoa man dieu kien x + y + z = 3. 

r-w ■ u 4 + Vx 4 + Jy 4 + Vz 

Chung mmh rang-fN' ^— 1 --> 5 . 

4 — x 4 — y 4 — z 

Bai 10. Cho a,b,c la do dai ba canh mot tam giac chung minh 

111 9 f 1 1 1 1 

- + - + - +->4 -+-+- . 

a b c a+b+c \a+b b+c c+aj 

Bai 11. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 3. 

Ill 222 
Chung minh rang — + — + — > a +b~ +c" . 
a b c 

Bai 12. Cho a,b,c la cac so thuc duong thoa man dieu kien a 4 + b 4 + c 4 - 3 . 

Chung minh rang —-— H--— H--— < 1. 

4-ab 4-be 4-ca 

Bai 13. Cho a,b,c la cac so thuc duong. Chung minh 

{3>a + b + cf (3 b + c + af (3 c + a + bf < 375 
3 a 2 +{b + cf 3 b 2 +(c + af 3 c 3 +(a + i ) 3 H 
Bai 14. Cho a,b,c la cac so thuc duong. Chung minh 

—^-[a 2 +b 2 +c 2 ^- + ^- + -^j>a + b + c + \la 2 +b 2 +c 2 . 

Bai 15. Cho a,b,c la cac so thuc duong. Chung minh 
a + b + c 
*Jb + c yfc + a yja + b 


3 (a + b + c) 

2 ‘ 
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D. HlTOfNG DAN GIAI - DAP SO 

Bai l.Xethamso f(t) = \/\ft,t>Otaco f"(t) = —4-—>o,Vt>0. 

4 t 2 y/t 


j_ j_ j__ j_ r. 


) + M 


44 


>/[i* + U + Uu 


V 216 


2 4 3 9 6 36J J27x + 8y + z 

V2T6 ^ V2T6 


^26x + 7 y + (x + y + z) V26.4 + 7.9 + 49 

Bat dang thiic dugc chiing minh. 

Dang thiic xay ra khi va chi khi x = 4, y = 9, z = 36. 

Bai 2. Bat dang thiic da cho tuang ducmg voi 


X"; 


+ ln 1 + — >ln4. 


Xethamso /(i) = ln 1 + -U>0taco f\t)=~— — ;f”(t)= 


Do do sii dung bat dang thiic tiep tuyen ta co 
In' l + ' j>/'(l)(.v-l) + /(l) = -4(A-l) + ln2 

lnfl + il>/'(2)(y-2) + /(2) = -4(y-2) + ln: 


6 

J_ 

12 

Cong theo ve ba bat dang thiic tren ta dugc 


lnh + ij>/’(3)(z-3) + /(3)^i^43) + ln4 


Jnfl+O + lH f 1 + r] + ln fi + l]>l n4 -I(x-l)-i(y-2)-4- 




2y + z) 13 


_ In /| 5x + y + (x + y + z ) | 13 
12 4 

Bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi x = 


www.toanmath.com 


■0,Vf>0. 


(z-3) 

>ln4 

: 1, y = 2,z = 3. 
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a b c > 3V2 
\-a 2+ \-b 2+ \-c 2 ~ 2 
a _ a _ a 2 > 2>Jla 2 

b 2 +c 2 1 -a 2 a(l-a 2 ) 2 


Bai 3. Viet lai bat dang thuc dudi dang: 

n n n 2 

Ta co: 

b“ + (f 1 -a* 

b 3V2 b : 


Tuong tu ta co: - 


3V2c 2 


c 2 + a 2 2 ’ a 2 +b 2 2 

Cong theo ve 3 bat dang thuc tren ta duoc: 
a b 


3V2 / 2 ,2 , )\ 3 a /2 

- a +b +c \ = -. 


1 


b 2 +c 2 c 2 +a 2 a 2 +b 2 

Dang thuc xay ra khi va chi khi a-b = c = —j=. 

V3 

Bai 4. Tim gia tri nhd nh&t cua P 

Xethamso f(x) = \lx 2 + 1 lx+ 4 voi x>0.Taco f"(x) = — ^ 


Ap dung bat dang thuc i.dinh ly 1 ta duoc: 


f(a)>r 

GK 

]+/ 

GJ 

m>r\ 

gh 

M 

3) 

m>r \ 

gh 

+ A 

3] 

ing theo ve 3 bat dang thuc tren 


p=f(a)+m+m > /0 + b+c - 1) + 3 /^j= 2V10. 

Dau bang xay ra khi va chi khi a-b = c-^. 

Tim gia tri lan nh&t cua P 

Xethamso g(x) = xjx 2 + llx + 4 -2x(x-l)voi x>0taco: 

105 


g "(*) = - 


= -4<0,Vx>0. 


4^(x 2 +11x + 4) 

Ap dung bat dang thuc ii.dinh ly 2 ta duoc: 


•0,Vx>0. 
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g( a ) < g(1 | ~ g (Q) (a -1) + g( 1) = 2(a -1) + 4 
g(b) < ^^ (0) (b -0) + g(0) = 2b + 2 

g( c ) - ^ (1 | ~ q (Q) (c - 0) + g(O) -2c+ 2 

Cong theo ve 3 bat dang thuc tren ta duoc: 

P = g(a) + g{b) + g(c) + 2a(a - 1) + 2b(b - 1) + 2c(c -1) 

<g(a) + g(b) + g(c)<2(a + b + c-\) + % = % 

Dang thuc xay ra khi va chi khi a = \,b = c = 0 . 

Vay gia tri ldn nhat cua P bang 8 dat tai a = \,b = c = 0 hoac cac hoan vi. 

Bai 5. HD: Chung minh _J_> 9 + 6V3 ^2 +— ,Vxe(0;l). 

1 — x 4 4 V ’ 

Bai 6. HD: Chung minh . X > x - Vx > 0. 

VTT7 4 4 

Bai 7. HD: Chung minh ln^l + x 2 j>-^x + ln^--y,Vxe|^0;-^-j. 

Bai toan tong quat xem chuong 4. 

Bai 8. Lay Logarit tu nhien P ta duoc 

lnP = ln|a + Va 2 +l) + ln(z7 + V* 2 +l) + ln(c + Vc 2 +l). 

Xethamsd /(x) = ln|x + V* 2 +lj,x>0taco 



< 0, Vx > 0. 


Dodo /(x)</' 



4 

—x + ln2- 

5 


3 

5 ' 


Tu do suy ra 

hiP = ln(a + Va 2 +l) + ln(z> + V& 2 +l) + ln(c + -\/c 2 +l 


<^(a + 6 + c) + 31n2-^<31n2 
^P<8 

Voi a-b-c- — thiP bang 8. Vay gia tri Ion nhat cua P bang 8. 
4 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


4 + yfx 


13 17 

y =— x-\ -. 

18 18 

rr , . , 4 + Vx 13 17 

Ta di chime mmh: -> —x H-. 

4 -x 18 18 

That vay bat dang thiic tuong duong vdi: 

4 + t>(4-t 2 )^t 2 +^j,t^.;|ce(0; /3)^(t-l) 2 (l3t 2 +26t + 4)>0. 
Ta co dieu phai chiing minh. 

Xay d\mg hai bat dang thiic tuong tu cho y,z roi cong lai theo ve ta co dpcm. 
Bai 10. Bat dang thiic co dang thuan nhat chuan hoa a + b + c = 1. 

14 14 14 

Bai toan dua ve chiing minh-+-+-> -9 . 

a 1 -a b 1 -b c 1 -c 


Chu y do a,b,c la do dai ba canh mot tarn giac nen a,b,c e I 0; 


14 , 1 

Tiep tuyen cua ham so y = -tai diem x = - la y = 3-18x. 

x 1 — x 3 


1 4 ( 

Vay ta chiing minh:-> 3 -18x, Vx e 0; 

x 1 x V 


That vay bat dang thiic tuong duong vdi: ^ —— > 0 luon dung. 

x ( l - x ) 

14 14 14 

Dodo-> 3 -18a;->3-18*;->3-18c. 

a 1-a b 1 -b c 1 -c 

Cong lai theo ve ba bat dang thiic tren ta co dpcm. 

Dang thiic xay ra khi va chi khi a = b = c . 


CHU DE 6: KY THUAT KHAO SAT HAMNHIEUBIEN 

A. NOI DUNG PHlTONG PHAP 

Bai toan. Tim gia tri Ion nhat va nh d nhat cua bieu thiic P(x, y, z ) thoa man dieu 
kien K cho trade. 

Xuat phat tu gia thiet bai toan tim dupe moi lien he(dieu kien x so vdi y,z) giua 
bien x vdi hai bien con lai. Coi f(x) = P(x,y,z ) la ham so vdi bien x va y,z la 
tham so. Khao sat ham so vdi bien x tim ra gia tri nhd nhat, ldn nhat cua f(x) chang 
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han dat tai x = x 0 . KM do tiep tuc khao sat ham so g(y) = P(x 0 ,y,z)v a tim ra gia 
tri Ion nhat, nho nhat cua g(y) tu do suy ra ket qua bai toan. 

Cac diem can lira y 

Bai toan xu ly dupe bang phuong phap nay thucmg cho moi rang buoc cac bien 
cung thuoc doan [a;Z?] cho trade va dau bang cua bat dang thuc dat tai bien. 

- Vdi bai toan co hai bien so x,y ta thuc hien tuong tu. 

- Neu bat dang thuc co dang doi xung 3 bien ta thucmg gia su x > y > z de thuan 
tien cho viec danh gia tinh don dieu cua ham so. 

- Danh gia cuoi cung la ham mot bien ta co the khao sat ham so hoac bien doi 
tuong duong dc co nhanh kdt qua. 

Mot bai toan sir dung phuong phap nay hay gap trong de thi 

Bai toan. Cho a,b,c va x,y,z la cac so thuc duong thoa man dieu kien 

ax + by+ cz = xyz . 

Tim gia tri nhd nhat cua bieu thuc P = x + y + z . 

>PHUONGPHAP 
Theo gia thiet ta co: 

, ax + by / ^ _ .. . ax + by 

ax + by + cz = xyz => z =- ,( xy >c)=>P- J(y) = x + y-\ -. 

xy-c xy-c 

v ,,, , a r/\ ax + by ^ 

Xethamso j{y)-x + y-\ -^taco 

xy-c 

f '(y) = i - hc + aX -,f ’0) = 0 <^> (xy - cf -bc + ax 2 
(xy-c) 

c + \lbc + ax 2 

« y = To =- 

x 

Ta co f (y) doi dau tir am sang duong khi di qua y 0 nen f(y) dat cue ticu tai y 0 . 
Vi vay 

yjbe + ax 2 


+ ax 2 

c + \lbc + ax 2 b r T 

x H-+ — + ybc + ax 

x x 

x 2 + b + c + (x + \)yjbc + ax 2 
x 


P>f{y 0 ) = x + 


: + \Jbc + a. 


'Jbc 
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x 2 +b + c + (x + l)\Jbc + a 


Thuc hien xet tinh don dieu cua ham so g(x) = - 
co ket qua bai toan. 

Vi du 1. Cho x,y,z la cac so thuc duong thoa man dieu kien 2x + 4y + 7 z = 2xyz . 
Tim gia tri nho nhat cua bieu thuc P-x + y + z. 

Loti giai 


Theo gia thigt ta co z = 2x + 4y . Khi do P = f(y) = x + y + 2x + 4 - y . 

2 xy - 7 2 xy - 7 


Xet ham so f(y) = x + y + + 4 ? vai y> — taco 

2 xy - 7 2x 


/’(t) = 1 - ,y 2 + 2 * 2 0 i 2x y -7) 2 = 4x 2 + 28 


«■ T = To = - 


(2*y-7) 2 

7 + 2\lx 2 +7 ^7_ 

2x 2x 

Ta co f (y) d6i dau tir am sang duong khi di qua y 0 nen f(y) dat cue ticu tai y 0 . 
Vi vay 

,_ i , „ 7 + 2^1 x 2 +7 

, 7 + 2x/^T 7, 2 ^ + 4 ‘ 2x 


P>f(y 0 ) = x + - 


11 2\lx 2 + 7 

— — X 4--+-. 

2x x 


, , f. . . 11 2-Jx 2 +7 

Xet ham so g(x) = x +— +-vai x>0taco 

2x x 


g'(*) = - 


p^-;g'(x) = 0o 2x 2 -11 = —— 




2x -11 x 2 +7 -28 =0 


r 


Tir do suy ra g mjn = g(3) ~^-=> P>^~. Dang thuc xay ra khi va chi khi 
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Chu y. Su dung bat dang thuc AM - GM ta co: 

11 2 a / x 2 +7 11 ^ 2 + 7 )( 9 + 7 ) 


11 3x + 7 9 3 9 3 15 

>x +— +- = x+— + — >2.x.— +— = — 

2x 2x x 2 V x 2 2 

Ta co ket qua tuong tu tren. 

Ky thuat co dinh bien so 

Vi du 1. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca> 0. 

Chung minh ring ($#^-Y 1 + ^-Y1 + > 25. 

V b + c)\ c + a A a + bj 

Ldi giai 

Bat dang thuc duoc viet dudi dang 
(da + b + c)(db + c + a)(dc + a + b) 

(i a + b)(c + a)(c + b ) 

Trong do a,[3,1,y la cac hang so khi ta c6 dinh cva a+b. 

Ro rang f(ab) la ham luon dong bien hoac luon nghich bien do do vdi 

[a + bf_ 


- 25 > 0 <=> f(ab) - aab + ^ - 25 > 0. 

A ab + y 


ab e 0;- 


thi f(ab) dat gia tri nh d nhat hoac tai 0(khi do co it nhat mot 


/ ^^\2 

so bang 0) hoac tai -— (khi do 2 so bang nhau). 

4 

Vay ta chi can chung minh bat dang thuc trong hai trudng hop. 
f TH1: Neu co mot so bang 0 gia su la a. Ta can chung minh 

YYYtY 5 ' 

Bat dang thuc nay la hien nhien theo C-S, that vay 


, + ^| 1 + A|>L^) .25. 


Dang thuc xay ra khi va chi khi b-c. 

+ TH2: Khi 2 so bang nhau gia su la a va b, khi do ta can chung minh. 
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Dat x = — > 0 ta phai chung minh 
a 

l + -^j (l + 2x)-25>0»x(x 2 -2x + 5)>0«x[(x-l) 2 +4]>0. 

Bat dang thuc cuoi luon dung. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi 1 
a = b,c = 0 hoac cac hoan vi. 

2a 2b 2c . 

Cach 2: Dat x =- ,y =- ,z = -=> xy + yz + zx + xyz = 4. 

b+c c+a a+b 

Theo bat dang thuc da duoc chung minh ta co 
x + y + z>xy + yz + zx. 

Vay bai toan dua ve chung minh 

(l + 2x)(l + 2y)(l + 2 z) > 25 o 2xyz + x + y + z>4o(x + y + z + xyz) + xyz > 4. 
Bat dang thuc cuoi dung bdi vi x + y + z + xyz >xy + yz + zx + xyz = 4 . 

Vi du 2. Cho a,b,c la cac s6 thuc duong co tong bang 3. Chung minh 
a b c 3 (a 2 +b 2 +c 2 ) 

l + (Z7 + c) 2 1 + (a + c) 2 l + (a + b) 2 ~ a 2 +b 2 +c 2 +\2abc' 

Lai giai 

Bat dang thuc da cho tuong duong voi: 

a 1 L b IT c 1 3 3 (a 2 +b 2 +c 2 ) 

l + (b + c) 2 \ [ l + (c + a) 2 J I \ + {a + b) 2 \~ a 2 +b 2 +c 2 +\2abc 
a(b + c) 2 b(c + a) 2 c(a + b ) 2 36 abc 

1 + (b + c) 2 1 + (c + a) 2 1 + (a + b) 2 a 2 +b 2 +c 2 +\2abc 

Xet ham so y- X tang do do voi (b + c) 2 >4bc](c +a) 2 >4ca;(a + b) 2 >4ab 
x + 1 

Ta co: 

a(b + cf > 4 abc b(c + af > 4 abc c[a + bf > 4 abc 

1 + (b + cf l + 4Z?c’i + ( c + fl ) 2 \ + 4ca \ + ( a + b) 2 l + 4 ab 

Do do ta chi can chung minh 

4 abc 4 abc 4abc > 36 abc _ 36abc 

1 + 4 be 1 + 4 ca 1 + 4 ab a 2 +b 2 + c 2 +\2abc ^V(l + 46c) 


Bat dang thuc cuoi dung bdi theo C -S ta co 
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Z ——Y,a 2 Q + 4 b c)>( a + b + c) 2 =9. 

w l + 4bc w 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Vi du 3. Cho x,y,z la cac so thuc thuoc doan [l; 2]. 

2 2 2 

Tim gia tri Ion nhat va gia tri nho nhat cua bieu thuc P = — Z -^~. 

x +y +z 

Ldi giai 

Tim gia tri Ion nhat 

Do dieu kien bai toan x,y,z e [l; 2] => x 2 y < x 2 y 2 ;y 2 z < y 2 z 2 ;z 2 x < z 2 x 2 . 


Dang thuc xay ra khi va chi khi x = y = z- 1. 

Vay gia tri Ion nhat cua P bang 1 dat tai x = y = z - 1. 

Tim gia tri nho nhfit 

Voi gia thiet bai toan x,y,z thuoc doan nen thudng dat cue tri tai bien. Thu x,y,z 
chon trong 2 so (1,2) thay vao P ta thay gia tri nh o nhat 

x = y = l;z = 2=>P = —-— = —. 

2 + 16 18 

Vay ta di chung minh P>-^. 

Trudc tien chuyen P ve bieu thuc doi xung cua x,y,z. 

Theo gia thiet ta co: (x-l)(x-2)<0<^>x 2 <3x-2;_y 2 <3_y-2;z 2 <3z-2. 


rz +z x +2 x" +y +z 


Do vay ta chi can chung minh. 
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x 2 y 2 +y 2 z 2 +Z 2 x 2 +2(x 2 +y 2 +z 2 ) 7 ^ 

3 ~ 


<=>7^x 4 +y 4 +z 4 )-6(x 2 y 2 +y 2 z 2 + z 2 x 2 )-12^x 2 + y 2 + z 2 )<0 

Be cho don gian ta dat a - x 2 ,b - y 2 ,c = z 2 a,b,c g [l;4] va bat dang thuc trd 

thanh: 7^a 2 + Z> 2 + c 2 j-6(aZ> + Z>c + ca)-12(a + Z? + c)<0. 

Ve trai ky hieu la P{a,b,c) la tam thuc bac hai cua a vdi he so cua a 2 duong 
nen dat max tai 1 hoac 4. 

Do do P(a, b, c ) < max {P(l, b,c ); P(4, b, c)}. 

Bang each tuong tu P{\,b,c); P(4,b,c) la tam thiic bac hai vod he so b 2 ; c 2 
duong nen 

P( 1, b, c ) < max {P(l, 1, c); P( 1,4, c)} 

< max {max {P(l, 1,1); P(l, 1,4)}; max {P(l, 4,1); P(l, 4,4)}} = 0 


Va 

P( 4, Z?,c)< max {P(4,1, c); P(4,4, c)} 

< max {max { P(4, 1,1); P(4, 1,4)};max{P(4,4,1);P(4,4,4)}} = 0 
Tu do suy ra dieu phai chung minh. 

Vdi x = y = 1,z = 2thiP bang 7/18. Vay gia tri nh d nh at cua P bang 7/18. 

Nhan xet. Thuc chat ta co danh gia tren dua vao ti nh chat cua ham loi, do la neu 
f"(x) > 0; Vx e [a;Z>]thi f(x) dat max tai a hoac tai b. 


B. BAI TOAN CHON LOC 

Bai 1. Cho a,b la hai so thuc thuoc doan 
1 


P = - 


—;1 . Tim gia tri 
l_4 J 

b_ 

+ 1 ' 

an —;1 ta co: 

• L4’ J 


nh d nhat cua bieu thiic 


2 +3a a + b b +1 
Leri gidi 
b 


3 b b(2 + 3af -3(a + bf , 

/ (a) =- T +- — — ~- - -— -x4->0 vi 

(2 + 3a) (a + b) (2 + 3a) (a + b) 

b(2 + 3 of -3 (a + bf = 9 a 2 b + 6 ab + 4 b- 3a 2 - 3 b 2 > 9 a 2 b + 6 a 2 b + 4b- 3 a 2 - 3 b 2 

= 3a 2 (5*-l) + Zi(4-3Zi)>0,Va,ZiG^;lJ 
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P-/(a)>f -\ = g(b) = - + 


(2b-if | 34^34 


11 1 + 4 b b +1 3(Z? + l)(4Z? + l) 33 33 


Dang thuc xay ra khi va chi khi a - ^,b - ^. 

34 1 1 

Vay gia tri nho nhat cua P bang — dat tai a = —,b = — . 

33 ' ' 42 


g(b) dat cue tieu tai 

Bai 2. Cho x,y la hai so thuc thuoc doan [l; 4]. Tim gia tri Ion nhat cua bieu thuc 

D I y ~ 1 i-*| 

P = \x-y + - -+-. 

I x y I 

L&i giai 

Taco: x ^ p = | (x-y)(y-l)(x-l) | 


xy 


xy 


Do P la bieu thuc doi xung voi x va y nen khong mat tinh tong quat ta gia sir 

x>y=>P = - 

Xethamso /(x) = - 


(x-y)(x-i)(y-i|J#p 2 - 

(y+ l)x + y 

xy y 

X 


y-l[x 2 -(y + l)x + y 


lien tuc tren doan [l; 4] ta co: 


y v x 1 ) x 2 y 


>0,Vx>y >1. 


Do do f(x) la ham dong bien tren doan [l; 4]. 

(y 

m = g(y) = — 

(y-l)(!2-3y) 


(y-l)(l2-3y) 

Suy ra P = /(x) < /(4) = g(y) = - y -±. 

4 y 


Xet ham so g(y) = - 


4 y 


lien tuc tren doan [l; 4] ta co: 
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g\y ) = ——= 0 » y = 2 e [l;4]. Ta co g’(y) d6i dau tir duong sang 

4 y 


Dang thuc xay ra khi va chi khi x = 4,y - 2. 

Vay gia tri Ion nhat cua P bang — dat tai x = 2,y = 4hoac x = 4, y - 2. 

4 

Bai 3. Cho hai so thuc x > 1 > y > 0 . Tim gia tri nho nhat cua bieu thuc 
(x 2 +y 2 ^xy + x + y 
xy(x + y + 1) 

L&i giai 

Day la bieu thuc doi xung vai tong x + y va tich xy nen suy nghi ngay den viec 
dat S = x + y,P = xy tu dieu kien (l-x)(l-y)<0<=>x + y-l>xy ta co ngay 
0<P<S-l. 

( S 2 -2P)y/S + P 
Taco: A = - 


P(S+1) 

Coi ve phai la ham so voi P va tham so S ta dugc: 

2^3 , c2p , nn2 

f\P) = --- <0,VS,P>0do do f(P) la ham nghich bi£n tren 


2(S + l)P 2 y[S + P 


(o; x -i] 

Dod6 /(/*)>/(5-l) = 
Xct ham so g(S) = 
g'(S) = 


S-2S + 2U2S-\ 


S 2 -\ 

(S 2 -2S + 2^2S-\ 

S 2 -1 

S 4 +2S 3 -US 2 +\2S-4 (^ - 2 )( S 3 + 4S 2 - 5S + 2 ) 


i (l;+oo) ta dugc: 


V2S-l(s 2 -l) 


\J2S-l^S 2 -lj" 


g\S) = 0<r^-^S = 2. 

Ta co g’(S) doi dau tu am sang duong khi di qua S = 2 nen g(S) dat cue tieu tai 
S = 2 hay g(S) > g(2) = ~^j= . 

2 

Vay gia tri nho nhat cua A bang dat tai x = y - 1. 

v 3 
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Bai 4. Cho x,y,z la cac so thuc thoa man \ <x<y<z<4 
Tim gia tri Ion nhat cua bieu thuc P = (x + y + z)\ 

Ldi giai 


(W 

y z , 


Xet ham so f(x) = (x + y + z)( — + — + — I tren [l;4l ta co: 

U y z ) 

_ , 1 1 1 x + y + z ( /l n (x 2 -yz){y + z) 

x y z X X z ) x yz 

Do do f(x) la ham nghich bien tren [l; 4] suy ra f(x) < f (1) hay 


P = f(x)<m = g(y) = {l + y + z)\ 1 + - + - 


Xet ham so g(y) = (l + y + z)| 1 + — + —J tren doan [l;4] ta co: 


?'(>’) = 


■ ) _ 1 i 1 l 1 l + y + z _z + l l + z _ (y-z)(z + l) ^ Q 

y z t 2 y z y 2 y 2 z 

Do do g(y) la ham nghich bien tren doan [l; 4] suy ra 

P<g(y)<g(l) = (2 + z)(2 + -) = h(z) = 5 + 2z + -. 


Xet ham so h(z) = 5 + 2z + — tren doan [l; 4] ta co: 


h'(z) = 2 - = - 


> 0 nen h(z) la ham dong bien tren doan [l; 4]. 


Dodo P<h(z)<h( 4) = y. 

Dang thuc xay ra khi va chi khi x = y - 1, z = 4. 

27 

Vay gia tri Ion nhat cua P bang — dat tai x = y = 1, z = 4. 

Bai 5. Cho a,b,c la cac s6 thuc duong thoa man dieu kien abc + a + c = b. 

2 2 3 

Tim gia tri Ion nhat cua bieu thuc P = —---+ —-. 

u 2 +l b 2 + 1 c 2 +l 
Ldi giai 

Theo gia thiet ta co b( 1 - ac) -a + c>0^l-ac>0^a<—;b- a + C . 

c 1 -ac 
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Khi do P = 


2 2 3 2^a 2 +2ac + 2c 2 +lj 2 

a 2 + 1 (a + c^ j 2 +1 c 2 + 1 (a 2 +l)(c 2 +l) c 2 +l 


Xethamso f(a) = 

/'(«) = 


2 (a 2 + 2 ac + 2 c 2 +l ) 2 3 


(a 2 + l)(c 2 + l 
-4c(a 2 +2ac-\ 


a - 4c 2 +1 -c. 

(» 2+ ‘)> 2+ >) 

Ta co f (a) doi dau tu duong sang am khi di qua Vc 2 +1 - c 
Vivay f(a)< /|Vc 2 +l-cj = - 


2c 3 

~y[77\ + c 2 + \' 


Xethamso g(c) = 


2c 


Vc 2 +1 C 2 +1 


voi c duong ta co 


2 (i- 8 c 2 ) , 

g\c)=— -Try- , ^ ;g'( c ) -0 c = —f=,(c>0) ■ 


(c 2 +l) 3c + Vc 2 +1 


Ta co g’(c) doi dau tir duong sang am khi di qua c = —^ . 

2V2 

VivSyg<c)Sg (^H' 

Dang there xay ra khi va chi khi cfa l V ,a = . - +1-P V 2 . 

2V2 V 8 2V2 V2 

Vay gia tri 1cm nhat cua P bang 10/3 dat tai 

1 n - ~ 1 1 , is 

c = — j=,a = . - +1 - — = —,b = y/2 . 

2V2 V 8 2V2 V2 

Nhan xet. Ta co the giai bai toan bang luong giac xem chuong sau. 

Bai 6. Cho a,b,c la cac so thuc khong am thoa man a + b + c = 3. 

Tim gia tri nho nhat cua bieu thiic P -a + b 2 + c 3 . 

Lai giai 

Thay a = 3 -b-c vao bieu thiic cua P ta duoc: 


P-b 2 - b + c 2, -c + 2>-[b-^\ +c 3 -c + ^ 


>/(c) = c 3 -c + —. 

4 4 
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Xet ham so /(c) = c 3 -c + — vdi c e [0;3] ta co: 
/ '( c ) = 3c 2 -1; / '(c) = 0 <=> c = -j= e [0; 3]. 


Ta co f (c) doi dau ter am sang duong khi di qua c = -^=nen f(c) dat cue tieu tai 

V3 

1 

C = W 

Suyra/ > >/( c )>/^]=H_^. 

Dang there xay ra khi va chi khi a- — —\=,b = — ,c = —!=. 

2 V3 2’ V3 

Vay gia tri nho nhat cua P bang — -dat tai a - — — \=.b -—,c- —?=. 

4 9 ' ' 2 -Js 2 \f3 

Bai 7. Cho a,b,c la do dai ba canh mot tam giac. Chung minh rang 

J a b cb, f a c b\ „ 

3 —+ - + - >2 - + - + - +3. 
yb c a) yc b a) 

Ldi giai 

Khong mat tinh tong quat gia su a = max{a,b,c) 

- Neu a>c>b thi 


a b c a b c _ _ „i 

— + — + — > — + —+ — >3=>3 
b c a c a b 

Ndu a>b>c thi 

Xet ham s 6 f(a) = 3[-— + — + — )■ 
\b c a) 


a b cV J a b cY J a b c) 
—+ —+ — >3 —+ —+ — >2 —+ —+ — 

. b c a) V c a b) yc a b) 


2 £ + £+*1-3 
yc b a) 

rr > , 3 3c 2,2 b [a 2 -bc](3,c-2a) 

Taco /’(«)= - 2 + - 2 , - 

b a c a a be 

Do a>b>c^> a 2 >bc 

r , ^ ' r bC 

Kha nang 1. Neu 3c > 2 a ham so dong bien suy ra f{a)> f(b)- — -\ -2 > 0 

c a 

Kha nang 2. Neu 3c < 2 a ham so nghich bien suy ra 

/( a )^/(t + c)=^Y + j^= 2(;, ~ 2c)2+ Y~ c / o 

be b + c 


(b + c) 


Bat dang there duoc cherng minh. 
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Bai 8. (TSDH Kh6i A 2011) Cho x,y,z la ba so thuc thuoc doan [l;4]va 

x>y,x>z. 


Tim gia tri nho nhat cua bieu thuc P = ——— ■+——— H—-— . 

2 x + 3 y y+z z+x 

Loti giai 


Xet ham s6 /(z) = ——— + y + Z tren doan [ 1; 4l ta co: 

2x + 3y y + z z + x ' L J 


/'(z) = - 


y 

( t +-) 2 


x _(x-y){z 2 -*y) 

(x + z) 2 (x + zf(y + zf 


+ Neu x = y => P - —+■■ y + —-—: 

5 y+z z+y 


6 

5 ' 


+ Neu x > y khi do /'(z) = 0 <=> z = yfxy ta co f (z) doi dau tu am sang duong khi 
di qua z = ^jxy nen f(z) dat cue tieu tai z = Jxy . 


Dodo + T iX>L = _i^ + _J_. 

2x + 3y slx+^Jy 2 —+ 3 * +1 

y Vt 


■4 


Dat t- — ,(l<t<2)taco 


/ »> g(1) ^ + ^ J 2 - , X 35(2 - 27(+48 ) + jt > jt. 

2t 2 +3 t +1 33(t + l)(2t 2 +3) 33 33 

Dang thuc xay ra khi va chi khi 

z = Jxy, t = 2 <=> x = 4y,z = 2y x = 4,y = l, z = 2 . 


Nhan xet. Do P dang dang cap bac 0 nen ta co the dat y = a.x, z = b.x, 

V 

1 a b 

P = -— +- 

2+3 a a+b b+1 
dang thuc phu). 


da dupe trinh bay b tren(xem them chu de su dung bat 
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Tim gia tri Ion nhat cua bieu there S = -H-H-. 

a+b b+c c+a 

L&i giai 

Dat f(a) - ———b ——b —— . Xet hai trerong hop sau: 
a+b b+c c+a 


TH1: a>b>c. Taco f'(a) = 


c _ {b-c)[a 2 -bc) ^ 
(a + b) z (a + c) 2 (a + b'f (a + cf 


Suyra /(<.)i/(3)-^^*^*(c). 

-b 3 (b-^b-c 1 ) 

Matkhac g'(c) =-y +- T =-y-y<0 

(< c + b ) (c + 3) (c + 3) (b + c) 

Suyra g(c)<gf-l = —^—+ ^ + — = h(b) 

V 3 + b 36 + 1 10 V ’ 


Taco h'(b) = - 


3 (!-*)(! + *) . 


(36 + 1 ) 2 (6 + 3 ) 2 (36 + l )(6 + 3) 

Ter bang bien thien suy ra f(a;b;c)< /^3;l;^-j = ^. 

• TH2: c> 6 >a. TerTH1 taco f(c;b;a)<*. 

Mat khac f(a;b;c)-f(c;b;a) = ( a ~ 6 )( 6 ~ a )( fl ~ c ) < 0 
Jy ’ V ' (a + b)(b + a)(a + c) 

Suyra f(a;b;c)< 

Vay max5' = ^, datdugckhi vachikhi (fl,6,c)e|^3,l,^j,^,3,lj,^l,^,3j|. 

Bai 10. Cho a, b, c e [0; l]. Tim gia tri ion nhat cua bieu there 
0 a b c 


b i +c i + 6 c i +a i + 6 a i +b i + 6 

L&i giai 


Dat f(c) = 


b 5 +c 5 + 6 c J + <r +6 a i +b i + 6 
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T > f ,( \ 1 3ac 3 c 

Taco / (c) = —r - - - — - - 

a + b +6 (^ +c 3 +6 \ ( a 3 +c 3 + 6V 


6ac(6 + 6 3 -2c 3 ) 6bc(6 + a 3 -2c 3 ) 

^6 3 +c 3 +6) (a 3 +c 3 +6) 

Nen f (c) giamtren [0; 1], Suy ra 

/'(c)>/'( 1) =- \ -5---——r-> —-2.—>0 

U U 6 + a 3 + i 3 ( 7 + ^ ( ? + fl 3)’ 8 49 

Suy ra f(c) tang tren [0; 1], 

Dodo 

rp / ' { \ 1 2 a 2 b 3 a 2 

Taco g(a) = —- - - - 

b +1 (a 3 + 7 ) (J + tf + l) 


baby-2a j 6ay +6-2a 3 j 

8 ^ ^ fa 3 +7f fa 3 +Z> 3 +7) 3 


Nen g’(a) giamtren [0; 1], Suy ra 

*'(«)**■(»]*-rrr-§-r- 


U 3 +7 8A8 6 3 + 7j 64 


Suy ra g(a) tang tren [0; 1], Do do S - g (a) < g (l) = — + — = h(b ). 

o+7 8 


Taco h'(b)~ 


(6 3 + 7) -486 2 


(6 3 + 71 8(6 3 + 7) 


>0, V6 e [0;l]. 


Suy ra h(b) tang tren [0; 1], nen h (6) < h (l) = - => S < -. 


V&i a = b = c = 1 thi maxS = - 
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Bai 11 . Xet cac so thuc duong x, y, z thoa man he dieu kien 


— < z < min{x,y} (l) 


( 2 ) 

( 3 ) 


- , 12 3 

Hay tim gia tri Ion nhat cua bieu thuc P(x,y,z) = — + — + — . 

x y z 

Ldi giai 


■ 11 '2 

a) Xet ham so f(x)- — + — voi x > 0 va tham so z > —. Xet hai trudng hop 

x z 5 

• Neu z > —thi x>z>theo (4) nen f(x)< — + — = — <15 (5) 

Vl5 15z z z z 

• Neu — < z < —%= thi x > > z theo (4) nen f(x ) < + — - g(z). 

5 Vl5 15z W 4 z 

2 2 

Xet ham so g(z) voi — < z < —=. Ta co 
5 Vl5 

,/ v 15 1 A 2 


Do do g(z) la ham giam va /(z)<g(z)<g|^—J = 4 (6) 

So sanh (5) va (6) ta co 

1 1 , , 1 1 , 2 2 

—+ —<4 va — + — = 4<=>x = — ,z = — (7) 

x z x z 3 5 

, 11 '2 
b) Xet ham so h (y) = — + — voi tham so z > — 


Tir dieu kien (1) va (3) suy ra y > max 

Lap luan tuong tu phan a) ta dupe 

mu z>-^= M h(y)<2y[5 (9) 

V5 


R} 


( 8 ) 
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N6u |<z< thi A(y)<| (10) 

So sanh (9) va (10) ta co 

1 19 ,119 2 1 .... 

—+ va — + — = — <=> x = —,y = — (11) 

y z 2 x z 2 5 2 

So sanh ket qua phan a) va b) ta co 


w) = [- + L 


2] —+ — I <4 + 2.—= 13 


P(x, 


2 1 2 

Dang there xay ra khi va chi khi x-—,y = —,z = — 
Vay gia tri Ion nhat cua P bang 13. 


there P = 8l —+ —+ — -5 — + — + — 


y z x) \x z y) 

L&i giai 

Nhan xet. Ta thu dao ham P theo bien x ta duoc: 

J\ z^ f y | l'\_ 8x 2 z-8z 2 y + 5yz-5x 2 y _ { x2 ~ yz )(^ z ~^ y ) 

VT x 2 ) { x 2 z) x 2 yz x 2 yz 

De P min suy nghi den dao ham khong am. Vay trade tien can co x 2 > yz ta chi 
can gia ser x = max{x,y,z } . 

Khong mat tinh tdng quat gia sit x - max{x,y,z) . 

Viet lai P dudi dang: P = f{x) = ——— .x + ——— + — - — vdi Jyz <x<2 
yz x z y 

(x 2 -yz)(8z-5y) 

Taco /'(x) = --P--• 

x yz 

TH1: Neu 8z - 5y > 0 =^> f\x) > 0 nen f(x) la ham dong bien tren \^\[yz', 2j do do 

f(x) > /(V^) = W r — +16 E -10 A 
z y yy \z 

Bat ^;2jj. Khi do P = f(x) > f(J^z) = g(t ) = 8t 2 - j + j - lOt . 
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.25 16 


Xet ham so g{t) = 8r - -r- -i -10 1 lien tuc tren —; 2 ta co: 

t t L2 J 

g . (0=16 , + 10-l|- 1 o J < - 1)(8, - 5 3 ) ( <2+<+1 ) ;g ,, )= o3i 
r r r 

Taco *r(|) = *a) = 9,*(|] = ^,g(2) = ^. 

Suy ra ming(t) = 9 xay ra tai t - lhoac t - ~hay x = y = z hoac z = 4y,x = 2y. 


TH2: Neu 8y-5z<0^>/'(x)<0suyra 

U + z + 2j \2 y z 


/(x)>/(2) = 8(- + ^+| |-5[ J + -+-| = g(y). 


Thuc hien tuong tu. 


^ „ a-b b-c c-a 

thiic P=ip— +-+-. 

cab 


1 - 


Lai giai 


p I a-b b-c c-a\ \ab(a-b) + bc(b-c) + ca(c-a)\ (a-6)(6-c)(c-a) 

| c a b | | abc | | abc 

Do P la bieu thiic doi xung voi ba bien a,b,c nen khong mat tinh tong quat gia 
su a>b>c. Khi do: 


(a-6)(6-c)(a-c) b-c\a 2 ~{b + c)a + bc 


Xet ham so f(a) = - 




b-c\a 2 ~{b + c)a + bc\ 1 


( b-c)[a 2 -b 


Suyra P = f(a)< /(1) = ———(l -b-c + bc) = g(c) = -—" +c\ —-1 1 + 6- — . 


1 -b (1 
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1 -b l 


1 

.2 


Xet ham so g(c ) =-+ c-1 \ + b — tren doan 




3 


1 


—;1 taco: 
.2 


Suyra P<g(c)<g\^-j = h(b) = --b- —. 

3 1 

Xet ham so h(b)~ — b -lien tuc tren doan 

W 2 2b 

h'(b)=-l + -^ T ;h\b) = 0^b = ^. 

lb 2 a/2 

Ta co h(b) doi dau ter duong sang am khi di qua b = —J=- nen h(b) dat cue dai tai 

V2 


b = —j =. Do do P<h(b)<h\ -1=1= 


"V2 


1 ^ 3-2V2 


V2. 


Dang thiic xay ra khi va chi khi a = \,b = -\=, c = — va cac hoan vi. 

V2 2 

Vay gia tri Ion nhat cua P bang -—<Jat tai a-\,b- —f=,c =—va cac hoan vi. 

2 V2 2 

Nhan xet. Diem quan trong trong ldi giai tren la phat hien dang thiic 
a-b + b~c + c-a _ _(a-b)(b-c)(c-a) 
cab abc 

Ngoai ra de thay P la bieu there dang cap bac 0 va dang doi xung nen khong mat 
tinh tong quat ta co the gia ser a > b > c . Ta dat a = x.c,b = y.c,( 2 > x > y > 1) . 

Bai toan dua ve tim gia tri Ion nhat cua bieu there P = ——————. 

xy 

Day chinh la bai toan 2 toi da trinh bay. 

Bai 14. Cho a,b,c la cac s6 there thuoc doan [l; 2] va 4a + 2b + c = 11 . 

12 3 

Tim gia tri Ion nhat va nho nhat cua bieu there P = — + — + —. 

abc 

L&i giai 

A TT 

Theo gia thiet ta co 4a - 11 - 2b - c suy ra P = f(b) = 


11-2 b-c b c 
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4 2 3 

Xet ham so / (b) = ———-h — + — lien tuc tren [l; 2] ta co 


m =7 


11-2&-C b c 

2 _% 2 -2(n-2b-cf _2(4b + c-n)(U-c] 
{\\-2b-c) z 6 2 (11 - 2Z> - c) 2 b 1 (\\-2b-cf 

Do do f(b) la ham nghich bien tren doan [l; 2] suy ra /(2) < / (b) < f (1) 

Tim gia tri ldn nhat cua P. 


0,V6,ce[l;2], 


4 3 

Xet ham so g(c) = f(l)s|Si—+ - taco: 

9 - c c 


g'(c) = 


(9 ~cf 


3 _ c 2 + 54c - 243 
c 2 c 2 (9-c) 


0, Vc e [l; 2]. 


Vay g(c) la ham nghich bien tren doan [l;2]^ P = f(b)< /(1) = g(c) < g(l) = —. 
Dang there xay ra khi va chi khi b = c = \,a = 2. 

11 , 


Tim gia tri nhd nhat cua P. 

4 3 

Xet ham so h(c) = /(2§p#—^1 + —tac6: 

7 -c c 


A'(c) = - 


3 c 2 + 42c-147 


(7-c) c 2 c 2 (7- C y 
Do do h(c) la lam nghich bien tren doan [l; 2] 


0, Vc e [l; 2]. 


Dang there xay ra khi va chi khi b -c -2,a~ —. 

4 

33 5 

Vay gia tri nho nhat cua P bang — dat tai a-—,b-c- 2 . 

10 ' ' 4 

Bai tap tiro’ng tu 

Cho a,b,c la cac s6 thuc thuoc doan [l; 3] thoa man a + 2b + 3c = 12 . 

3 2 1 

Tim gia tri nho nhat cua bieu there P = — + — + —. 

a b c 

Bai 15. Cho a,b,c la cac so there thuoc doan [l; 2]. Tim gia tri nho nhat cua bieu 
, , „ 1 1 1 

4 + a-ab 4 + b-bc 4 + c-ca 
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Loi giai 

Coi P la ham so cua a va 6,c la tham so ta co: 

p-m- 111 
/'(»)= 


4 + a- ab A + b-be A + c-ca 
b -1 


> 0,Va,6,c e [l;2]. 


(4 + a-a6) (4 + c-ca) 

Do do f(a) la ham dong bien tren doan [l; 2]. 

Suy ra f(a) > /(1) = g(6) = + 1 + i. 

5-6 A + b-bc A 

Xet ham so g(b) = —-— H---+ — lien tuc tren doan f 1; 2] ta co: 

2 5-6 4 + 6-6c 4 ' ' L J 

c — 1 


(5-6) 2 (4 + 6-6c) 2 

tren doan [l; 2]. 

Suy ra P > g(6) > g(l) = — + —— > — + —= —. 

2 5-c 2 5-1 4 


> 0, V6,c e [l;2]. Do do g(b) la ham ddng biin 


Bai 16. (Viet Nam TST 2001) Cho a,b,c la cac so thuc duong thoa man 
21a6 + 26c + 8ca < 12 . 

1 2 3 

Tim gia tri nho nhat cua bieu thuc P = — + — + —. 

a 6 c 

Loi giai 

Taco: 21a6 + 26c + 8ca<12<=> — + — + — 

a 6 c abc 

Dat x =—,y = -,z = -,(x,y,z>0)va 2x + 8y + 21z<12xyz. Khi do P = x + 2y + 3z. 
abc 

Taco: z(l2xy-2l)>2x + 8y >0=>z> 2x + 8 ^ V a x> — . 
v ' 12xy-21 4y 


12jcy —21 


4xy-7 


Xet ham so /(x) = x + 2y + 


2x + 8 y 
Axy-1 


trenkhoang —;+co taduoc: 
1 Ay 1 


/ - W = l_il±^l; / '(x) = 0o(4xy-7) 2 =14 + 32/«x = x 0 =^^2^. 
(4xy-7) 2 4y 
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Ta co f (x) doi dau tur am sang duong khi di qua x 0 nen f(x) dat cue tieu tai x () . 

Dodo f(x)>f(x 0 ) = 2y + -^-+ ^ 32y +U . 

4 y 2 y 

/s2 ^ 14 

Xet ham so g(y) = 2y + — + ———- tren (0; +oo) ta co: 


, , \ ;g'W-0o(8/-9)V32j 2 +14-28^0c 

; 2 V32/+14 V ; 


Ta co g’(y) d6i dau tir am sang duong khi di qua —nen tai y = — g(y) dat cue 

4 "4 

tieu. Do do g(y) > g (■—1 = — . 


Suyra P>/(x)>/(x 0 ) = g(y)>g/H = ^. 


15 5 2 

Vay gia tri nho nhat cua P bang — dat tai y-—,x = 3,z~ — hay 

1 , 4 3 

a =—,b =—,c=—. 

3 5 2 

Bai 17. Cho a,b,c la cac so thuc thuoc doan [l; 2]. Tim gia tri ldn nhat cua bieu 

„ 10a 116 2014c 

thuc P = - 


2014c 1 t 

10a 116^| 

ab cl 

v 6 a J 


2014 

1 f 10a 116^ 

| 2014c 2 -10a 2 

-116 2 ^ 2014.1 2 -10.2 2 -11.2 2 , 

ab 

'c 2 l b + a j 

abc 2 

abc 2 


bc ca ab 

Ldi giai 

Talan luot coi P la ham cua c: /(c) = 

Ta co: 

/'(c) 


Do do f(c) la ham dong bien tren [l; 2]. 

~ a’ si \ ^ ,u\ 4028 5a 116 

Do do /(c) < /(2) = g(6) = + — . 

ab b 2 a 

, x ... 4028 5a 116 „ r 

Xet ham so g(6) =-b — +-tren doan 1; 2 ta co: 

ab b 2a 

11 4028 116 2 -2.4028 11.2 2 -2.4028 

g (6) = -- T = -x-<-x-<0. 

2a ab 2 2ab 2 2ab 2 
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Do do g(b) la ham nghich bien tren doan [l; 2] suy ra 

gib) < g(l) = h(a) = + 5 a + ^~. 

a 2 a 

Xet ham so h(a ) = + 5 a +—tren doan [l;2l ta co: 

a 2 a 

h\a ) = - + 5 _ _LL < 0 , Va e [l; 2 ]. Do do h(a) la ham nghich bien tren [l; 2 ] 

a 1 la 1 

8077 8077 

Vi vay h(a) < h(\) §|S-— > P< . —. Dang there xay ra khi va chi khi 
a = b = l,c = 2. 

Vay gia tri lbn nhat cua P bang <Jat tai a = b = \,c = 2. 

C. BAI TAP REN LUYEN 

Bai 1. Cho 2 so thuc x,y thuoc [0;l]. Tim gia tri Ion nhat cua bieu there 

P = 2 (x 3 +y 3 )-x 2 y-y 2 -x. 

Bai 2. Cho x,y la hai so thuc duong thoa man x,y< 4. 

Tim gia tri nho nhat cua bieu thuc P = — + — + — . 

2 y x xy 

Bai 3. Cho hai so thuc x,y thoa man dieu kien x > y > 1. 

„ , . , J 2 2 (x + l) 2 x(x + l) 

Chung mmh rang x + x + 4 > —-- + — -- + 2 y . 

x+y y +1 

Bai 4. Cho cac so thuc Q<a<b<c<\. Tim gia tri ldn nhat cua bieu there 

P = (a 2 -b 2 )(b-c) + c 2 (l-c). 

Bai 5. Cho a,b,c la cac so there duong thoa man a + b + c = 8 . 

Tim gia tri nho nhat cua bieu there P = —!= + ~^= + , ^ . 

Va yjb V3c + 2a 

Bai 6 . Cho x,y,z la cac so there duong thoa man x> y> z. 

x z y x y z 

Cherng mmh rang — + — + — > — + — + — . 

z y x y z x 

Bai 7. Cho x,y,z la ba so there thuoc doan [l; 3]. Tim gia tri Ion nhat cua bieu there 

n x y z y x z 

y z x x z y 
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Bai 8. Cho x,y,z la cac so thuc thuoc doan 


— ;1 . 
.2 


Tim gia tri Ion nhat va gia tri nh d nh at cua bieu thiic 
P = ( x + y + zf f -— + — + -1. 

k* y z ) 

Bai 9. Cho x,y,z la ba so thuc thuoc doan [l; 9] va x>y,x>z. 


Tim gia tri gia tri nho nhat cua bieu thuc P - 


x+2y y+z z+x 


Bai 10. Cho x,y,z la cac so thuc thuoc doan 


i; 3 l . 

.3 J 


Tim gia tri Ion nhat va gia tri nh d nhat cua bieu thuc P = -+ —^— +-. 

x + y y + z z + x 

Bai 11. Cho x,y,z la cac so thuc thuoc doan [l;3]. Tim gia tri nhd nhat cua bieu 

, , „ r f x y z l x z y 

thuc P = 5\ — + — + —-—. 

yy z x) z y x 

Bai 12. Cho a,b,c la cac so thuc thuoc doan [l;2]. 

Chung minh rang a 3 + b 3 + c 3 < 5 abc. 


Bai 13. Cho a,b,c la cac so thuc thuoc doan [l;2]. 

Chung minh (a + b + c) [ — + — + — ]< 10. 

\a b c) 

Bai 14. Cho x,y,z la cac so thuc thuoc doan [l;2]. 

Tim gia tri Ion nhat cua bieu thuc P - . 

yz zx xy 

Bai 15. Cho x,y,z la cac so thuc thuoc doan [l;3]. 

Tim gia tri nhd nhat cua bieu thuc P - + — + —. 

yz zx xy 

Bai 16. Cho a,b,c la cac so thuc thuoc doan [l;3] thoa man a + 2b + 3c = 12 . 

3 2 1 

Tim gia tri Ion nhat va nhd nhat cua bieu thuc P - — + — + —. 

abc 

Bai 17. Cho x,y la hai so thuc thuoc doan [l;2]. Tim gia tri Ion nhat cua bieu thuc 
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y -1 1 x 

P= x-y + --+-. 

x y 


Bai 18. Cho a,b,c la cac so thuc thuoc doan 


\TA 

2 


Tim gia tri ldn nhat cua bieu thuc P - - 


| a-b b-c c-a\ 
a b | 

Bai 19. Cho a,b,c la cac so thuc duong thoa man dieu kien 21 ab + 2be + 8ca < 12 . 

1 2 3 

Tim gia tri nho nhat cua bieu thuc P - — + — + —. 

a b c 

Bai 20. Cho x,y,z la cac s6 thuc duong thoa man dieu kien x + y + z< xyz. 

Tim gia tri nho nhat cua bieu thuc P - x + 2y + 5z . 


Tim gia tri nh o nh at cua bieu thuc P = 6(x + y) + z . 

Bai 21. Cho x,y,z la cac so thuc duong thoa man dieu kien x 2 +y 2 + z 2 - 6. 


yz zx xy 


Bai 22. Cho a,b,c la cac so thuc duong thoa man dieu kien ab > — va 


Tim gia tri nh o nhat cua bieu thuc P = a + b + c . 

Bai 23. Cho a, b, c la do dai ba canh cua mot tam giac. Chung minh rang 
a(b-cf +b(c-a) 2 +c(a-b) 2 +4 abc > a 3 +b 3 +c 3 . 

Bai 24. Cho a, b, c la do dai ba canh cua mot tam giac (co the suy bien). 


_\(a-b)(b-a)(a-c) 


. Tim maxT va chung minh rang max T •< — . 


\(a + b)(b + a)(a + c)\ 

Bai 25. Xet cac so thuc duong x, y, z thoa man he dieu kien 


0<z<y<x<3 (1) 

A + ( 2 ) 
xy y 2 

^ 4,^.3 ( 3 ) 

xy y z z x 
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Hay tim GTLN cua bieu thiic P(x,y,z) =—xyz + — x 3 + — y 3 . 

v ' ' 2 ' 27 8 

D. HUONG DAN GIAI - DAP SO 

Bai l.Xethamsd /(x) = 2x 3 - x 2 y-x + 2y 3 -y 2 trendoan [0;l]taco: 


/'(x) = 6x 2 -2xy-l;/'(x) = 0« 


y-' 

J? 

+ 6 


6 


,y+< 

J? 

1 +6 


e [0;l] 

-[°X] 


? r y + Jy + 6 

Ta co f (x) doi dau tir am sang duong khi di qua x =---nen f(x) dat 


cue tieu tai x = - 


Do do P<Max{f(0);f(l)} = Max^2y 3 -y 2 ;2y 3 -y 2 -y + lj = 2y 3 -y 2 -y + lv: 
2y 3 - y 2 - y +1 > 2y 3 - y 2 , Vy e [°;i] • 

Mat khac 2y 3 -y 2 -y + 1 -y(2y 2 -y-lj + 1 = y(y-l)(2y + l) + l < l,Vy e [0;l]. 
Suy ra P < 1. Dang thiic xay ra khi va chi khi x = 1, y - 0 hoac x = y = 1. 

Vay gia tri Ion nhat cua P bang 1 dat tai x = l,y = 0 hoac x = y = 1. 

Bai 2. Xet ham so f(x) = — + — + — voi x e (0;4l ta co: 

2 y x xy 

, 1 y 12 x 2 -2y 2 -24 x 2 -24 A 

2 y x yx 2 yx 2 yx 

Do do f(x) la ham nghich bien tren khoang (0;4] suy ra 

P^/(x)>/(4) = ^ + -= ^~ 4) ^~ 5) + ^>|,V0<y<4. 

4 y 4 y 4 4 

Dang thiic xay ra khi va chi khi x = y = 4. 


Bai tap tiro'ng tvr 

Cho a,b,x,y la cac so thuc duong thoa man a 3 + b 3 = 1 va x, y < 4 . 

_ x 2 + 2y 2 + 24 


Tim gia tri nh d nhat cua bieu thiic P - - 


xyla 1 +b 1 ] 
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2 2(x + l) 2x(x + l) 

Bai 3. Xet ham so /(x) = x 1 + x + 4 —------- - 2y v&i x > y > 1 ta co 

x+y y +1 

/'(*) = 2x + l- 2 ^ 2X + ^ - 2 ^~ 1 j - 2 , |>0. 

j + 1 (x + y) l v > ; + 1 (x + y) 

. , 2 1 (v — l) 3 

Vi vay f(x) la ham dong bien suy ra /(x)>/(y) = y -3y+ 3— = --—>0. 

y y 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y =1. 

Bai 6. Xet ham so /(x) = xf — - — j + (y-z).— + — - — taco: 

yzy) x y z 

i i y-z ( y~ z )(x 2 ~yz ) 

/’(*) =- = ~ -->0,Vx>y>z>0. 

z y X x 2 yz 

Vay f(x) la ham d6ng bi§n suy ra /(x)> / (y) = 0 hay — + — + — > — + — + 

z y x y z x 

Dang thuc xay ra khi va chi khi x = y. 

Bai 7. Khong mat tinh tong quat gia sir x > y > z. Coi P la ham cua x ta duoc: 

P = f (x) — f —+ —|x+ ^ + Z + —+ — vdi xefl;3ltaco: 

\y z ) x z y 

y Z X 1 x yz 

Do do f(x) la ham dong bien tren doan [l; 3]. 

Suy ra P-f{x)<f (3) = g(z) = 3 [ — + — | + ^r— + — + —. 

yy z) 3 z y 


Xet ham so g(z) = 3 — + 

\y z 


- + — + — tren doan [l; 3l ta co: 
3 z y ' L ’ J 


3 1 y 1 (> ; + 3 )( z2 - 3 > ; ) 

g'(z) = ~— + -~4 + - =---<0,Vl<z<y<3. 

z 2 3 z 2 y 3 yz 2 

Suy ra g(z) la ham nghich bien tren doan [l; 3] hay 

P<g(z)<g(l) = 3f- + ll + ^ l + y + i = ^^^ + ^<^,Vye[l;3]. 
yy ) 3 y 3 y 33 

Dang thuc xay ra khi va chi khi x = 3,y = z = l hoac x = y = 3, z = 1. 
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26 d 


cac hoan vi. 

Cach 2: Khong mat tinh tong quat gia ser x > y > z khi do: 

+ 1>^ + * 

* y 

Z V z 

I_^ I_ 


(x-y)(y-z)> 0 o xy + yz> y 2 +zx = 


Dat t = — ,te[l;3]suyra (t-l)(t-3)<0<=>t 2 + 3<4?<=>t + -<4. 


(i + i + i) £ a 

U y zj 3 


Nhan xet. Ta co the viet lai bat dang there dudi dang: (x + y + z) 


Bat dang there tong quat cua dang toan nay da de cap den trong chu de trade. 

Bai tap tuo ng ty 

Cho x,y,z la cac so there thuoc doan [l; 2]. Chung minh rang 

( My+z )(l + I + i)< 10 . 

Bai 8. Tim gia tri nho nhat cua P. 


Taco: x+y+z >—;(x + y + z) — + — + — \ >9^> P>—.9 = —. 


27 1 

Vay gia tri nh o nhat cua P bang — dat tai x = y = z - — . 

Tim gia tri Ion nhat cua P. 

Khong mat tinh tdng quat gia su x > y > z khi do: 

Xet ham sd /(x) =(x + y + z) 2 — + — + — Itren doan — ;1 taco: 

U y z ) L 2 J 
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xyz + ^2x 2 -yzj(y + z) 

2 

\ x y z ) * 

*> 


P = /(x) < f(l) = g(y) = ^1 + - + -J(l + y + zf . 

Xet ham so g(y) = j^l + — + —j(l +y + z) 2 tren doan ^: 1 j ta co: 


g'O0 = - (1 + ;; 2 + ^ + 2(l + y + z)fl + l + l[ = (l + y + z)| 


yz + ^2y 2 — z j(z +1) 


vi 2y 2 = 2y.y >y>z. 


Vay g(y) la ham dong bien tren doan y~; 1J suy ra 

f , (z-l)(2z 2 +llz-4) f i 1 

P < g(y) < g(l) = I 2 + - 1(2 + zf =-+ 27 < 27,Vz e I-;1 I. 

Dang there xay ra khi va chi khi x = y = z - 1. 

Vay gia tri Ion nhat cua P bang 27 dat tai x = y = z- 1. 

Nhan xet. Su dung bat dang thuc AM-GM ta tim gia tri Ion nhat cua P nhu sau: 

P <—— + - + 2(x + y + z) 

27 [x y z K y ’ 

Taco: 2x + -= ( x ~ 1 )( 2x ~ 1 ) + 3 < 3,Vx e ^-;lj . 

Tuongtutaco: 2y + — <3;2z + -<3. Do do P<—(3 + 3 + 3) 3 =27. 
y z 21 

Dang thiic xay ra khi va chi khi x = y = z = 1. 

-— - 1 - —-— tren doan [l; 9] ta co: 


Bai 9. Xet ham so /(z) = 

/'(z) = 


y 


x+2y y+z z+x 

(x-y)(z 2 -xy\ 


(y + z) (x + z) (x + z) (y + z) 
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r 1 v z 4 

+ Neu x = y^> P —-— +-= -. 

3 y+z z+y 3 

+ Neu x > y khi do /'(z) = 0 <=> z = jxy ta co f (z) doi dau tur am sang duong khi 
di qua z = -Jxy nen f(z) dat cue ticu tai z = -Jxy . 


Do do P-f (z)> f {yjxy) = 


* , 2 4y _ y , 

x + 2 y 4x + Jy * +2 




Dat t = ^-,(1 < t < 3) ta co 

t 2 2 (3-t)ilt 2 -16t + lo| 29 29 

p > p(t) =-1-=-'- + — > — 

t 2 + 2 t + 1 22 (t + l)(t 2 + 2 ) 22 22 

Dang there xay ra khi va chi khi 
z = Jjy,t = 3 o x = 9y,z = 3y <^> x = 9,y = l,z = 3 . 

29 

Vay gia tri nho nhat cua P bang — dat tai x = 9 ,y - l,z = 3 . 

Bai 10.Giaser z = min{x,y,z}khidoxethamso f(z) = — —■ — + —’ taco: 

x+y y+z z+x 


/'(*) = - 




(y + z) (x + z) (x + z) (y + z)' 


-;f\z) = 0« 


x = y 


„ 1 y z 3 

+ Neu x= y=>P = —+ —— +-= —. 

2 y+z z+y 2 

+ Neu x>y=> f \z) < 0nen f(z) la ham nghich bien do do 

P=fO)>f(4^) = — + -^ r =4-+7+' r/At = 

x + y Jx + sjy r +1 t +1 v y 

t 2 2 (3-t)[2t 2 -2t + l) 7 7 

Matkhac: --1A—-^ + ->-,Vte(l;3l. 

t 2 +1 f + 1 5(t+ l)(t 2 +l) 5 5 V J 

Dang there xay ra khi va chi khi 

z = t = 3<=>x = 9y,z = 3y<=>x = 3,_y = -^,z = l. 
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Vay gia tri nho nhat cua P bang ^ dat tai x = 3,y = -^,z = 1 hoac cac hoan vi. 

Tim gia tri Ion nhat thuc hien tuong tu 

Bai 12. Khong mat tinh tong quat gia su 1 < c < b < a < 2 khi do bat dang thuc 
tuong duong vai: a 3 - 5 bca + b 3 + c 3 < 0. 

Xet ham s6 / (a) = a i - 5 bca + h 3 + c 3 tren doan [1 ;2] ta co 
/'(a) = 3a 2 -5 be; f "(a) = 6a>0. 

Suyra /(a)<max{/(l);/(2)} =max|l ~5bc + b 3 + c 3 ;S- lObc + b 3 +c 3 |. 

Ta chi can chi ra rang /(1) < 1, /(2) < 0. 

+ Xet ham so g(b) = f (1) = b 3 - 5 cb + c 3 +1 tren doan [1 ;2] ta co 
g'(h) = 3h 2 -5c;g"(h) = 5h>0 . 

Suyra g(h)<max{g(l);g(2)} = max|c 3 -5c + 2;c 3 -10c+ 9|. 

Chu y c 3 - 5c + 2 = (c - 2) (c 2 -1 + 2c) < 0, Vc e [l; 2] 
c 3 - 10c + 9 = (c - 1) (c 2 + c - 9) < 0, Vc e [l; 2] 

Do do /(l) < 0 . Tuong tu ta co /(2) < 0. 

Bai toan dugc chung minh. Dang thuc xay ra khi va chi khi a = 2,b = c = \vb 
cac hoan vi. 

Bai tap tuong tu* 

Chung minh a,b,c la cac so thuc thuoc doan [1;2] ta co 

2^a 3 +b 3 +c 3 j<(a + h + c)(ah + hc + ca). 

Bai 13. Bat dang thuc can chung minh tuong duong vai: 

a b c b c a „ 

- + - + - + - + - + —<7. 
b c a a b c 

Khong mat tinh tong quat gia su a>b>c. Khi do 

(a-b)(b-c)>0<z>ab + bc>ac + b 2 <z> — + 1> — + — va— + 1> — + — . 

V A ; c b c a b a 

^ a b c b c a Ja c^ 

Dodo — + — + — + —+ — + — <2 + 2 —+ — . 

b c a a b c \c a) 

Vay ta chung minh - + — <-<=> [ —-2 || — -11 < 0 luon dung do l<c<a<2. 

cal yc Ac J 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi a = b = 2,c = \ hoac 
a-2,b = c = \ va cac hoan vi. 
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T6ng quat. Cho cac sd thuc x l ,x 2 ,...,x n e [p;q],(p,q > 0). Chung minh 


(xj +x 2 + ... + X,,)- 1 - 1 -... H- 


trong do k n = n 2 ncu n chan va k n = n 2 -1 ndu n le. 


4pq 


Bai 16. Tir dieu kien ta co: 3c = 12-a-2Z?khi do P- — + 

a 

3 2 3 


Xethamso /(a) = - 


b \2-a-2b 


b \2-a-2b 
tren doan [l;3] ta co: 


3 3 \2(6-b){a + b-6) r , 

f\a) = -— + -^ = —^- & - T-t < 0,\/a,b e [l;3]. 

a 2 (\2-a-2b) a 2 (\2-a-2bf 

Do do f(a) la ham nghich bien tren doan [l;3] suy ra 

g(.b)=i+l+-^-=fo)=p=m<f(i)=h(,b)=3 + ^- 

b y — lb o ll-io 

12 3 

Bai 19. Bat x - —,y = — ,z = — ta co 2x + 4y + lz< 2xyz va ta can tim gia tri nh d 
a b c 

nhat cua bieu thiic P-x + y + z. Thuc hien tuong tu bai toan tren ta co gia tri 
1 4 3 

nh d nhat cua P bang 15/2 dat tai a =—,b =—,c- — . 

3 5 2 


Bai 22. Theo gia thiet ta co: c(3ab - 7) = 3 a + 51b -=^> c = - 


Khi do P = a + b + - 


2>ab-l 


3a 2 + — (3aZ>-7) + 33 


3a 2 +57aZ?-100 
a(3ab-l ) 

3a 2 +33 57 


= o+—(3o6-7) ■ 3 “ 2+33 


64 / i 

>a + - + 2—(3ab-7). 


3 a 


a(3ab-7 ) 

_ 64 

(3ab-7)^3a 

3a 2 +33 


a(3ab-7) 3 a 


3a v ’’a{3ab-7) 

Viec xuat hien 3 ab - 7 ta suy nghT den viec khu cai do khoi bieu thuc cua P 
bang each tach nhom hop ly va trieu tieu bang AM-GM. 

Chu y. Khao sat ham so f(a) sau cung ta co ngay ket qua bai toan. 

Vdi a = 5 ,b - ^ thi P bang ^. Vay gia tri nhd nhat cua P bang ^. 
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CHU DE 7: KY THUATSUDUNG TINH CHAT CUA 

nhithucbAcnhAtvA tamthucbAchai 

A. NOI DUNG PHlTONG PHAP 

Ta mff diiu ky thuat nay b&ng cac dinh ly sau day 

1. Dinh ly 1. Neu f(x) la ham bac nhat thoa man dieu kien f(a) > 0,f(b) > 0 khi 

do /(x)>0,Vxe[a;Z?]. 

2. Dinh ly 2. Neu f(x) la ham bac nh at khi do 

min {f(a);f(b)} < f(x) < ma x{f(a);f(b)},\/x e [ a;b]. 

3. Dinhly3.N&xi f{x) - ax 1 + bx + c,(a * 0)khi do voi moi x e [«;y0]. 

Ta co f(x) dat Max, Min tai x-a hoac x- [3 hoac x = ——. 

2 a 

B. BAI TAP MAU 

Bai 1. Cho x,y,z la cac so thuc thuoc doan [0;2]. 

Chung minh rang 2(x + y + z) - (xy + yz + zx) < 4 . 

Ldi giai 

Phan tich tim loi giai: Neu coi y va z la tham so thi bat dang thuc co dang nhi 
thiic bac nhat cua x nen ta danh gia theo dinh ly 2. 

Viet lai bat dang thuc da cho duoi dang: 
f(x) = (2-y-z)x + 2(y + z)-yz-4<0. 

Do x e [0; 2] nen f(x) < max{/(0);/(2)} . 

Taco /(0) = 2(y+ z)-yz-4 = (y-2)(2-z)<0,Vy,ze[0;2]. 

/(2) = 2(2-y-z) + 2(_y + z)-yz-4 = -yz < 0. 

Suy ra f{x) < 0. Bat dang thuc dupe chung minh dang thuc dat tai chang han 
x = 0,y = z = 2. 

Bai 2. Cho a,b,c,d la cac so thuc thuoc doan [0;l]. 

Chung minh rdng (l - a) (l - Z?)(l - c)(l - d) + a + b + c + d -1 > 0. 

Ldi giai 

Ta can chung minh P = (\- a)(\-b){\-c)(\-d) + a + b + c + d-\>Q. 

Ro rang bieu thuc ve trai la ham bac nhat doi voi moi bien a,b,c,d. 

+ Neu coi la ham bac nhat cua a thi bieu thuc P dat gia tri nho nhat tai a = 0 hoac 
a = 1. 

+ Tuong tu P dat gia tri nh o nhat tai b,c, d e {0; 1}. 
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Neu mot trong 4 so bang 1 thi P > 0. 

Neu ca4 so bang 0 thi P-0. 

Vay P > 0 ,\/a,b,c,d e [0;l] ta co dieu phai chung minh. 

Bai 3. Cho 2015 s6 thuc x 1 ,x 2 ,...,x 2015 thuoc doan [—2015;2015]. 

Tim gia tri nho nhat cua bicu thiic P = x } x 2 + x 2 x 3 +... + x 20 , 4 x 20 , 5 + x 20 , 5 X|. 

L&i giai 

Tuong tu bai toan tren ta co P dat gia tri nh o nhat khi 
x t e{-2015;2015},i = 1,2015. 

Trong 2015 so da cho luon ton tai it nhat 2 so cung dau khong mat tinh tong 
quat gia su x t x 2 > 0 =^> x x x 2 = 2015 2 . 

Khi do 

P = 2015 2 +X2X3 +... + X2QJ5X! >2015 2 -2015 2 -...-2015 2 =-2013.2015 2 . 

Voi x x =x 2 =2015,x 3 =-2015,x 4 = 2015,...,x 20 i4 = 2015,x 20 i5 =-2015 thi 
P = -2013.2015 2 . 


Vay gia tri nho nhat cua P bang -2013.2015 2 
Bai 4. Cho a,b,c la cac so thuc thuoc doan [0;l]. 

b c 


Chung minh rang - 


b+c +1 c+a+1 a+b+l 

Ldi giai 

Goi P la bieu thuc ve trai cua bat dang thuc. 
Khong mat tinh tong quat gia su 

b b c 


" ■'!(' ''in-o- i 


a = max{a,Z?,c}: 


c+a+1 b+c +1 a+b +1 b+c +1 


Suyra +tl_0 ) tl_6 )( 1_c )' 

Vay de chung minh bat dang thiic tren ta chi can chung minh 

Taco /(a)<max{/(0);/(l)}. 


Taco /(1) = 0;/(0) = + (l-&)(l-c)-1 

bc(b + c)-[b 2 + c 2 j — be — 1 


b + c +1 
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(.b + c) b * C -{b 2 +c 2 ^-bc -1 
b + c +1 

(b 2 +c 2 yb + c-2)-2(bc + l) 

~ 2(b + c + \) “° 

Suy ra dieu phai chung minh. 

Cach 2: Ta co the chung minh theo each khac nhu sau: 
a + b + c 


+ (l-a)(l-Z?)(l-c) < 1 


b + c +1 
<^>(l-a)(l-Z?)(l-c)<l- 


a + b + c 1 -a 


b + c +1 b + c +1 
»(l-Z?)(l-c)(Z> + c + l)<l 
luon dung theo AM-GM. 

Bai 5. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c- 1. 

Tim gia tri Ion nhat cua bieu thuc P = ab + bc + ca- 2 abc. 

Lifi giai 

Do P la bieu thuc doi xung voi a,b,c nen khong mat tinh tong quat ta co the gia 

su c = T(im{a,b,c}^> c< fl+ ^ + C = -=>l-2c>0. 

11 3 3 

Khi do viet lai P duoi dang: P = ab(\-2c) + (a + b)c - ab(\-2c) + c{\-c). 

Su dung bat dang thuc AM-GM ta co: 




¥ 


m 


Coi ab la an thi P la ham bac nhat cua ab. 

Suy ra 

MflaP = Afflx|p(0);P^^j JJ = Maxjc(l-c);(l-2c)^-^ +c(l-c)|. 

Xet ham s6/(c) = (l-2c)^-^-j + c(l-c) = --^c 3 + ~° 2 + ~ voi 
taco: 

/ '(c) = ^(-3c 2 + c) = ic(l - 3c) > 0, Vc e j^O;^j . 

Do do f(c) la ham dong bien tren doan . 
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Suyra Max /(c)-ff —| = —. 

Jo: 1 ! bJ 27 

:hi va chi khi c 

_2c.(l-2cJ lf2c + l-2cf _ 1 7 


Xet Q = c(l-2c)=- 


4P 


3) 27 


Vay Mzx jc(l-c);(l-2c)j^——J +c(l-c)| = /1 
Vi vay gia tri Ion nhat cua P bang dang thuc xay ra khi va chi khi 


Nhan xet. Vi 1 - 2c > 0 nen ta co the danh gia true tiep: 

( 1_2c ) + c ( 1_c ) = (^] (l-2c) + c(l-c). 

Bai 6. Cho x,y,z la cac so thuc khong am co tong bang 3. 

Chung minh rang x 2 + y 2 + z 2 + xyz > 4. 

L&i giai 

Khong mat tinh t6ng quat ta gia sur = min {x,y,z} =>3x<x + y + z = 3=>x<-^-. 
Dat bieu thuc ve trai bat dang thuc la P, khi do ta co: 

P-4 = x 2 +(y + z) 2 -2yz + xyz-4 = (x-2)yz + x 2 +(3-x) 2 -4 
= /(t) = (*-2)t + 2x 2 -6x + 5 


Voi 0 <t = yz< 


'y +z \ _f 3-xY 


Vay ta tim gia tri nho nhat cua f(t) tren [ 0;| 
nghich bien do x - 2 < 0 
Vay P-4 = f(t)> f\ 




, ta co /(0 la ham so 


3 1 = ^J-1) 2 (x + 2)>0^P>4. 

Tu do ta co dieu phai chung minh. Dang thuc xay ra khi va chi khi x=y = z- 1. 
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Bai 7. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 1. 
Chungminhrang 5 (a 1 +b 2 +c 2 )<6^a 3 +b 3 + c 3 ) + l. 

Lai giai 

Khong mat tinh tong gia su a - min |a,Z>,c}=>a<j 
Bat dang thiic da cho tuong duong voi: 

5^a 2 +{b + cf -2Z>cJ < 6^a 3 + (Z? + c) 3 -3Z>c(Z> + c)J + 1 

o 5^a 2 + (1 - of - 2 Z>c] < 6^a 3 + (l - of - 3Z>c(l - a)] +1 
<=>(9a-4)Z>c + (2a-l) 2 >0 
Tadat t = bc^0<t<^^j = 

Vay ta chi can chung minh: /( t ) = (9a - 4)f + (2a -1) 2 > 0, Vf e 
Do / (t) la ham nghich bi4n nen /(f) l = -^-a(3a-l) 2 >0. 


Taco dpcm. Dang thuc xay rakhi va chi khi a-b = c = ^. 

C. BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la cac so thuc thuoc doan [0;l]. 

Chung minh rang a + b + c-ab-bc-ca< 0. 

Bai 2. Cho la cac so thuc khong am thoa man dieu kien a + b + c = 1. 

a) Chung minh rang a 3 + Z> 3 + c 3 + babe > —. 

4 

b) l(ab + bc + ca)<2 + 9abc. 

Bai 3. Cho a,b,c la cac so thuc thuoc doan ^0;^-j y a a + b + c = \ . 

Chung minh rang a 3 + b 3 + c 3 + Aabc < ^ . 

Bai 4. Cho a,b,c la cac so thuc thuoc doan [l; 2], Chung minh a 3 + Z> 3 + c 3 < 5 abc. 
Bai 5. Cho cac so thuc khong am x,y,z co tong bang 1. 
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D. HUONG DAN GIAI - DAP SO 


Bai 2. a) Khong mat tmh tong quat gia sir a - max [a,b,c^ => a > ^ . 
Bat dang thiic tuong duong voi: 
a 3 +(Z? + c) 3 - 3(b + c)bc + 6abc > 

<=>a 3 +(l-a) 3 -3>(\-a)bc + 6abc. 

<=>4(3a-l)Z>c + (2a-l) 2 >0 


Bat dang thiic cuoi dung. Dang thiic xay ra khi a-b- 


1 _ 

2 ’ 


c = 0 hoac cac hoan vi. 


c) Khong mat tmh tong quat gia six a- min {a,b,c) => 7 - 9a > 0 . 
Bat dang thiic da cho tuong duong voi: 

(7-9a)Z>c + 7a(Z> + c)-2<0 
»(7-9a)Z>c + 7a(l-a)-2<0 


Ve trai la ham dong bien voi be va be < 
(7-9«)p^j -7o I + 7o-2SO 
«(7-9«)| 




, do do ta chi can chiing minh 




- la 1 +7a-2<0 


. (°+i)(3i-l) 2 


Bat dang thuc cuoi dung. Dang thiic xay ra khi va chi khi a-b = c = ^. 


Bai 5. HD: Gia sit x = min{x,_y,z} =^>3x<x + y + z = l^>x<^-. 

Khi do ta co: P = xy + yz + zx - 2xyz = yz(l - 2x) + xy + zx > 0 
Dang thiic xay ra khi va chi khi x = l,y = z = 0. 

Vay gia tri nho nhat ciia P bang 0 dat tai x-\,y = z-0 hoac cac hoan vi. 

Mat khac ta lai co P- yz( 1 - 2x) + x(y + z) < x(l -x) + (l - 2x) = /(x) 
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Ta tim gia tri Ion nhat cua /(x) tren doan 


Vay maxP = max/(x) = /f—1 = —. 


Ml 

3. 


.[Ml. 

L 3J 


Dang there xay ra khi va chi khi x = y = z = - 


chu de s-.bAtdAngthucphudAngchuy 

VA APDUNG GIAIDE THI 


Noi dung chu de nay toi de cap den mot so bai toan co ban va ket hop sir dung 
bat dang there co ban nhu AM - GM va Cauchy - Schwarz trong chimg minh bat 
dang there va tim cue tri. Hy vong chu de nay se giup ich cho ban doc nhin nhan 
tiep can bai toan bat dang there va cere tri linh hoat va bao quat hon. 

Bai toan 1. Voi moi so there a,b thoa man dieu kien ah > 1 ta luon co 


11 ^ 2 
1 + a 2 1 + b 2 \ + ab 
Dang there xay ra khi va chi khi a-b hoac ab- 1. 

Voi ab< 1 thi bat dang there d6i chieu. 

Chung minh. 

Nhan xet. Bang each chemg minh tuong ter tren ta co cac bat dang there cung dang 
nhu sau 

Voi moi so there duong a,b thay doi thoa man ab > 1 ta luon co 


1 

\ll + a 2 


yll + b 2 


2 


Dang there xay ra khi va chi khi a-b hoac ab- 1. 
Voi ab < 1 bat dang there doi chieu. 

Mot s6 bat ding there phu khac cung dang 


1 


i 

i + y 2 


l + xy 


,(-l <xy< l) . 


1 


Vl + x 2 
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1+v 2 V 1 + xy 


, (—1 < xy < l). 


1 Cho hai so thuc duong x,y ta luon co - 


Dang thuc xay ra khi va chi khi x = y . 

Chung minh. 

Su dvmg bat dang thuc AM-GM ta co 
1 1 2 


\jx +xy yjv +xy 


j\x +xy)[y +xyj 
2 2 


x 2 +xy + y 2 +xy (x + y) \]x 2 + y‘ 


1, 1 , 1 ^ n 

\ + x x l + x 2 1 + X n \ + "jx x x 2 ...x n 


,x k > l,k — l, n. 


Tir bat dang thuc nay ta co the dua ra cac bat dang thuc cung dang chang han 

4 

Chung minh rang vdi moi so thuc x,y thoa man dieu kien xy > — ta co 


4 + 5x 2 4 + 5 y 2 4+5xy 



Voi moi so duong a,b ta co —-— ■+-> —. 

b + ab a + ab l + y/ab 

Chung minh. 

Su dung bat dang thuc C -S ta co 

a | b ^ (a + bf _ (a + bf 

b + ab a + ab ab +a 2 b +ab + b 2 a ab[a + b) + 2ab 

> 1 

ab , 1 1 + 4ab 

Mab 2 

Dau bang xay ra khi va chi khi a-b. 


ab 
a + b 


1 


2 ab 
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>CAC VI DU 

Vi du 1. Cho x,y,z la cac so thuc duong thoa man dieu kien y 2 > xz;z 2 > xy . 


Tim gia tri nho nhat cua bieu thuc P =-+ —— + 2014.-. 

x + y y + z z + x 

Loi giai 

i i o 

Chu y z / x > 1 khi do su dung bat dang thuc 
v 1 12 


1 + a 2 1 + b 2 1 + ab 


,(ab> l) 


Taco - 


x+y y+z 


l + x 


1 + - 1 + 

y 


I' 


Dodo P> 2 ^ + 2014.^^ = — + 2014.- 

jz z ^ 1 + t t 2 + 1 


>1 S*. 

Vx * 

2(t-l)(503t 2 +1007t + 503) 
(t + l)(t 2 + !) 


+1008>1008, t 




Vay gia tri nho nhat cua P bang 1008 dat tai x = y = z. 

Vi du 2. Cho x,y,z la cac so thuc duong thoa man dieu kien x < z. 

Tim gia tri nh d nhat cua bieu thuc: P = 12 + ——— -————^ . 

V i x+ y) (y +z ) z+x 

Loi giai 

Bien doi bieu thuc trong can va su dung bat dang thuc C -S ta co 
2 x 2 2z(2y + z)_ 2x 2 2y 2 


2 + - 


(x + y) 2 (y+*r (x + y) (y + z) 


Matkhacdo: — — = —>1. 





1 1 


l+^ + l+ z 


k * y) 


i i 

2 

( \ 

2 

i+^ + i+ z 


uji 

l * y) 


( VxJ 


Nen ap dung bai toan 1 ta co 
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Tir do ta suy ra 




l 2i 2x 2 2z(2y + z)^jfe _ 

(x + y) 2 (y + z) 2 l + J7 


Dat t = .}—> 1 . Khi do ta suy ra P> —— + —. 

l + t t 2 +1 

Xetham f{t) = -^— + -^-— tren [l;+oc) taco /'(t) =— ^-r+ ^ , >0Vte[l; +oo) 
l+t r+l (l+t) (r+l) 


Bai tap tiro'ng tvr 

Cho x,y,z la cac so thuc duong thoa man dieu kien x = min{x,y,z} 

Tim gia tri nho nhat cua bieu thuc P - — X z+- ' ^ Z . 

x+y y+z z+x 

Vi du 3. Cho cac so thuc < x < T,y,z > 1 thoa man dieu kien xyz = 1. 


Tim gia tri nh o nh at cua bieu thuc P = 


1 1 


1 


1+x 1 +y 1+z 

L&i giai 

112 12 12 

Vdi yz>l taco-+->-;==>/*>-+-= =-— +- 1 = 

1 + y 1 + z 1 + sjyz 1 + x l + yjyz 1 + J_ 1+ VT Z 


t = Jyz 1 < t = -J= < 2. Suy ra P > /(t) = ~4 — + —■ 

Vx r+l l + t 

2t 2 2t(t + l) 2 -2(t 2 +lf 

Taco: /'(t)= , -^ = —--<0,Vte[l;2l. 

(t 2 +lf (1 + 0 (t 2 +i) (t + i) 2 

/(t)>/( 2) = ^| 

22 1 

Vay gia tri nho nhat cua P bang — dat tai x = —;y = z = 2. 

Vi du 4. Cho a,b,c la cac so thuc duong. 

Chung minh rdng ■ 

\a + b \b + c \c + a 
Ldi giai 

Nhan xet. Ta da chung minh bat dang thuc tren bang bat dang thuc C -S duoi day 
tiep can theo phuong phap ham so. 
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Ta can chung minh: 






Bat dang thuc trd thanh: 


Vl + x 2 \jl + y 2 Vl + z 2 ^2 


1 


Khongmat tinh tong quat gia sit z = max{x,y,z } =>z>l=>xy = — <1. 
Khi do su dung bat dang thuc C-S va bai toan phu ta duoc: 

"T“ 2 VJ 


l 


l 


Vl + X yjl + y 


<J2| 


1 1 

l + jt 2 i + y 2 J )ji+xy Vz + i 

2\[z 1 


Chung minh hoan tat neu ta chung minh duoc: 


yfz + l 


That vay + . * . < < -^L (vi bat dang thuc tuong ducmg 

Vz + 1 -y/l + z 2 Vz + 1 1 + z v2 


vdi (V2^-V^+T) 2 >o). 


Bai toan duoc chung minh. 

Vi du 5. Cho cac so thuc duong a,b thoa man dieu kien a + b = lab. 

Tim gia tri nho nhat cua bieu thuc: 0 = —^— + ~^= \la 2 +b 2 +a + b + 4 . 

a 2 +l b 2 +1 %4 

L&i giai 

Tir gia thiet ta co: 2ab = a + b > 2-Jab => -Jab >l=>ad>l. 


Vdi ab> 1 taco BBT: 


Mat khac ta co: 


2 +1 b 2 +1 1 + ab 


-J=\fa 2 + b 2 +a + b + 4 =-^=lJa 2 +b 2 + 2ad + 4 

Ua SJa 

>^Aab + A=3Zlab + \ 
IfA 
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Do do : Q > — -f 2^jab + \ = (\Jab +1 + ljab + l + \Jab +1 + 1 + —— 


ab +1 

Ap dung BDT AM - GM ta co: 


ab +1 I ab +1 


^/aZ7 + l + ^/aZ>+ 1 + ^ + 1+^^ >4^/2 =4^/2 
ah + 1 

Tvr gia thiet ta co: 

2 ab -a + b> 2yfab =^> Vah >1^> ab>\=> ab + \>2=> —-— < — 

ab +1 2 

mi-in <0 =>^>-^=i-<T2 

ab + l 2 

Do do Q > 4yf2 +1 - yf2 = 1 + 3^2 . Dang thuc xay ra khi a = b = 1. 
Vay gia tri nh d nhat cua Q la bang 1 + 3\[2 dat duoc khi a = b = 1. 

Vi du 6. Cho x,y,z la cac so thuc duong thoa man dieu kien 


Tim gia tri Ion nhat cua bieu thuc P = 


Theo gia thiet ta co: — + 2 = 



Dat t = -,(t>0)^t + 2>2t 2 +^&2t 3 -t 2 -2t + \<0 

»(t-l)(2t 2 +t-l)<0»(t-l)(t + l)(2t-l)<0»^<t<l. 

12 2 


llJ +1 

1 


f) +1 


U) 


\2 


+ 1 


y z 

. 2 

, x y 

1 + -.- 1 + 

y z 


2 _ 2 
x 1 + t' 


Suyra P<f(t) = - -—. 

t 2t + \ 
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4 3 


Xet ham so f (t) = -lien tuc tren doan —; 1 ta co: 

t 2t + \ ’ ’ [_2 J 

6 4 2(5t 2 + 2t-l) n 1 

/'(0 =--- L r =-^- ; y<0,VtE . 

(2t + l) 2 (t + 1) 2 (t + l) 2 (2t + l) 2 L2 J 


Do do f(t) la ham nghich bien tren doan 


-an —;1 . 
' .2 . 


Suyra P </(/)</ 


iU. 

2 ) 6 


Dang thiic xay ra khi va chi khi — z = 2x,y - \[2x . 

y z z 2 

Vay gia tri Ion nhat cua P bang — dat tai z = 2x,y = 42x. 

6 

Vi du 7. (TSDH Khoi A 2011) Cho cac s6 thuc x,y,z e [l; 4] thoa man dilu kien 


x > y, x > z . Tim gia tri nho nhat cua bieu thiic P = 
L&i gidi 

Viet lai P dudi dang: P = —0— + —-— + —-—. 

2 + lZ i + l 1 + - 

x y z 


2x + 3y y + z z + x 


y z y 

1 12 


1+ 1 

y 




Datt = — ,(l<t<2)suyra P>—-—l + ——■ 

iy [ J ? + A 1 + t 2t 2 +3 1 + t 


' t 2 

Xet ham so f (t) = — -h -tren [li+oo) , taduoc: 

2t 2 +3 1 + t L ’ 


m= 


(2t 2 +3) (1 + 0 


< 0, Vt e [l; 2]. 


Suyra min /(t) = f(2) = —. 
H 2;2] J 33 
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Nhan xet. Ngoai ra co the chung minh bang tam thuc bac hai, khao sat ham nhieu 
bien(chuong 1 - chuong 3). 

Vi du 8. Cho a,b,c la cac so thuc duong thoa man dieu kien abc = 1 va 
max{a,b,c } < 4. Tim gia tri Ion nhat cua bieu thuc 


P = - 


ll + a 2 Vl + b 2 Vl + c 


Leri giai 

Nhan xet. Vdi vai tro cua a va b nhu nhau lam ta nghT den bat dang thuc quen 
thuoc 1 i 1 < 2 

Vl + a 2 Vl + b 2 Vl + ab 


De co duoc dieu nay ta can co ab < 1. Do do c - — > 1. Vay ta can chung 

ab 

minh rang P dat gia tri Ion nhat trong truong hop c = max[a,b,c } . 

That vay gia su a - max [a, b, c }. Khi do a > 1 va ta can chung minh 
1 | 1 | 1 ^ 1 | 1 | 1 
Vl + a 2 Vl + b 2 Vl+V Vl + C 2 \ll + b 2 Vl+^ 


Vl + c Vl + c 2 Vl+V Vl + a 2 

+ N6u c < 1 => VT {V) < 0 < VP (l) bit dang thuc luon dung. 


+ Neu c > 1 khi do xet ham so /(x) = . — — tren doan [l;4] ta co 

Vl + x Vl + x 2 






2x^(1 +xf -^/(l + x 2 ) 

V( 1+ 4 3 ( i+ * 2 ) 3 


Do 


2 x^(1+ x) 3 > xVx.-J(l + x) 3 = yjx 3 (l + x) 3 -f^) >^l + x 2 ) ,Vxe[l;4]. 


Do do f(x) la ham dong bien tren doan [l;4]. Nen c<a^> /(c) < f(a) . Ta co 
(1) dung. 

Vay P dat gia tri Ion nhat khi va chi khi c = max{a,b,c } va ta co c > l,ab < 1. 

Ap dung bat dang thuc da phan rich o tren ta duoc 


P< 



1 

Vl + c 


2 



Vl + c 


= g(c) = 


2\fc +1 
Vl + c 
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Xet ham so g{c) - |j£ n ty C tren doan [l;4] ta co 

Vl + c 

2 - r 

g '(c) = - , C >0,Vc e [l;4]. 

2(1 + c)vc 2 + c 

Do do g(c) la ham dong bien tren doan [l;4] suy ra P< g(c ) < g(4) = V?. 
Dang thuc xay rakhi va chi khi a-b,c- 4, abc -1 <^> a-b-—,c = 4. 


Vi du 9. Cho x,y,z la cac so thuc thuoc doan ; 3J . 

Tim gia tri Ion nhat va gia tri nh d nhat cua bieu thiic 

_ x y z 

P = - + —— +-. 

x+y y+z z+x 

L&i giai 

Trong chuong 1 toi da trinh bay bang each su dung tam thuc bac hai dudi day 
chung ta ap dung bai toan da neu. 

+ Tim gia tri nho nhat. 

Khong mat tinh tong quat gia sir z = max {jt, y, zj t=> — > 1. 

Khi do su dung bat dang thuc phu da cho ta co 

x y 1 1 2 2 


1+ " 1 + - 1 + J Z '- 1 + 

x y \ x y v x 


^ 1+ 


X 1 + t t 2 +\ Vx 


2 t 

Xet ham so / (t) = -+ —- lien tuc tren doan [1 ;31 ta co 

1 + t r + \ 


(«+i) 2 (« 2 +i) : 


-< 0, Vt e [l; 3]. 


Do do f(t) nghich bien tren doan [1 ;3] vi vay f(t)> f (3) = 


Dang thuc xay ra khi va chi khi z - 9x,x = y <^> x-y = — ,z = 3. 
Vay gia tri nho nhat cua P bang 7/5. 
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+ Tim gia tri Ion nhat 


Taco ^.- = ^<l=> -+-< 

x z z x+y z+x 






Xet ham so tuong tu tren ta co P < g(t) -+ —— < 

t +1 t 2 +1 


Vay gia tri Ion nh at cua P bang 8/5 dat tai x - z -3,y-- 


Vi du 10. Cho cac so thuc a,b,c> — thoaman dieukien abc = 1. 
9 


Tim gia tri nh d nhat cua bieu thuc P - 


a + b + \ 
b + ab c + ab 1 + c 

L&i giai 


Su dung bat dang thuc C -S ta co 
a b (a + bf 


1 


b + ab a + ab ab +a 2 b +ab + b 2 c 

_ i a+b f _ 

ab[a + b) + 2ab ab | 2 ab 

a + b (a + bf 

> 1 = ^_ 

<* b ! 1 1 + 4ab 

2 -Jab 2 

Dau bang xay ra khi va chi khi a = b . 

2 12 ab 


Khi do P> 


1 + Jab 1 + c 1 + -Jab ab + l 


Dat t-Jab. Do a,b,c> — ^> — <t-Jab = —1=<3 ;P>-^— + ^—. 

9 9 yfc 1 + t t 2 + 1 


Xet ham so f(t) =-+ —- lien tuc tren doan [l/9;3] ta co 

1 + t t 2 +1 

2(t-\f(t 2 +t + \) 

/ =- r, — p ~ oyt& I 1; 3 ] • 

('+0 (< 2 + i ) 
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Do do f(t) nghich bien tren doan [l/9;3] vi vay f(t) > f (3) = ^. 

Dangthuc xayrakhi vachikhi a-b-3,c = ^. 

Vay gia tri nh d nh at cua P bang 7/5. 


> BAI TAP REN LUYEN 

Bai 1. Cho x,y,z la cac so thuc duong thoa man dieu kien x > z. 
Tim gia tri Ion nhat cua bieu thiic 



Bai 2. Cho cac so thuc khong am thay doi thoa man dieu kien a<b<cx a abc = 1 . 

1 1 2 

Tim gia tri Ion nhat cua bieu thuc P = -— +-— +-. 

1 + a 2 1 + b 2 1 + c 

2 2 

HD: P< -+-= 2. 

1 + ab 1 + c 


Bai 3. Cho x,y,z la cac so thuc duong thoa man dieu kien xy > 1, z > 1. 
Tim gia tri nh d nhat cua bieu thuc P — ^ 1 r 


HD: P = (x + y + l) -+- + 


y +1 x + 1 3(xy+ l) 

i i 2: 

x + l y + lj 3(xy + l) 1 + Jxy xy + 1 


Bai 4. Cho x,y,z la cac so thuc duong thoa man dieu kien x l + y z + z l = 1. 

J _ 1 2V3 

1 + z ' 


Tim gia tri nhd nhat cua bieu thuc P = - 


HD: Su dung bat dang thuc: 


1 


a/x +xy ^jy +xy 
1 . 2 


y x +xy yjy +xy 


3 

2 ' 
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Bai 5. Cho a,b,c la cac so thuc duong khong nh d hon 1. 

Tim gia tri nho nhat cua bieu thiic 

P - —H-H-~—r- + 6jl + abc(abc-l) . 

1 + a 6 1 + b 3 1 + c 2 V V ’ 

HD: Sir dung bat dang thiic phu sau: 

1 . 1 ^ 2 _ _ __ 

1 + a 3 1 + Z? 3 1 + c 3 1 + abc 

1 1 2 


1 + a 2 

- T >-, vaa > t 

1 + £> 2 1 + ab 

Taco 2^ 

1 + 1 1> 4 

a+z ? 3 i+c 2 J i +c . 

Suy ra 

P>2 -; 

v l + ca 

r +--= +--= ■ 

l + cVz > 3 l + cfb 3 ) 


,\/a,b,c> 1 


Dat t = abc,(t > l) ta co: P > fit ) = ~y + 6 V 1 + ^ _1 ) • 

Xethamsd f (t) = -^-^ + 6^1 + t(t - \) vdi t>ltaco 

6 3(2t-l) 3(2t-l)(t + l) 2 -6Vt 2 -t + l 

f\t)= ——>o,vt>i. 

(t + l) Vt 2 -t + l (t + l) 2 ylt 2 -t +1 

Do do f(t) la ham dong bien tren [l;+oo). 

Suy ra P> f(t)> f( 1) = 9. Dang thiic xay rakhi va chi khi a = b = c - 1. 
Vay gia tri nho nhat cua P bang 9 dat tai a = b = c = 1. 

Bai 6. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 +b 2 +c 2 - 1. 

1 1 1 


Tim gia tri Ion nhat cua bieu thiic P = 

HD: 


Va + 1 yjb + 1 Vc + 2 
2 ci + b 2 


V V# + 1 V^ + l J 0 + 1 b + 1 + + a b + 0 + b + 1 + 0+^+1 


a + Z? + 2 


= i+- 


i 


a + Z> + l Va + ZT+T v \la + b +1 

c 1 1 1 

Suy ra ,- + -- - , . 

Va + 1 V& + 1 Va + i + 1 

Matkhac: (a + Z> + c) 2 >a 2 +Z> 2 +c 2 =l=>a + Zi>l-c. 
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Suyra P<f(c) = 1 + - 


Xet ham so /(c) = lien tuc tren doan [0; ll ta c 

V2-c Vc+2 


/'(c) = — , — . > 0, Vc e [0;ll. Do do f(c) la ham dong bien 

tren [0; l]. 

Suyra P</(c)</(l) = 2 + -j=. 

Dang there xay ra khi va chi khi c = \,a = b = 0. 

Vay gia tri ldn nhat cua P bang 2 + —J= dat tai a = b = 0, c = 1. 

V3 

Nhan xet. Ta co the danh gia r _—— bang bien d6i tuong duong nhu sau: 
V2-c Vc+2 


Jl-c Vc + 2 |W2-c Vc + 2 J ^2-c 2 + c ^4 _ c 2 

l~4 2 ^ l~4 2 1 

V4-1-'V4=T 73 

Bai 7. Cho a,b,c,d la cac so thuc duong thoa man dieu kien a>b>c>d\ a 


Tim gia tri nh d nhat cua bieu thu P = 


+ a 1 + Z? 1 + c 1 + c/ 


HD: Do a>b>c>dva abed = 1 nen ab>\>cd>d 1 


l + a l + b l + -Jab 


i + 3-"i + i 

-Jed d 


2 d 2 

Mat khac:- b -= 2 . 

1 + c/ 1 + c/ 
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Suy ra P = -+- + -+- + - 


1 + d 1 + d 


yl + c l + d) 

Vay gia tri nho nhat cua P bang 3 dat tai a = b = c = d = 1. 

Bai toan 2. Cho a,b,c la cac so thuc khong am thoa man dieu kien 
a 2 +b 2 +c 2 = k , trong do k > 1. 

Chung minh rang 

a) k + 2bc> 2a(b + c). 

b) (a + b + cf <2k(\ + bcf. 


c) a + b + c -—abc < 42k . 
k 

Chung minh. 

a) Theo gia thiet ta co: k + 2 be -a 2 +b 2 +c 2 + 2 be -a 2 +(b + cf. 

Sur dung bat dang thurc AM - GM ta co: 

a 2 +{b + c) 2 > 2a(b + c)^k + 2bc>2a(b + c). 

Bat dang thuc duoc chung minh. 

Dang thuc xay ra khi va chi khi a = b = = Ohoac a = c = ^,c = 0. 

b) Ta can chung minh: k + 2a(b + c) + 2bc < 2k(\ + b 2 c 2 + 2bc^ 

o 2 kb 2 c 2 +2(2k-\)bc + k>2a(b + c) 

Su dung bat dang thuc da chung a cau a) ta chi can chung mi nh 
2 kb 2 c 2 + 2(2 k- 1 )bc + k>k + 2bc 
<^>kb 2 c 2 +4(&-l)Z>c>0c>Z>c(A:Z>c + 4(A:-l))>0 
Bat dang thuc cuoi luon dung do k > 1. 

a 42 ~ka 

Nhan xet. Tu b) ta co mot bat dang thuc rat hay su dung la: -<-. 

1 +be a + b + c 

c) Sur dung bat dang thurc C -S ta co 

a { l ~J bC 

= J( k + 2bc )(jJ b2c2 ~ \ bc + 2 ) 

Vay ta chi can chung minh 
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(.k + 2bc)^-b 2 c 2 - jbc + 2 j < 2k 

<=> ^ C - C < 0 <=> 4b 2 c 2 (2 bc-k) < 0 
k 2 k V ' 

Bat dang thuc luon dung vi theo AM - GM ta co 

2bc<b 2 +c 2 <a 2 +b 2 +c 2 -k. 

Cac bat dang thuc dang nay da trinh bay trong chuong 2 (Ky thuat su dung bat 
dang thuc C-S). 


> CAC VI DU 

VI du 1. (TSDH Kh6i A,A1/2014) Cho x,y,z la cac so thuc khong am thoa man 
dieu kien x 2 +y 2 +z 2 = 2. 

., .,, x 2 y + z 1 + yz 

Tim gia tn Ion nhat cua bieu thuc P - — -H-. 

x +yz + x +1 x + y + z + l 9 

Loi giai 

Nhan xet. Voi cac bat dang thuc va bai toan cue tri voi dieu kien cac bien khong 
am thong thubng dau bang xay ra tai mot bien bang 0 va de y de P Ion nhat ta thay 
yz- 0 la hop ly nhat. Vay ta tim each danh gia P theo dai luong 1 + yz va 
y = 0 hoac z = 0. 

Taco 2(l + yz) = x 2 + (y + z) 2 >2x(y + z). 

Dau bang xay ra khi va chi khi x = y + z. 


Suyra x 2 + yz + x + l>x 2 + x + x(y + z) = x(x + y + z + l). 

DodoPS^A -- + — ZZ1 - l±m 

x(x + y+ z + l) x + y + z + l 9 


x + y + z 1 + yz_^ f 1 + l + yz^j 

x+y+z+l 9 ^x+y+z+l 9 J 
Theo bat dang thuc C-S ta co 


x+y+z< 


^2^x 2 +(y + z) 2 ] =2^/1 +yz . 


Suyra P< 1- 


1 

2yjl + yz +1 


1 + yz 
9 


i ( 2 

Dat t = ^/l + yz,(t>l)taco P< /(/) = !- ——— 
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2 It \%-2t{2t + \) 2 . -2 

f\t) = -r--i-^-;/'(t) = 0«18-2^(2^ + l) =0^t = l. 

{2t + \f 9 9{2t + \f K ’ 

Ta co f (t) doi dau tu duong sang am khi di qua t - 1. 

Do do f(t) dat cue dai tai t = 1. 


l + yz = l 
x = y + z 


[x,y,z> 0 


<=> x = l,y = l,z = 0hoac x = l,y = 0,z = l. 


x = l,y = 0,z = l. 

Vi du 2. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 +b 2 +c 2 - 1. 


Tim gia tri ldn nhat cua bieu thuc P - 


2a+c 2b+c a+b+c 


1 + bc 1 + ca 1 + yjlabc 

Ldi giai 


/ , \2 \2 zu -i- C _ nr 2.0 + C 

(a + b + c) <2(l + ca) =^>-<V2.- 

V ’ y ’ 1 + ca a + b + c 


, , \2 . r./i , \2 2 a + c nr 2a+ c 

(a + b + c) <2(1 + bc) =>-<V2.- 

V ! y ’ 1 + bc a + b + c 

2 b + c 


2 a + c 2b + c 


U-j2.+^++j2.^^ = 242 

1 + bc 1 + ca a + b + c a + b + c 
Theo bat dang thuc da chung minh tai cau c) bai toan phu ta co: 

a + b + c-2abc< V2 . 

That vay sit dung bat dang thuc C -S ta co 
a + b + c-2abc -a(\-2be) + (b + c) 


<^a 2 +(b + c) 2 )[(\-2bc) 2 +\) 
= ^|(l + 2bc) [db 2 c 2 - Abc + 2 j 


Vay ta chi can chung minh 
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(1 + 2be) (4 b 2 c 2 - Abe + 2) < 2 o 4 b 2 c 2 (2bc - 1) < 0 . 

Bat dang there cuoi dung vi theo AM - GM ta co 
2 be <b 2 +c 2 < a 2 +b 2 +c 2 = 1. 

Bat dang thuc duoc chung minh. Tit do suy ra P < 3 V 2 . 

Dau bang dat tai a-b- —1=, c = 0. 

V2 

Bai tap tuong tu 

Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 +b 2 +c 2 = 2. 

i 2 a + c 2b + c a + b + c * 

Chung minh rang-+-+-< 5 . 

1 + be 1 + ca abc + 2 

Vi du 3. Cho x,y,z la cac so thuc khong am thoa man dieu kien x' 

Chung minh rang 1 < ——— + —-— + —-— < V 2 . 

1 + yz 1 + zx 1 + xy 


,2 2 , 2 _ 


Lbi giai 


Chung minh bat dang thuc ve phai 
Chuy (x + y + z) 2 < 2(l + yz)' 


x ^ V2x 

1 + yz x + y + z 
42y ' z ^ V2 z 


Tuong tu taco: — , 

1 + zx x + y + z 1 + xy x + y + z 

Cong theo ve ba bat dang thuc tren ta co dpem. 

Dang thuc xay ra khi va chi khi x = y = - J_,z = 0hoac cac hoan vi. 

v2 

Vi du 4. Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 +y 2 +z 2 = 2. 


Chung minh rang 


x + yz +1 y +zx + l z +xy +1 

Loti giai 

Ta co 2 + 2yz = x 2 + (y + z) 2 > 2x(y + z) 

=^l + yz>x(y + z)^>x 2 + yz + l>x(x + y+ z) 


Tuong tu ta co: 


x +yz + l x + y + z 

/ _ 


y +zx + l x + y + z z +xy + l x + y + z 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Cong lai theo ve ba bat dang thiic tren ta co dpcm. 

Dang thiic xay ra khi va chi khi x = y - \,z -0 hoac cac hoan vi. 

Vi du 5. Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 +y 2 +z 2 = 2. 
Tim gia tri ldn nhat cua bieu thiic 

,, y + Z 1 

X +yz+x + l x + y + z + l xyz + 3 

L&i giai 

Sii dung bat dang thiic AM - GM ta co: 

2 + 2yz = x 2 + y 2 + z 2 + 2yz = x 2 +(y + zf >2x(y + z) 

=>1 + yz>x(y + z)^>x 2 +x + yz + l>x(x + y + z + l) 

J2 

Do do - 


2 + x + yz + 1 x + y + z + l 
Ta chiing minh x + y + z- xyz < 2 . 

That vay sir dung bat dang thiic C -S ta co 


x + y + z-xyz = x(\-yz) + (y + z)<^x 2 +(y + zf^(l-yzf +l} 

= ^2(1 + yz)(y 2 z 2 - 2yz + 2 ) = Jy 2 z 2 (yz - 1) + 4 < 2 
Bat dang thiic cuoi dung vi theo AM - GM ta co 

2 2 

Tir do suy ra M < -—-+- ^ + Z -+---= 1. 

x+y+z+l x+y+z+l x+y+z+l 

Voi x = y = l,z — 0 thi M bang 1. Vay gia tri ldn nhat cua M bang 1. 

Bai tap tiro'ng tvr 

Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 +y 2 +z 2 = 8 . 

y + z , V 2 


Chiing minh rang - 


1 +x +4 + yz x + y + z + l xyz + 5^2. 


< 1 . 


> BAI TAP REN LUYEN 

Bai 1 . Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 + 4 y 2 +z 2 = 8. 
Tim gia tri nhd nhat cua bieu thiic 

P = -- + 2J(y-lf +(z-lf +3yz . 

xz + 2yx + 2yz ^ K ’ 
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HD: Chit y 

Ayz + 8 = 4yz + 4y 2 +z 2 +x 2 = x 2 +(2y + z) 2 > 2x(2y+ z) 


> 2yz + 4> x(2y+ z) = 


Ayz + 8 


Ayz + 8 yz + 2 • 


xz + 2 yx + 2 yz Ayz + 4 yz + 1 

Nhom thanh hang dang thuc ta co: 

(y-l) 2 +(z-l) 2 +3yz = (y + z-l) 2 +l + yz>l + yz. 

Suy ra P > yz + 2 + JA(l + yz) > A. 
yz + 1 v 

Bai 2. Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 +y 2 +z 2 = 2. 


Chung minh rang 
HD: Chung minh 


1 + yz 1 + zx 1 + xy 


2y 


1 + yz x + y + z 1 + zx x + y + z 1 + xy x + y + z 
ai 3. Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 + y 2 + z 2 = 2. 
Chung minh rang 


yi + yz Vl + zx 2(l + xy) 
HD: Su dung bat dang thuc AM - GM ta co: 


Chung minh - 


\1 + yz \\ + zx 2^1 + yz 1 + zx 
, y ^ 2y , z 


1 + yz x + y + z 1 + zx x + y + z 1 + xy x + y + z 

Bai 4. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 +b 2 +c 2 = 2. 

i 2a + c 2 b + c a + b + c „ , 

Chung minh rang-H-H-< 5 . 

1 + be 1 + ca abc + 2 

^ _ a + b + c , ^ a+b+c 

HD: Chimg mmh a + b + c- abc < 2;1 + bc> -;1 + ca >-. 

2 2 

Bai 5. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 +b 2 +c 2 = . 


Tim gia tri ldn nhat cua bieu thuc P - ab + bc + ca- 


^9-5(1 + bcf +1 


(a+b + c) 2 -— r r 

HD: ab + bc + ca- -— <— (l + Z?c) 2 — 

2 2 ' A 
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5(1 + bcf 


^9-5(1 + bcf +lj 4 4 


Bai 6. Cho x,y,z lacac so thuc khong am thoa man dieu kien x 4 + y 4 + z 4 = 2. 

Tim gia tri Ion nhat cua bieu thuc 

p x 4 (y + zf l + yz(2y 2 +2z 2 +3yz) 

x 4 +x 2 +yz^2y 2 + 2z 2 +3yzJ + l x 2 +\ + (y + z) 2 9 

HD: Ta co 

2 + 2yz [2y 2 + 2z 2 + 3yz j = x 4 + y 4 + z 4 + 2yz [2y 2 + 2z 2 + 3yz ) 

= x 4 +(y + z) 4 >2x 2 (y + zf 

^\ + yz(2y 2 + 2 z 2 + 3 yz'j >x 2 (y + zf 

=>x 4 +x 2 +yz^2y 2 +2 z 2 + 3yzj + l 

>x 4 +x 2 +x 2 (y + zf =x 2 [* 2 + l + (y + z) 2 ] 


x 4 +x 2 +yz^2y 2 +2 z 2 + 3yz) + l x 2 + l + (y+ z) 2 
Matkhac: \ +yz[2y 2 +2z 2 +3yz^ = X + (^ + z ) >ij^x 2 +(y + zf j . 
x 2 + (jy + z) 2 ( x2+ (T + z ) 2 ) 


Suy ra P< 


x 2 +l + (y + zf 


Dat t = x 2 +(y + zf ,(t >0)taco P< f(t) = - 


Xet ham so f (t) - — -— voi t > Ota co 

t +1 36 

/'(0 = —' , - ' ;/'(0 = 0<=>< = 2(do f>0). 

(t + l) 2 18’ y 

Ta co f (t) doi dau tur duong sang am khi di qua t-2 nen f(t) dat cue dai tai t = 2 . 
Dodo P<f(t)<f(2)= 5 9 . 

Dang thuc xay ra khi va chi khi (x;y;z) = (l;l;0);(l;0;l). 
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Vay gia tri Ion nhat cua P bang ^ . 

Dang thvrc xay ra khi va chi khi (x;y;z) = (l;l;0);(l;0;l). 


Cach2: Taco: 

2 + 2yz(2y 2 + 2z 2 + 3yz) = x 4 + y 4 + z 4 + 2yz(2y 2 + 2 z 2 + 3yz) 
= x 4 +(y + z) 4 >2x 2 (y + z) 2 

Do do: 


x 1 , (T + z) 2 x 4 +(y + z) 4 

x 2 + (y + z) 2 +1 x 2 + (y+ z) 2 +1 18 

x 2 +(y + z) 2 x 4 +(y + z) 4 
x 2 +(y + z) 2 +l 18 


1 x + (y + z)‘ 

x 2 + (y + z) 2 +1 18 

2 x 4 + (y + z) 4 + 4 4 


x + (y + z) + 4 


18 


18 


5 

9 


Vay MaxP = 


5 

9 


khi 


x = l,y = 1,z = 0 


hoac x = l,y = 0,z = l. 


Bai 7. Cho x,y,z la cac so thvrc khong am thoa man dieu kien x 3 + y 3 + z 3 = 2 . 
Tim gia tri Ion nhat cua bieu thvrc 

p = _x^_ | y + z 2(l + yz(y + z)) 

x 2 +x + yz(y + z) + l x + y + z + 1 27 

HD: Taco 

3 + 3yz(y+ z) = x 3 + y 3 + z 3 + 3yz(y + z) + l = x 3 +(y + z) 3 + l>3x(y + z) 
=> x(y+ z)< l + yz(y+ z) 

=>x 2 +x + yz(y + z) + l>x 2 + x + x(y + z) = x(x + y + z + l) 

=>-,_T_ s _*_ 

x 2 +x + yz(y + z) + l x + y + z + 1 
x + y + z 2(l + yz(y + z)) 


x+y+z+1 


27 
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Mat khac ta co 

(x + y + zf = x 3 + y 3 + z 3 + 3x(y + z)(x + y + z) 

- 2 + 3x(y + z)(x + y + z) 

<2 + (x + y + z)(3 + 3yz(y + z)) 

V ’ 3 (x + y + z) 

„ x+y + z 2 (x + y + zf-2 

Dodo P< -—----. 

1+x+y+z 81 x+y+z 

2 (f 3 — 2^ 

Dat t = x + y + z vi t 3 > x 3 + y 3 + z 3 => t > ^2 va P < f(t) = — ----. 

t +1 8 It 

t 2(t 3 -2) 

Xethamso f(t) = ---^-voi t>v2 taco 

t +1 8 It 

1 4(t 3 +l) 

Ta co f’(t) d6i dau tir duong sang am khi di qua t = 2 nen f(t) dat cue dai tai 
t = 2. 


Voi x = y = 1, z = 0 thi P = —. 

27 

Vay gia tri Ion nhat cua P bang ^ xay ra khi (x;y;z) = (l;l;0);(l;0;l). 

Bai 8. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 + b 2 + c 2 — 1. 

a b (1 + bc) 2 


Tim gia tri Ion nhat cua bieu thuc P - 


1 + bc 1 + ac 3 + 2^2 


Ket hop danh gia bat ddng thuc AM - GM va Cauchy - Schwarz 

Bat dang thuc hoac bai toan cue tri co dang doi xung giua hai bien so ta thudng 
su dung danh gia bang bat dang thuc AM - GM hoac Cauchy - Schwarz giua hai 
bieu thuc doi xung ve bieu thuc con lai dua ve khao sat ham so. 

> CAC VI DU 

Vi du 1. Cho cac so thuc thoa man dieu kien x > y > z > 0. 
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Tim gia tri nho nhat cua bieu thuc P - 


x-y y-z 8’ 

L&i giai 


Bat a = —,b = —,c =—=S> abc = 1. 
x y z 


Khi do P = ^^ + —~ + - 


1 ~a 1 -b s(^-l)' 

Su dung bat dang thuc AM - GM cho hai so duong ta co 
a ^ b > l4ab > 4 -Jab > djab _ 2yfab 
1 -a \-b~ ^{\-a)(\-b)~ ^-a-b~ 2-l4ab~\-4ab ' 

24ab c 2 _ c 2 +16 


Suy ra P> 

Xet ham so / (c) = 


1 ~4ab 8(Vc-l) 8(Vc-l)' 

c 2 +16 


khoang (1;+go) taco 


8 (^- 1 ) 

f\c)= 3c ~ 4c ^ ~ 1 ^ / '(c) = 0 <=> 3c 2 -16 = Ac4c <=> c = 4. 

16Vc(Vc-l) 2 

Lap bang bien thien ta co ket qua P min = mi n /(c) = /(4) = 4. 

Dang thuc xay ra khi va chi khi a-b, abc - 1, c - 4 <=> x = 2y = 4z . 

Vi du 2. (TSDH Kh6i B 2013) Cho a,b,c la cac so thuc duong. 

Tim gia tri Ion nhat cua bieu thuc 

p= 4 - 9 

\la 2 +b 2 +c 2 +4 (a + b)^(a + 2c)(b + 2c) 

Ldi giai 

Nhan xet. Nhan thay a,b doi xung voi nhau nen vai tro cua a + 2c,b + 2c nhu nhau 
ta su dung AM-GM cho hai so do 

Su dung bat dang thuc AM-GM ta duoc: 


(a + b)y](a + 2c)(b + 2c ) <(a + b). 


a + 2c + b + 2c 


( a + b ) 2 +4c(a + Z?) ^ ( a + b ) 2 +4c 2 +(a + b) 2 
2 “ 2 

= (a + bf + 2c 2 < 2 (a 2 + b 2 ) + 2c 2 = 2 (a 2 + b 2 + c 2 ) 
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Vay P< 


\la 2 +b 2 +c 2 + 4 2{a 2 +b 2 +c 2 | 

Dat t = -s/a 2 + h 2 +c 2 + 4,(f > 2) => /> < -—- 


, 4 9 

Xet ham so f(t) = -^-- tren khoang (2; +oo) ta duoc: 

4 9? (4-t)(4r 3 +7t 2 -4r-16) 

/'(0=- T + , , =-——-y,-~;/'(t)=0<=> t = 4. 


Ta co f(t) doi dau ter duong sang am khi di qua t-4 nen f(t) dat cue dai tai 
t-4 tren khoang (2; +oo). 

SuyraP</(0</(4) = ^. 

Dang there xay ra khi va chi khi a = b = c = 2 . 

Vay gia tri Ion nhat cua P bang — dat tai a = b = c = 2. 

8 

Bai tap tuo ng ty 

Cho a,b,c la cac so there duong. Tim gia tri nh d nhat cua bieu there 

^ac(a + 2b)(c + 2b) Va 2 +b 2 +c 2 +1 
Vi du 3. Cho cac so there x, y, z e (0; l] thoa man dieu kien x + y>z +1. 


Tim gia tri nho nhat cua bieu there P = - 


y + z z + x xy + z 

L&i gidi 


Sir dung bat dang there C-S va AM-GM ta duoc: 

j x+ y ) 2 


x(y + z ) y(z + x) xy + z 2 2 xy + z(x + y) xy + z 2 
. i x + yf ! z _ 2(x + y) 2 | 4z 

i x + yf ! z ( x , ( x + yf + z i (x + yf+2z( X + y) (x + yf + 4z 2 


Dat t - x + y,(\ + z < t < 2) khi do P > f(t) = 


t 2 + 2 tz r + 4 z 1 
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, 2 t 2 4z 

Xet ham so / (t) = — -+ —-- lien tuc tren [l + z; 2] ta c 

t +2tz t +4z 2 

r 1 r 

/'(?) = 4zt 


- 1 - 5 -- 5 - <4 zt - 5 -- 

(t 2 + 2zt) (t 2 +4z 2 )\ [(t 2 +4z 2 ) [t 2 + 4z 2 


Do do f(t) la ham nghich bien tren [l + z; 2]. 
Vi vay 

/>>/(/)>/(2)= 2 + Z 

1 + z 1 + z' 


V l + Z 2 )( 1 + Z ) 

-3z 3 +3z 2 -z + l 3 (l-z)(3z 2 +l) 3 3 

= -———+ — = —7 ——tt -^ + A>A 5 Vze(0;ll 

2 (l + z 2 )(l + z) 2 2 (l + z 2 )(l + z) 2 2 1 

Vay giatri nh onhat cuaP bang ^dat tai x=y = z- 1. 

Vi du 4. Cho cac so thvrc duong a, b, c thoa man dieu kien a + b + 1 = c . 

b 2 c 2 +16 


Tim gia tri nho nhat cua bieu thiic: F = 


Sii dung bat dang thiic C -S ta co: 
^ ( a + bf , c 2 +16 


a + bc b + ca Jc + ab 

Lori giai 


c -1 2c 2 +32 2c +c + 31 


(a + Z))(c +1) 


¥ {a + b)_ 
4 


Xet f(c) = 2c +C + 31 ,c>l=>/'(c) = 0=>c = 3. 


Tir do suy ra : MinF = — oc = 3,a = b = \. 

Vi du 5. Cho x > l,y > 0, z > 0. Tim gia tri Ion nhat cua bieu thiic 


^jx 2 + y 2 + z 2 -2x+ 2 x(y + l)(z + l)' 

Lai giai 

Nhan xet. Du doan dau bang xay ra khi x = y + \- z + \ ncn ta sir dung bat 
dang thiic AM-GM cho x(y + l)(z +1). 

Su dung bat dang thiic AM-GM ta co: 
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*(>' + 1 )( z+1 ) : 


fx+y+z+2\ 


■ ■ 


Sir dung bat dang thuc C-S ta dugc: 

x 2 + y 2 + z 2 - 2x + 2 = (x- 1) 2 + y 2 + z 2 + 1 > ^-(x-l + y + z + l ) 2 = ^-(x + y + z ) 2 . 


Suyra P< - T . 

* + T + ^ (x + y + z + 2) 3 

Dat t = x + y + z,(V>l)khi do P< f(t) = — - 

V ^ t (t + 2f 

, 2 54 

Xet ham so fit) =-- tren ( 1; +oo) ta co: 

* (t + 2) 3 1 ' 

/'(o=- l ^-4;/'«=o«8h 2 =(t+2) 4 ^-^t=4. 

(t + 2) t 

Ta co f (t) doi dau tu duong sang am khi di qua t-4 nen f(t) dat cue dai tai 
1 


Vay gia tri Ion nhat cua P bang — dat tai x = 2, y = z = 1. 

4 

Bai tap tuong tu 

Cho x,y,z la cac so thuc khong am thoa man dieu kien x + y > 0. 

Tim gia tri Ion nhat cua bieu thiic 

TZ — 1 4 

-y/ x 2 +y 2 +z 2 +2z +2 3-y/(x + y) 3 (z + 2 ) 3 

Vi du 6. Cho a,b,c la cac so thuc duong thoa man dieu kien 
a 2 +h 2 +c 2 +2ab = 3(a + b + c). 

Tim gia tri nho nhat cua bieu thuc P - 6(a + b) + c 2 ^ . 

yla + c \jb + 2 

Loti giai 

Theo gia thiet ta co: 3 (a + b + c) = (a + b) 2 +c 2 >^-(a + Z> + c) 2 <z> a + b + c< 6 . 


yja + c -Jb + 2 yja + c + yjb + 2 ^2[a + c + b + 2) ^2[a + b + c) + 4 
6 (« + Z)) + c 2 > 6 (a + Z>) + 6c-9 -6{a + b + c)-9. 
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2014 4 

Suyra P>6{a + b + c)+- - ' _ -9. 

x j2[a + b + c) + 4 


Dat t = a + b + c, (0 < i < 6) ta co^P > f(t) = 6t +-^j==. 


2014 4 

Xethamso f(t)-6t+ , ' voi te(0;6ltaco 

V2i + 4 


8056 6 x /(2t + 4) -8056 . . 

f'(t) = 6- =^----<0,Vfe(0;6]. 

\]{2t + 4f \/( 2 ^ + 4 ) 3 

Do do f(t) nghich bien tren (0; 6] => P > f{t)> /(6) = 2050. 


Dang thuc xay ra khi va chi khi 


[a + b = c = 3 
\ » 
ya + c-b + 2 


\a — \ 

\b = 2 . 


c = 3 


Vay gia tri nh o nhat cua P bang 2050 dat tai a = \,b = 2,c = 3 . 

Bai tap tuong tu 

Cho a,b,c la cac so thuc duong thoa man dieu kien 

a 2 +b 2 +c 2 =5{a + b + c)-2ab. 


Tim gia tri 

Vidu7. Cho 

Tim gia tri 


nho nhat cua bieu thuc P-a+b + c + 48< 


3 48 

a + 10 IJb + c 
a,b,c la cac so thuc duong thoa man dieu kien a + b +1 = c . 
nho nhat cua bieu thuc 


P = - 


14 


+ bc b + ca c + ab {c + l)yj(a + l)(b + l) 


Ldi giai 

Sir dung bat dang thuc AM-GM ta co: 

c + ab = a + b + \ + ab = {a + \){b + \)< ( a + ^ +2 ) _ . 

Mat khac sir dung bat dang thuc C -S ta co: 


a 3 + b 3 a 4 + b 4 > { a ) a 2 +b 2 

a + bc b + ca a(a+bc ) b(b + ac ) a 2 +b 2 +2abc i 2abc 

a 2 +b 2 


^a 2 +b 2 ^{a + b ) 2 (c-l ) 2 

1 + c 2 c +1 2(c + l) 
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Do do P > f (c) = 


(c-1) 2 4c 3 28 

2(c + l) + ( c + l) 2 + (c + l) 2 


(3c-5)f3c 2 +14c + 23) 5 

Taco f\c) = - --3 -';/'(c) = 0«c = -. 

2 c + 1 3 3 


Dang thuc xay rakhi va chi khi a-b-—,c- — . 

Vay giatrinhonhat cuaPbang ^dattai a = b = ^,c-^. 


> BAI TAP REN LUYEN 

Bai 1. Cho cac s6 thuc duong a,b,c. 

Tim gia tri nho nhat cua bieu thuc P = ——— + —-— + f —-— ] 
b+c c+a \a + b) 

HD. Su dung bat dang thuc C-S ta duoc: 
a t b a 2 _ b 2 ^ (a+ b ) 2 1 


b + c c + a a(b + c ) b[a + c) c(a + b) + 2ab £ | lab c | 1 

a + b (,a + bf a + b 2 


Suyra P> - 1 —- + f——1 . 

3 c | 1 \a + b) 

a + b 2 

Dat t - ——(A > 0) ta co: P > f (t) - —— + 1 2 . 
a + b . , i 


Ta co: / \t) =--— 2 + 2 1; f \t) = 0 » t - —. Ta co f (t) d6i d&u tit am sang 

H) 

duong khi di qua t = ^-nen tai t = ^thi f(t) dat cue tieu tren (0;+oo)hay 


m>f\ 


i).*. 

.2) 4 
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Bai 2. Cho a,b,c la cac so thuc duong. Tim gia tri ldn nhat cua bieu there 
1 1 


2^a 2 +b 2 +c 2 +1 (a + l)(6 + l)(c + l)‘ 
HD. Sir dung bat dang thiic C-S va AM-GM ta co: 
a 2 +b 2 +c 2 +\>^(a + b + c + \) 2 


(a + l)(6 + l)(c + l)<^ 
1 


Suyra P< 


a + b + c + l (a + ^ + c + 3) 3 

Dat t-a + b + c + \,(t >\)khi do P </(<)='- 

' (^2) 3 

1 27 

Xethamso fit)- --vdi t>ltaco: 

' (^2) 3 

= 81 ) 4 ;/'(0 = 0^81t 2 = (t + 2) 4 < f> -—— (f + 2) 2 <=> t = 4 . 

Ta co f (t) doi dau tir duong sang am khi di qua t = 4 nen tai t = 4 f(t) dat cue 
dai suy raP < fit) < /(4) = ^. 

Vay gia tri ldn nhat cua P bang ^ dat tai a = b = c = 1. 

Bai 3. Cho a,b,c la cac sd thuc duong. 

2 (a + h + c + 3) 2 

Tim gia tn ldn nhat cua bieu thuc P -- ——- —f —-. 

V a 2 + b 2 + c 2 +\ 3(fl + l)(6 + l)(c + l) 

Bai 4. Cho a,b,c la cac so thuc duong thoa man dieu kien 
a 2 +b 2 +c 2 -5[a + b + c)-2ab. 

3 48 


Tim gia tri nhd nhat cua bieu thuc P = a + b + c + 48^ 

HD: Tir dieu kien ta co: (a + bf +c 2 =5 [a + b + c). 
Mat khac: 


a + 10 fb + c 
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(i a + bf +c 2 >^(a + b + cf =>^(a + b + cf < 5(a+ Z> + c) <=> a + b + c<V ). 

Dir doan dugc a +b = c,a + b + c = 10 ^>c = 5,a + b = 5ta six dung bat dang thirc 
AM-GM cho hai can thiic: 

Sir dung bat dang thiic AM-GM ta co: 

a + 10 



Suyra P>a+b+c+ 48.12 


ya + 22 b + c + \6J 


Dat t = a + b + c, (0<t<10)khi do P>f(t) = t +. 

V ’ t + 38 

Ta co /'(/) = 1-2304 _ (t + 38) ~^ 304 < Q;Vt e( - 0;10 j suy ra f(t) nghich 

(t + 38) (f + 38) 

bientren (0;10], 

Dodo P>f(t)> /(10) = 58. 

Vay gia tri nho nhat cua P bang 5 8 dat tai a = 2, b = 3, c = 5. 


Bai 5. Cho a,b,c la cac so thuc duong. Tim gia tri Ion nhat cua bieu thiic 

p* , 5 - * -. 

ia 2 +2b 2 + 5e 2 + 3 +1 ab + bc + ca + l 

HD: Sir dung bat dang thuc C-S ta co: 

T 2 2 £ 2 « 2 b 2 c 2 (a+b + cf 2 

2 a 2 + 3 b 1 + 6c 2 = — + — + — > ^—-—2— = (a + b + c ) 

236 2 + 3 + 6 

=> a 2 +2b 2 +5 c 2 >2(ab + bc + ca) 

Dang thirc xay ra khi va chi khi 2a = 3b = 6c . 

5 4 

Dodo P< -. 

f2(ab + bc + ca) + 3 +1 ab + bc + ca + l 

Bai 8. Cho a,b,c la cac so thuc thuoc doan [l;2]. 

( a + b) 2 

Tim gia tri nho nhat cua bieu thirc P = —--- - -. 

c 1 +4(ab + bc + ca) 
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HD : Su dung bat dang thuc AM-GM ta co 4 ab <(a + b)' 
P>_ (° + t ) 2 _.. 


“AT 

c c) 


c 2 +4 (a + b)c + (a + b) 


(;•*) 


(;*;) 


Ta dat t = thi do a,b,c e [l;2] => t - e [l;4] 


Xethamso f(t) = - 


Af 2 _i_ 9 1 

—P? co f\t) = -2>0,Vte[l;4]. 


Vay gia tri nho nhat cua P bang — dat tai a = b = 1; c = 2. 

6 


Bai 9. Cho a,b,c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc 


Jac(a + 2b)(c + 2b) Va 2 +* 2 +c 2 +1 

HD: Su dung bat dang thuc AM-GM ta co: 

ac(a + 2b)(c + 2b) < ^.3a.3c.(a + 2 b){c + 2b) < _L ^a + 4e + 4fr j _ l( a + fr + c ) 4 . 
Va su dung bat dang thuc C-S ta co: (a + b + c) 4 < 9^a 2 + b 2 + c 2 j . 


Suyra P ^^—~ 2 - T ~ I , , ^=- 

a + 6 +c Va 2 +Z? 2 +c 2 +l 

Dat t = Va 2 + & 2 +c 2 +l,(t > 1) khi do P> f(t) = -^~ -—. 


Xethamso -—tren (l;+oo) ta co: 

t 2 -\ t 


m=- 


16 2(t-2)(8t 3 +7t 2 -2t-4) 


(M ' 


;/'( 0 = o <- 


Ta co f (t) doi dau tu am sang duong khi di qua t = 2 nen f(t) dat cue tieu tai 
t = 2, do do P> /(t) > f(2) =-5. 

Vay gia tri nh o nhat cua P bang -5 dat tai a = b = c = 1. 
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Bai 10. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 1. 
Tim gia tri nh d nhat cua bieu thuc 


P = - 


b A( a + b f 


{b + c) +5 be (c + a) +5ca 4 
HD: Su dung bat dang thuc AM-GM ta co: 

a 2 a 3 2a' 


(b + cf +5bc a(b + cf +5abc 2a(b + c)(b + c) + \0abc 
2a 3 „ 3 


^2a+h+c+h+cj 




Tuongtu: - 


(c + a) +5ca 

Suyra P>2>{a 3 +b 3 j-^-(a + h) 2 >^fa + bf -^-(a + h) 2 . 

Dat t = a + h,(0<t<l)khi do P>f{t) = ^(t 2 -t 2 ). 

Xethamso /(t) = ^t 3 -f 2 jvdi te(0;l)taco: 
f'(t) = |(31 2 - 2t);/'(0 = 0 » t ^ |(f > 0) . 

2 

Ta co f (t) doi dau tu am sang duong khi di qua t - — nen f(t) dat cue tieu tai 
1 


f = -.Dod6 P>m>f\-\--- 


Dang thuc xay ra khi va chi khi 


a-b=c-—. 
3 


Vay gia tri nhd nhat cua P bang ~dat tai a-b-c = ^. 

Cach 2: Ta co ( b + cf + 5 be < 2{b 2 + c 2 j + 5 be ~(b + 2c)(c + 2b). 

Suyra 

a 2 . a 2 3a 3 . 3a 3 

(b + cf + 5 be ~{b+ 2 c)(c + 2b) 3 a(b + 2 c)(c + 2b) ~ ^ 3a + b + 2c + c + 2b J 
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Tuang tu ta co: 


> 3Zr . Ta co ket qua tuong tu loi giai tren. 


(c + a)“ +5ca 
Cach 3: Sir dung bat dang thirc AM-GM ta co 

- 4 —* 4 " 2 ; =-f— 

4 (& + c) +5 be 9(b + c ) 9^1 -a) 

Matkhac -4^> -a-- >o. 

1-a 4 4 4(1 -a) 


Suy ra 


Tuong tu ta co: 


(b + c) +5 be 9y4 4) 

b 2 . 4 ( 


(c + a) 2 +5ca 9y4 4) 


Dodo P>- 
9 

>1 

9 

_ 3c 2 c 5 ^ . ]_ 

8 4 72“ 9 

Bai toan 3. Cho a,b,c la cac so thuc duong ta luon co 

a + yfab + y/abc <^(a + Z> + c). 



Chimg mirth. 

Sir dung bat dang thirc AM-GM ta co: 


a + \[ab + l]abc =a + — \la.4b + —yja.4b.\6c 
2 4 


1 a + 4b 

<a + —. - 

2 2 


1 a + 4b + \6c 4, , x 

--- —(«+*«) 


Bat dang thirc dupe chimg minh. Dang thirc xay ra khi va chi khi a - 4b = 16c. 
Nhan xet. Day la chi la mot trubng hop don gian cua danh gia AM - GM tir trung 
binh nhan sang trung binh cong ket hop voi tham so hoa ta co the van dung bat 
dang thirc nay de xay dung cac bai toan cue tri. 

Bai tap tuong tu 

1) Cho a,b,c la cac so thuc khong am thoa man a + b + c = 3. 
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Chung minh rang 2a + —b + Jab + Jbc + Jabc < 7 . 

4 

2) Cho a,b,c la cac so thuc duong. Chung minh 

6 Jab + lc + 8jca <9 (a + b + c). 


> CAC VI DU 

Vi du 1. Cho a,b,c la cac so thuc ducmg. Tim gia tri nho nhat cua bieu thuc 

P = _I_3_. 

a + Jab + Jabc Ja + b + c 

Ldi giai 

Su dung bat dang thuc AM-GM ta duoc: 

nr i i — + znr 13/— a + 4 & + i 6 c 

yab = —^aAb < - ,yabc - —sjaAbAbc < -. 

2 4 4 12 

Suyra Jab + Jbc +Jabc <—[a + b + c] do do P >—— --— , ^ 

3 V 7 2 (a + b + c) Ja + b + c 


3 

3 3(l , 


2t 2 

t2\t 

J 2 2 


Vay gia tri nh d nhat cua P bang dat tai a- —,b = —,c = — . 
' 5 2 ' ' 21 21 21 


Bai tap tuong tu 

Cho a,b,c la cac so thuc duong. Tim gia tri nhd nhat cua bieu thuc 
2 3 


P = - 


a + Jab + Jabc Ja+b + c 
VI du 2. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c < 1. 
Tim gia tri nhd nhat va ldn nhat cua bieu thuc 

6 Jab +7c + Sjca 9ja+b + c 

Ldi giai 

Su dung bat dang thuc AM-GM ta co 
6 Jab + 1 c + 8 Jca = 2ja.9b + lc + AjcAa 
< a + 9b + 1 c + 2(c + Aa) 

-9 (a + b + c) 


Suy ra P> 


9 (a + b + c) 9ja + b + c 9yja + b + c 2 


- —>-J- 

36 36 
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Dang thirc xay ra khi va chi khi 


Ha + b + 
|a =9 b;c 


c =2 

< 

= 4 a 


18 
U ~ 23 

b = — . 
23 

_ 72 
C ~ 23 


Vay gia tri nho nhat cita P bang —— dat tai a = —,b = —,c- —. 

' 36 ' ' 23 23 23 

Bai tap tirong tu* 

Cho a,b,c la cac so thuc duxmg. Tim gia tri nho nhat cua bieu thirc 

p _ iBilC _ i 

6abyfc + l\labc 3 +8 cajb 9 yfa + b + c 
Vi du 3. Cho a,b,c la cac so thuc duong. Tim gia tri Ion nhat cua bieu thuc 
8a + 3b + 4^\[ab +\[bc + ljabc ) 

1 + (a + b + cf 
L&i giai 

Sir dung bat dang thuc AM-GM ta duoc: 

4 \[ab = 2\la.4b <a + 4b 
4 yfbc = 2-JbAc <b + 4c 
4yfabc = l/a.4b.\6c < - 


3 


Cong theo ve 3 bat dang thirc tren ta duoc: 

8a + 3b + 4^s[ab + \[bc + y[abc'j<^-(a+b + c). 

28(a + Z> + c) 14 14(a + Z> + c-l) 2 ^14 


Suyra P< 


3 + 3 (a + b + cf 3 2{^a + b + cf +lj 


Dang thirc xay ra khi va chi khi a + b + c = \,a = 4b = 16c <=> a = —,b = —,c = —. 

21 21 21 


Vay gia tri Ion nhat cua P bang - 
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> BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc 

p =_!_ 8 

2a+b + 2yflbc ^j 2a 2 +2(a + cf+3 

Bai 2. Cho a,b,c la cac so thuc khong am thoa man a + b + c = 3 . 

Chung minh rang 2a + —b + \[ab + yfbc + Ijabc < 1. 

4 

Bai 3. Cho a,b,c la cac so thuc duong. Chung minh 

6 4ab + lc + %4ca <9(a + Z? + c). 


Bai toan 4. Chung minh rang voi moi so thuc x > -1 ta co 


Vx 3 +1< 


x 2 + 2 


n 7 ft 7\7 2 A ,x + l + x 2 —x + 1 x 2 + 2 
Vx 3 +l=^(x + l)(x 2 -x + l)<--- = —^~. 


Chung minh. 

Su dung bat dang thuc AM - GM ta co 

„ x + l + x 2 — x +1 _ x 2 + 2 
~2 2 

Bat dang thuc dupe chung minh. Dau bang xay ra khi va chi khi hoac 
x = 0 hoac x = 2 . 

at dSng thuc khac cung hay dupe dung 

' / 9 \2 X ^ + 1 

Chung minh voi moi so thuc x ta co |x - x + lj > —-—. 


> CAC VI DU 

Vi du 1. Cho a,b,c la cac so thuc duong thoa man dieu kien 

2a 2 + 3 b 2 + 5ab + 2>bc + 2ac + c < 3 + 5a + Sb. 

Chung minh rang . ^ - ffiS s s ^ ^ 1. 

V8 fl +1 yS b +1 V8 C +1 

Ldi giai 

Viet lai dieu kien cua bai toan thanh: (a + b + c - 'S)(2a + 3b + \) <§. 
Vi a,b,c> Onen a + b + c<2>. 

Dat x = 2 a ,y -2 b ,z = 2 c ,(x,y,z > 0) va xyz = 2 a+b+c < 8 . 

Ta can chung mi nh 7 ; , :.~fe , 

7777 7771 7771 
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Suy ra 


V77T 


. Tuong tu: 


m , fT 7 // ,\ x+l+x — x + \ x L +2 

Taco Vx 3 +l = ^(x + l)(x -x + l)<---= ^— 

1 2 1 


+ 1 y +2 Jz 3 +1 z +2 


Dang thuc xay ra khi va chi khi x = y = z = 2. 
n 1 1 12 2 


Vx 3 +1 VT 3+ 1 vz 3 +1 x+2 y+2 z+2 

2 2 2 

Ta chi can chung minh —-+ —-+ —-> 1. 

x 2 +2 y 2 +2 z 2 + 2 

o 2(y 2 + 2)(z 2 + 2) + 2(x 2 + 2)(z 2 + 2) + 2(x 2 + 2)(y 2 + 2) > (x 2 + 2)(y 2 + 2)(z 2 + 2) 
<=> 2^x 2 y 2 + y 2 z 2 + z 2 x 2 ) + 8^x 2 + y 2 + z 2 ) + 24 > 

> x 2 y 2 z 2 +4^x 2 +y 2 +z 2 j + 2^x 2 y 2 +y 2 z 2 + z 2 x 2 ) + 8 
<=> 4^x 2 + y 2 + z 2 j +16 > x 2 y 2 z 2 

^r-—>l (luondung). 


Vi theo bat dang thuc AM-GM ta co 

1 1 1 16 ^ / 1 16 12 16 , 

c 2 y 2 y 2 z 2 y 2 z 2 J x 2 y 2 z 2 x 4 y 4 z 4 8 2 ^4 64 

Bai toan duoc chung minh. Dang thuc xay ra khi va chi khi a-b = c- 1. 
Vi du 2. Cho x,y,z la cac s6 thuc duong thoa man dilu kien xyz = x + y + z + 
1 1 1 


Timgia tri Ionnhat cuabieuthuc P-- 


y/x 2 +2 V/+2 yjz 2 + 2 ' 

Leri giai 

Viet lai dang thuc de bai da cho duoi dang: 

(l + x)(l + y)(l + z) = (l + x)(l + y) + (l + y)(l + z) + (l + z)(l + x). 

1 1 1 

<=>-+-+- 

1+x 1+y 1+z 

Su dung bat dang thuc C-S ta co: 


- = 1 . 


b 2+2 1+ i -b +1 )' 


2 + 2 V 2 + + 1 
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^ , 1 f3 11 [3 1 

Tuangtutaco: I <J—.-; , <J—.-. 

ypn '2 >> + 1 ’ 2 z + 1 

Dang thuc xay ra khi va chi khi x = y = z = 2 . 

Cong theo ve 3 bat dang thiic tren ta duoc 

1 1 1 ^ IJf 1 1 


Vx 2 + 2 V/+ 2 Vz 2 + 2 \2^1+x' 1+y'1 +z 

Dang thiic xay ra khi va chi khi x = y = z = 2 

S A 


Vi du 3. Cho a,b,c la cac so thuc duong thoaman dieukien a +o =c + \. 
Tim gia tri nh d nhat cua bieu thuc 


+ (b + cf yb 3 +(c + a) 3 22 


Lai giai 

Su dung bat dang thiic AM-GM ta co: 


[a 2 +b 2 +c 2 ^ -a 4 + 2a 2 [b 2 + c 2 j + [b 2 + c 2 j =a A +[b 2 +c 2 ^[b 2 +c 2 +2a 2 
>a 4 +^(b + cf |j(6 + cf + 2 a 2 j 

%a 4 +-^(b + c) 2 .2^(b + c ) 2 .2a 2 =a 4 +a[b + cf 


+ (b + c) 


Tuong tu ta co: 


yZ> 3 +(c + a) a +b +c 

Cong theo ve 2 bat dang thiic tren ta duoc: 

a 2 +b 2 2c 3 +1 c 2 +l 2c 3 +1 

P>—~ - -z - T + - = —Z - + - 

a 2 +b 2 +c 2 27 2c 2 +1 27 

(c-1) 2 (4c 3 +8c 2 +14c + 7) 7 7 

27(2c 2 +l) + 9“9 

Dau bang xay ra khi va chi khi a-b = c = 1. Vay gia tri nho nhat cua P bang 7/9. 
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Vi du 4. Cho a,b,c la cac so thuc duong thoa man dieu kien a+b-c+ 1. 
Tim gia tri nho nhat cua bieu thiic 

9a 2 | 9 1) 2 a + b + c 2 


P — 3 — 


- + 3 — 


|| b + c ) +5 be \j(c + a ) +5 ca _9 

J Liti giail 

Su dung bat dang thuc ffi-S va AM-GM tamo: 

9a 2 ^ 9a 2 _ 9a 2 _ 27a 3 

(b + cf + 5bc 2(b 2 + c 2 ) + 5Z>c (<b + 2c)(c + 2b) 3a(b + 2c)(c + 2b) 

> 27a 3 _ 27 a 3 

^3a + Z? + 2c + c + 2Z?j 3 (a + Z> + c) 3 


Suyra 3 


\{b + cf+5bc a + b + c 
Tuong tu ta co: 3j 

Do do P > 


(c + a) 2 + 5ca a + b + c 
3 (a + b) a+b + c 2 _ 3(c + l) c 2 +c + l 


a + b + c 


2c+ 1 


Xethamso /(c) = 
/'(/> = 


3(c + l) c 2 +c + l 


voi oOtaco 


/'(c) = 0 (2c +1) 2 = 27 <=> c = 1. 


2c+ 1 9 

3 2c + 1 _ (2c + 1) 3 -27 - 

(2c + 1) 2+ 9 9(2c + l) 2 

Ta co f (c) doi dau tu am sang duong khi di qua c = 1 nen f(c) dat cue tieu tai c = 1 . 
Dodo P>f(c)>mJ. 

Dang thuc xay ra khi va chi khi a = b = c = 1 . 

Vay gia tri nho nhat cua P bang dat tai a = b=c- 1 . 


> BAI TAP REN LUYEN 

Bai 1. Chung minh rang voi moi so thuc duong a,b,c ta co 


i* 3 ,, 

i 

ja 3 +(b + c) 3 ^ 

b 3 +(c + a ) 3 ^ 


c 3 +(a + Z>) 
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Bai 2. Cho cac so thuc duong x,y,z thoa man dieu kien x,y>\ va xyz = 1 
Tim gia tri Ion nhat cua bieu thiic 

1 1 1 


P = - 


x-X + l 


- y +1 


U -z+l 


, , /0 \^X +1 

HD: Sii dung bat dang thiic: \x -x + lj > —-—, Vx e M. 


Tuongtutaco: ^y 2 -y + l) > ^ + ^ va ^z 2 - z + lj > 


Suyra P<- 


2 

2 2 


r. 4 4 

2x y 


x +1 y +1 z+l x +1 y +1 xf+1 


Ta se chiing minh - 


2x7 


x +1 y +1 x/+l 
Bien d6i tuong duong ta thu dupe: 

«2(xV-l)(x 4 -l)(/-l)>0. 

Bat dang thiic nay luon dung do x,y > 1. 

Vay gia tri Ion nhat cua P bang 3, khi va chi khi x = y = z = 1. 

Bai toan 5. Chiing minh rang voi moi so thuc x,y cimg dau ta co 
ylk 2 +x + yjk 2 +y>k + ^k 2 +x + y . 

Chiing minh. 

Binh phuong hai ve dua ve chiing minh bat dang thiic: 
l^(k 2 + x)(k 2 +y) > 2kyjk 2 +x + y 
<z>[k 2 + x^[k 2 +y^>k 2 [k 2 + x + y)<=>xy >0 

Bat dang thiic cuoi luon dung. Dang thiic xay ra khi va chi khi x 
7 = 0. 

Hay dupe dung: Vl +x + sjx + y > 1 + ^jl + x + y . 

Ta co mot ket qua cung dang 

Voi moi so thuc khong am a,b,c thoa man dieu kien a + b + c- 1 ta co 
\la + b 2 +ylb + c 2 >a + b + ylc + b 2 . 

>CAC VI DU 

Vi du 1. Cho a,b,c la cac so thuc khong am co tong bang 1. Chiing minh 
y/4a + l + y/4b + l +yj4c + l > V5 + 2. 


= 0 hoac 
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Ldi giai 

Ta co 

yJl + X + 7iT7>i+vrTT + y voi moi x,y khong am. 

Khongmattinht6ngquatgiasu a = max [a,b,c}=> a>-. 

Khi do 

y/4b +1 + si Ac +1 > 1 + Vl + 4a + 4b = l + V5-4a . 

Goi P la bieu thuc ve trai ta co 
P>yj4a + \+\ + ^5-4a . 

Xethamso /(a) = y/4a +1 +1 + V5 - 4a lien tuc tren doan 1 j ta co 

^ - fet ^ ;/'(a) = 0<^>V5-4a = V4a + 1 <=>a = — . 

V4a + 1 V5-4a 2 

Taco + + J ^ ;/ ^i + 2 V3;/(1) = V5 + 2. 

Vivay P>/ min = /(l) = V5+2. 

Bat dang thiic dupe chung minh. Dang there xay ra khi va chi khi a-1, 
b = c = 0 hoac cac hoan vi. 

Vi du 2. Cho a,b,c la cac so thuc khong am thay doi thoa man dieu kien 
Vl + a 2 + >/l + 22>+Vl + 2c = 5. 

Tim gia tri Ion nhat cua bieu there P - 2a 3 + b 3 + c 3 . 

L&i giai 

Theo gia thiet va ser dung bai toan phu tren ta co 

Vl + a 2 +Vl + 2i+Vl + 2c>Vl + a 2 + l + Vl + 2Z? + 2c 
> 1 +1 + Vl + « 2 + 2Z? + 2c 

-2 + yll + a 2 +2b + 2c 

Suy ra: \ll + a 2 +2b + 2c <3<=>a 2 +26 + 2c<8<=>Z? + c<4 • 

Taco: P = 2a 3 + (Z? + c) 3 - 3bc(b + c)<2a 3 + {b + c ) 3 <2a 3 + 

Ter gia thiet a,b,c khong am thoa man dieu kien Vl + a 2 + Vl + 2b + Vl + 2c = 5 
suyra 5> \ll + ~a 2 +1 + 1 =>a< 2 V 2 =>0<«< 2 V 2 . 
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Xet ham s6 f(a) = 2a 3 +1^4 - ^-J lien tuc tren ^0; 2yf2 J ta dugc: 
/'(a) = 6a 2 - 3a jk -j = ^a(a-2)[a(l2-a 2 ) + 2(l6-a 2 )]; 

•[: 


f'(a) = 0<r- 


Ta=0 


Ta co: /(0) = 64,/(2) = 24, f (2^2) = 32V2 =# max /(a) = f(0) - 64. 

ae|_0;2V2j 

Vay gia tri Ion nhat cua P bang 64 dat tai a = 0,6 = 0,c = 4 hoac a = 0,b = 4,c = 0. 

Bai tap tuo'ng tu 

Cho x,y,z la cac so thuc khong am thoa man dieu kien sj\ + x + sj\ + y + VlTz = 5 . 
Tim gia tri Ion nhat cua bieu thuc P = x + y-2z + \2\j\ + z . 

Vi du 3. Cho x,y,z la cac so thuc khong am thoa man dieu kien x 2 +y 2 +z 2 = 1. 

Chung minh rdng Jl - ^ + ^1 - ^ + Jl- ^ Z + - > V6 . 

Ldi giai 

k (x + y) 2 1 (y + z) 2 1 (z + x) 2 1 , . . k , 

Trong ba so ----------luon ton tai hai so cung 

4 3 4 3 4 3 


dau, khong mat tinh tong quat gia sir 


\*+ y ) 2 l" 

(z + x) 2 1 

4 3 

4 3 


, r 

\{x + y) 2 ll 

+ r 

(z + x) 2 


L ‘ 

* 3 J 

V 

4 


kl 

(x + y) 2 

1 , (z + x) 2 1 

3 1 

v \ 

L 4 

3 ' 

4 3 


_V<5 14 2x 2 +2 x(y + z) + y 2 +z 2 

"T V3 4 

> y/6 14 2x2 + 2x \ 2 (y 2 + z 2 ) + y 2 + z 2 
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_J6_ 4 Uy 2 + z 2 +y/2x ) _V6 4 [ Vl-x 2 + VL 

"X + , \ 3 2 - X + \ I I 2 


Ser dung bat dang there AM - GM ta co 

□T' “ 


1 y +z _ l + x 

V 1 "' YT i 2 1 


+ ,, a , , .,4 Ul-x 2 +yf2x\ l + x 2 ^ 2yf6 

Vay ta chi can chung mmh I—-1--- + J—-— > ^ . 

Bat dang there cuoi luon dung(ban doc kiem chung). 

Bat dang there dupe chung minh. Dang there xay ra khi va chi khi x = y = z = 


Vi du 4. Cho a,b,c la cac so there thuoc doan [—l;l] va thoa man dieu kien 
a+b+c- 0 . 

Tim gia tri nho nhat cua bieu there P = yJl + a + b 2 + yjl + b + c 2 + \J\ + c + a 2 . 
Ldi giai 

Ta co :a + b 2 ,b + c 2 ,c + a 2 >-lva trong 3 so nay co it nhat hai so hang cung 
ddu, khong mat tinh tong quat ta gia ser [a + b 2 ^[b + c 2 ^> 0 . 

Khi do ap dung bai toan phu ta duoc 

yjl + a + b 2 +yi\ + b + c 2 +y}\ + c +a 2 >\ + yj\ +a+ b 2 +b + c 2 +yj\ + c +a 2 
= 1 + yjl + b 2 +c 2 -c + yjl + c + a 2 


m l+ 


1 + c | +(a + b ) 

= 1 + J^fc 2 -c + 1 +Vl + c) +c 2 

Rut gon vd phai ta dupe: P > 1 + yjlc 2 + 2yjl-c 3 +2 . 

Ta chung minh 1 + yjlc 2 +2 


02 c 2 + 
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<=>1 —c 3 >1 —2c 2 +c 4 <=>c 2 (c 2 + c-2)<0<=>c 2 (c-l)(c + 2)<0 (luon dung 
vdi ce[-l;l]). 

Vay gia tri nh d nhat cua P bang 3 dat tai a = b = c = 0 . 

Vi du 5. Cho a,b,c la cac so thuc khong am thay doi thoa man dieu kien 
a+ b + c = \ . Tim gia tri nho nhat cua bieu thuc 

P = Vo + d 2 ” + ^fb + c 2 + \fcVa 2 . 


Loi giai 


Ta co: 

P> a + b + ylc + b 2 + yjc + a 2 >a 
= 1 - c + ^4c + (l - c =l-c + 


+ b + + (a + b) 2 


cac hoan vi. 

Vi du 6. Chung minh rang vdi x,y la hai so thuc khong am thoa man x + y > lta 
luon co -s lx 2 + x + 4 + yjy 2 +y + 4 <2 + ^/(x + y) 2 +x + y + 4 . 


Ldi giai 

Bat dang thuc da cho tuong duong vdi 
x 2 +y 2 + x + y + 8 + 2^x 2 + x + 4^y 2 + y + 4 j 

<4 + 4 y/(x + y) 2 + x + y + 4 +(x + y) 2 +x + y + 4 
<=> ^x 2 + x + 4^y 2 + y + 4j <xy + 2^(x + y) 2 +x + y + 4 
<=> (x 2 + x + 4)(y 2 + y + 4) < x 2 y 2 + 4xyyJ(x + y) 2 + x + y + 4 + 4^(x + yf + x + y + 4 j 

<=>xyj^4-J(x + y) 2 + x + y+ 4 +x+y-?j>0(luondung do x + y > 1). 

Ta co mot s6 k§t qua cung dang 

+ Chung minh rang vdi moi so thuc khong am x,y ta luon co 
\lx 2 - x + 1 +Jy 2 - y + 1 <l + -J(x + y) 2 - x-y + 1. 

Dang thuc xay ra khi va chi khi x = 0 hoac y = 0. 

+ Chung minh rang vdi moi so thuc khong am x,y ta luon co 

yjx 2 +x + k 2 +^jy 2 +y + k 2 <k + ij(x + y) 2 +x + y + k 2 . 
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Dang there xay ra khi va chi khi x = 0 hoac y - 0. 

Bai toan ap dung 

Cho a,b,c la cac so there khong am thoa man dieu kien a + b + c = 3 . 
Tim gia tri ldn nhat va nho nhat cua bieu there 

P- \la 2 +a + 4 + yjb 2 + b + 4 +Vc 2 + c + 4 . 


Vi du 7. Cho x,y,z la cac so there khong am thoa man dieu kien xy + yz + zx> 0 . 
Tim gia tri nho nhat cua bieu there 

+ WzTI + 2yjx + 2y + 4 . 


<J.x(y + z) + 2z 2 Jy(x + 4z) 

Lifi giai 

Ser dung ket qua bai toan phu ta co 

4yjz + l + 2yjx + 2y + 4 = 4^a/z + 1 + ^ ^ +1 

> 4 fi + k + z + z + i 


Chuy 


V 4 2 

= 4 + 2yjx + 2y + 4z + 4 

2V2 ^ 2V2 


yjx(y + z) + 2z 2 yjsxy + Sxz + I6z 2 x + 2y + 4z’ 

1 2V2 ^ 2V2 


y{x + 4z)) 2yj2y(x + 4 z) x + 2y + 4z 
Dat t - x - 2y + 4z > 0 ta suy ra: P > + 2^jt + 4 + 4. 

Xet ham / (t) = + 2^Jt + 4 + 4 ta co ngay Min=4 + 5 a /2 . 

Vay gia tri nho nhat cua P bang 4 + 5^2 dat tai (x,y,z) = (2;1;0). 


> BAI TAP REN LUYEN 

Bai 1. Cho x,y,z la cac so there khong am thoa man dieu kien 
yjx 2 +4+^/3y + 4 + V3z + 4 = 8. 
Tim gia tri ldn nhat cua bieu there P = 2x 3 +9^y 3 +z 3 j. 
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HD: Dung bat dang thiic phu danh gia 

8 = \lx 2 +4 + ^2>y + 4 + V3z + 4 > Vx 2 +4 + 2 + A( /4 + 3y+ 3z 

>4 + ^4 + x 2 +3y + 3z=>y + z< 

=> P < 2x 3 + 9(y + zf < 2x 3 + ^(l2 -x 2 ) 3 < 576 
Bai 2. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
vm + Vl + y + -J\ + z = 5 . 

Tim gia tri lbn nhat cua bieu thiic P-x + y-2z + 12-n/TT ~z . 

Bai 3. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
Vl + 2x 2 +-\]l + 2y 2 + Vl + 2z 2 =5 . 

Chung minh rang 4^2x 3 +y 6 + z 6 <64 . 

Bai toan 6. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
xy + yz + zx > 0,z = max[x,y,z } 

Taluonco OE + OZI>I*±Z^ 

\y+z \z+x V z 

Chieng minh. 

That vay ta co the gia sii x < y. Neu x = 0 bat dang thiic trb thanh dang thiic. 

V6i z > y > x > 0 khi do viet lai bat dang thiic dudi dang: 

I xz + I yZ > 1 . 

]j(x + y)(y + z) ]j (x + y)(x + z) 

Ta co 

I xz _ 2xz > 2xz _ 2xz 

\( x + y)(y + z) 2 Jz(x + y).x(y + z) z(x + y) + x(y + z) xy + yz + 2zx 

I y z 2yz ^ 2yz 2 yz 

V {y + z ){x + y) 2y]y(x + z).z(x + y) y(x +z) +z(x +y) xy + xz + 2yz 
Mat khac xy + xz + 2yz > xy + yz + 2zx suy ra 

I XZ | I yz ^ 2xz | 2yz _ 2(xz + yz) ^ 
v(x + y)(y + z) V(x + y)(x + z) xy + yz + 2zx xy + yz + 2zx xy + yz + 2zx 

Vi yz > xz. 

Bat dang thiic duoc chiing minh. 
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Dang thuc xay ra khi va chi khi x-y = z hoac x = 0 hoac y = 0. 

Ngoai ra ta co mot danh gia yeu hon nhu sau: 

f~*~ ! f~r^ 2 { x+ y) ' 

\y + z \z + x x + y + z 

Mot Mt d&ng thuc co dang tmmg tu 

Cho x,y,z la cac so thuc khong am va z = min [x,y,z];xy + yz + zx> 0 ta co 


>2 


x + y 


\y + z \z + x \ x + y+ 2z 

Chirng minh. 

Su dung bat dang thuc Holder ta co 

( x 2 (y +z ) + y 2 ( z+x ))-( x+ yf 
i x+ yf 


V y + z \z + x ^ x 2 (y + z) + y 2 (z + x) 

Chu y su dung bat dang thuc AM - GM ta co 
x 2 (y + z) + y 2 (z + x) = xy (x + y - 2z) + z(x + y) 2 


Suyra 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y . 



i x+ y~ lz ) +z i x+ yy 

_ (x + y) 4 + 2z(x + y) 2 



4 

r ^4 

]jy + z 

■ J ^> 

iz+x | 

1 (-^) 3 . r 

(x + y) 4 +2z(x + y) 2 V 



4 


> CAC VI DU 

Vi du 1. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
xy + yz + zx > 0, z = max {x, y,zj 

y 


Tim gia tri nh d nhat cua bieu thuc P4=--T+fi —— + 33 - 

y+z \z + x \ x + y 
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Loi giai 


Su dung bat dang thuc AM-GM ta co: -+1 > 2 

j + z ' 


SuyraPa2 l 


Ta chung minh. 


\y + z \z + x x + y + z 

That vay neu x = 0 hoac y - 0gia su y - 0bat dang thuc trd thanh: 

<=>x(x + z) 2 >4 x 2 z<=>x(x-z) 2 > 0 (luon dung). 

V z x + z 

Voi x, y > 0 su dung bat dang thuc AM-GM ta co: 

I * | I y x | y ^ 2 x | 2 y _2 (x + y) 

\y + z \z + x ^(y + z) jy(z + x) x + y + z x + y + z x + y + z 

Vay P> 4 ( X + y K 33/—^-1 =---+ 35/ r 1. 

x+y+z \x+y 1| z \x+y 

x + y 

4 IT 

Xet ham so /( t) = -- + 3t -1 voi t > 3 — ta co: 

1 + r V 2 


12t 2 3(t-l)(t 2 +t-l)(t 3 +2t + l) 

f'(t) = - —— ^- + 3 = —-^^-i;/l(/) = 0ot = 


l+T' 


l + T 


= l,f t>3^~ 
I V 2 


Ta co f (t) doi dau tu am sang duong khi di qua t -1 ncn f(t) dat cue tieu tai 
t = 1 hay P> f(t)> /(l) = 4 . Dang thuc xay ra khi va chi khi y = 0,x = z . 

Vay gia tri nho nhat cua P bang 4 dat tai x = z,y = 0. 

Bai tap tu ong tu 

Cho x,y,z la cac so thuc khong am thoa man dieu kien 
xy + yz + zx>0,z = mox{x,y,z} 
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Vi du 2. Cho x,y,z la cac so thuc khong am thoa man dieu kien xy + yz + zx> 0 . 


Chung minh rang 1 


48x 


48 y 


+ 1 + ^1+ i + 


48z ^ 
x + y 


z + x 

L&i giai 

Khong mat tinh tong quat gia sir z = min {x, y, zj ta co 


>2 


x + y 


\y+z A/z + x \x + y + 2z 

Sir dung bat dang thuc Mincopski va bat dang thuc tren ta duoc 


\ y+z M z+x V \z+x 


x + y 
x + y + 2z 


48(x + y) 
x + y + 2z 


Vay ta chi can chimg minh 2. 1 + ——— + 1 1 + 48—^— >15. 

V x + y + 2z V * + T 

Bat dang thuc kha don gian bang each dat t- 1+ , 1 < t < 5. 

\ x + y 

Ban doc tu chimg minh. 

Bat dang thuc duoc chimg minh. Bang thuc xay ra khi va chi khi x = y = z hoac 
x = y; z = 0 hoac cac hoan vi. 

Bai tap tuo ng ty 

Cho x,y,z la cac so thuc duong chimg minh rang 


16x 

t-- 

y + z 


+ ./i + 2SfcJ. in 


16 z 
x+y 


>9. 


Tim gia tri nh d nhat cua bieu thuc P - 


Vi du 3. Xet cac so thuc a>b>c> 0 thoa man dieu kien a + b + c- 1. 

MHZo- / b 24 

Vb + c \c + a 5yl5(a + b) 
Ldi giai 

Theo gia thiet ket hop bat dang thirc phu ta co 
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\b + c \ c + a 5^5(a+b) 
24 


f 

taco 

3. 


f\c) = - 


\ a + b + 2c 5 ^/5 (a + b) 

= 2 I^ + 24 

Vl + c 5 ^ 7 ) 

\l- c 24 

Xet ham so /(c) = 2.1 -h - . tren nua khoang 0; 

Vl + c 5^5(1 -c) 

-10V5(l-c) + 12(l + c)Vl+^ 

5V5(l-c 2 )Vl-c 2 

/'(c) = 0^>-10V5(l-c) + 12(l + c)VT+c=0 

« 125(1 - cf =36(1 + cf o 36c 3 - 17c 2 + 358c - 89 = 0 

«(4c-1)(9c 2 -2c + 89) = 0^>c = ^- 

Tir do suy ra / (c) > • 

Dau bang dat tai a=b = -,c = —. Vay gia tri nho nhat cua P bang . 

84' ' 5vl5 


Vi du 4(TSDH Khoi B/2014) Cho a,b,c la cac so thuc khong am thoa man dieu 
kien c{a + b) > 0 . Tim gia tri nho nMt cua bieu thuc 


Chuy J-0-i 2 “ 


\b + c \c + a 2 (a + b) 
L&i giai 
I b ^ 2b 


Tvr do suy ra P > 


b + c a + b + c \c + a a + b + c 
2 (a + b) c 2 


i + b + c 2(a + Z>) ^ | c 2[a + b) 

a+b 


Dat t - - ,t > 0 khi do su dung bat dang thuc AM - GM ta co 

a + b 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


l + t 2 t + \ 2 2 \t + l 2 2 2 

Dang thiic xay ra khi va chi khi a = c,b = 0 hoac a = 0,b = c . 

Bai tap tiro'ng ty 

Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 +b 2 +c 2 = 2. 

I l + bc I l + ca c 


Tim gia tri nh d nhat cua bieu thiic P - 


\j(b + c ) 2 \j(a + c ) 2 2 (a +b) 

Vi du 5. Cho a,b,c la cac so thuc khong am thoa man dieu kiera ab + bc + ca> 0. 
Tim gia tri nho nhat cua bieu thuc P - . 


\b + c 
Liti gidi 


Ta se chung minh: 


- + 2 J 


>2. 


V b + c \2c + a \a + b + c 

+ Neu c bang 0 ta chi can su dung bat dang thiic AM - GM cho hai so duong co 
dieu phai chiing minh. 

+ Neu a bang 0 khi do ta can chiing minh 



» 4 > (2 - xf (2x 2 + 1) » x(2x 3 -8x 2 + 9x - 4) < 0 

Bat dang thiic cuoi dung voi x < 2 . 

Neu b bang 0 chiing minh tuong tu trudng hop tren. 

Ta xet tat ca cac so deu duong khi do sii dung bat dang thiic AM - GM ta co 

r + 2, 


1 c a + 

b 

2c 

V a + b + c ^ja^b + c) 

<jb(2c + a) J 

c[a + b + c ) 


a + b + c a + b + 2c a + b + 2c a + b + 2c 

Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a = b,c = 0 . 

, 25 

Vi du 6. Cho cac so thuc x, y, z e [0;l) thoa man dieu kien x + y + z- — . 
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Lfri giai 

25 25 2 

Khong mat tinh tong quat gia sir z = min {x,y,z} => z < — => x + y = — - z > — . 
Sir dung bat dang thiic Holder ta co: 


Suyra , 


(*^) 3 


V l-x )Jl-y ]jx 2 (l-x) + y 2 (l-y) 

Chu y. Su dung bat dang thiic AM - GM ta co 
x 2 (l-x) + y 2 (l-y) = x 2 +y 2 -x 3 -y 3 

= (x + yf ~{x + yf +xy(3(x + y)-2) 

<(x + yf-(x + yf (3(x + y)-2)' 

= i(x + y) 2 -I(x + y) 3 


1/ , x2 1, , x3 \ 23 + 24z 

2 (-*+>>) ~^ x+ y) 



25-24z 

Vl-z v ' V 23 + 24z 

f\z) = 0 ^ 2304 2 (1 -zfz = (23 + 24z) 3 (25 - 24z) 

r 25 i 

Phuong trinh cuoi co 2 nghiem thupc doan 0;— do la 0 < z, < z 2 = 
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Lap bang bien thien suy ra min /(z) = f (0) = ,— . 

V 23 

Vay gia tri nho nhat cua P bang -4= dat tai x = y = —, z = 0 hoac cac hoan vi. 
' %/23 ’ ' 48 

Bai tap tuo ng duong ty 

1) Cho a,b,c la cac so thuc khong am thoa man dieu kien 
1 1 1 _ 1 
a 2 +47 b 2 +47 c 2 +47 24' 

[47 

Chung minh rang a + b + c>10J— . 

HD: Ton tai x,y,ze\ 0;l) sao cho ——^— = -—— = -—— — = -——. 

' L ' a 2 +47 47 b 2 + 47 47 c 2 +47 47 


Khido x+y+z -—;P =-+ M—+ J-. 

24 V1 — x \l-y VI -z 

Day chinh la bai toan tren. 


2) Cho cac so thuc a,b,c > 1 va - 
Chung minh rang a+b+c> 15 . 


1 


1 


1 


1 


( 2 +47 b 2 +47 c 2 +47 24' 


> BAI TAP REN LUYEN 

Bai 1. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
xy + yz + zx > 0,z = max{x,y,z } 

Tim gia tri nho nhat 

HD: Ta chung minh. 

That vay neu x = 0 hoac y - 0 gia su y = 0 bat dang thuc trb thanh: 





-<=>x(x + z) 2 >4x 2 z»x(x-z) 2 > 0 (luon dung). 


V z x + z 

Voi x, y > 0 su dung bat dang thuc AM-GM ta co: 


rn + n~ * y ^ 2x i _ 2 ( x+ y) 

\ y + z V z + x ^x( y + z) Jy(z + x) x + y + z x + y + z x + y + z 
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4 (x+y) , 

Vay P>-± - - + 3}\- 


x + y + z W+y 1 + 


- + 33- 

_ M*+y 


, U>3- =>P^/( ? )«- 


4 [Y 

Xet ham so /(?) =-- + 3 1 vdi t>}\— ta co: 

1 + ? 3 \2 


l + r 

12? 2 3(?-l)[? 2 +?-l)[? 3 +2? + lj f (I 

/(0 = -fi + rf +3 " (i+? 3 f ;/(0=o«? = i|?>3|- 


Ta co f (t) doi dau tur am sang duong khi di qua t - 1 ncn f(t) dat cue tieu tai 
t = 1 hay P > /(?) > /(l) = 5. Dang thuc xay ra khi va chi khi y = 0,x-z. 

Vay gia tri nho nhat cua P bang 5 dat tai x = z,y = 0. 

Bai 2. Cho x,y,z la cac so thuc khong am thoa man dieu kien xy + yz + zx> 0. 


Chung minh rang 


y 


\ y + z \ z + x \x + y 
HD: Gia su z = min{x,y,z} khi do ta co 


- > 2 1 + 


xyz 


(■x + y)(y + z)(z + x ) ' 


x + y 

y y + z ' ]/ z + x ~~]J x + y + 2z ' 

Chu y su dung bat dang thuc AM - GM ta co 

1 , 1 ( x + yf 


xy 


(x + z)(y + z) z(x + y + z) +i 4z(x + y + z) | ^ ( x + y + 2zf 
(x + yf 


Do vay ta chi can chung minh 2 I — X + -t- /—-— >2 1 + 

\x + y + 2z ]jx + y V 


Dat t - - dua ve chung minh bat dang thuc mot bien. 

\x + y 


z{x+y) 

(x + y + 2zf 


Bai 3. Cho a,b,c la cac so thuc khong am thoa man dieu kien a +b +c =2. 
Tim gia tri nh o nhat cua bieu thuc P - 


1 + bc 


1 + ca 


{b + cf ]j(a + c) 2 2 (a + b)' 
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HD: Chiiy 

\ + bc>a(b + c)-,\ + ca>b(a + c)^>P> I U + I — + 


yb+c p+a 2 (a + b 

. r it 


O" 2 ' 


Dang thiic xay ra khi va chi khi x - 0 . 

Chung minh. Xem chii de 1 Khao sat ham mot bien. 


Tu bat dang thiic tren ta co x > In 1 + x +— + ... + — 
1 2! n\ 


Thong thucmg sii dung bat dang thiic x > ln(l + x), Vx > 0 . 


Vi du 1(TSDH Khoi A,A1/2012) Cho x,y,z la ba so thuc thoa man dieu kien 
x + y + z-0. Tim gia tri nb o nhat cua bieu thiic 

P = 3^! + 3 |y_z| + 3 |z ' x| - ^6x 2 +6y 2 +6z 2 . 


Leri gidi 

Nhan xet. Bieu thiic P va dieu kien cac bien co vai trd nhu nhau nen dir doan dau 
bang xay ra tai x = y = z suy ra x = y = z = 0 khi do P = 3 . Vay ta di chiing 
minh P khong nho hon 3. 

Thay z — —x — y vao P ta duoc: 

P = sjM + 3^%' 3 |y+2z| - ^ 6.v 2 + 6 v 2 + 6 (-.v - y) 2 . 

Suy ra: 

P > \x - y\ + 1 + |x + 2y\ +1 + y + 2x| +1 - ^6x 2 +6y 2 +6(x + yf 
> |4x + 2y| + 3 - ^/l2x 2 + 12y 2 + 12x_y 
Ta chiing minh P>3 vay ta di chiing minh: 

|4x + 2y| + 3 - ^/l2x 2 + 12y 2 + 12xy > 3 <=> |2x + y\ > -^3x 2 + 3y 2 + 3xy . 

» 4x 2 + 4xy + y 2 > 3x 2 + 3y 2 + 3xy 
<=>x 2 +xy-2y 2 > 0 <=> (x -y)(x + 2y) > 0 
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Be bat dang thiic cuoi dung ndu ta co x>y>z^>2x + y>0 va 
x+2y=x+y+y=-z+y>0 (chi viec gia sir x > y > z tvr dau) do do bat dang 
thiic duoc chiing minh tire P>3. 

Vay gia tri nho nhat cua P bang 3 dat tai x = y = z = 0. 

Nhan xet. Nhu vay bang viec du doan dau bang xay ra va bien doi bat dang thiic 
tuong duong ta nghi den viec gia sir x>y>z day chinh la nut that dua den lbi giai 
het siic tu nhien nhu tren. 

Vi du 2. Cho x,y,z la cac so thuc duong thoa man dieu kien xy + yz + zx- 3. 

Tim gia tri nh o nhat cua bieu thiic 


p=ioMiio | - v_z| +io 1 ' 




x +y +z 
3 (x + y+ z) 


Lot giai 


Ta co: x 2 y 2 + y 2 z 2 + z 2 x 2 < -(x 2 + y 2 + z 2 j 2 




Suy ra: 

P > 10 |x_ ^ + 10 F_Z + 10 |z_ fA ; H( x 2 + y 2 + z 2 ) 


^ +10 l H 

= 10^1 + 10 |y_z| + loHfs*i|[(x -yf +(y-zf +(z-xf + 6] 
= 10M + 10 |y_z| + 10 z “4^~(x - y f + {y - zf + (z - xf ] -y 


Xet ham so fit)-10‘ - —t 2 voi t > 0 ta co 
18 


/'(0 = 10 ? lnl0-y/;/ n (0 = 10 ? ln 2 10-y>ln 2 10-y>0nen f(t) la ham 
dong bien tren [0;+oo)=» f\t)> /'(0) = 0nen f(t) la ham dong bien tren 
[0;+oo) do do f{t) > f(0) = 1. 
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Hay 10'-— t 2 >l,W>0. 

18 

Ap dung vdi t - |x - y\, \y - z|,|z - x| ta co: 

1 0 M +1 0 M + 10 |z_x| - j|[(x - yf + (y - zf + (z - xf ] > 3. 


Do do gia tri nh d nhat cua P bang -—dat tai x = y = z - \. 


Vi du 3. Cho x,y,z la cac so thuc thoa man dieu kien x + y + z-0. 

Tim gia tri nh d nhat cua bieu thuc 

P = |2x-y| + |2y-z| + |2z-x|-ln^l4(x 2 +/+z 2 )+lj. 

L&i giai 

Nhan xet. Du doan dau bang dat tai x = y = z=>x = y = z = 0=>P = 0. 

Vay ta chung minh P dat gia tri nhd nhat bang 0. 

Thay z = -x - y vao bieu thuc cua P ta duoc: 

P = |2x - 4* |x + 3y| + \2y + 3x| - lnj^l^x 2 +y 2 +(-x-yf) +1 j 

>|2x-y + x + 3y + 2y + 3x|-ln^28(x 2 + y 2 + xy)+lj 

= |6x + 4y|-ln^28(x 2 +y 2 +xy) + lj 

Ta can chung minh: |6x + 4||,A Inj^28^x 2 + y 2 +xyj +1 j > 0. 

|6x + 4y| > ln^28^x 2 +y 2 +xyj + lj . 

Su dung bat dang thuc quen thuoc: In (x +1) < x, Vx > 0 ta co: 
ln^28^x 2 +y 2 +xyj + lj<^28^x 2 + y 1 + x_y) . 

Vay nhan dinh duoc chung minh neu ta chung minh duoc bat dang thuc sau dung: 
|6x + 4y| > ^28(x 2 +y 2 +xy) o 36x 2 + 48xy + 16y 2 > 28x 2 + 28y 2 + 28xy . 
<=> 8x 2 +20xy-12y 2 >0 <=>(x + 3y)(8x + 4y)>0 . 
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Bat dang thuc cuoi luon dung ndu ta co xy> 0. That vay voi ba s6 x,y,z luon co 
hai so cung dau va bai toan ket thiic neu ta gia sii tir dau x,y cung dau. 

Vay gia tri nho nhat cua P bang 0 dat tai x = y = z = 0 . 

Vf du 4. Cho a,b la hai so thuc duong thoa man dieu kien a + b-a 4 +b 4 . 

Chung minh rang a a b h <\<a a b h . 

L&i giai 

Bat dang thuc da cho tuong duong voi: a\na + b\nb<0<a 3 lna + b 3 ]nb. 

De chung minh bat dang thuc ve trai ta su dung bat dang thiic 

lnx<x-l,Vx>0tac6alna + Z>lnZ><a(a-l) + Z>(Z>-l) = a 2 +Z> 2 -a-Z>. 

Vay ta chi can chung minh a 2 +b 2 <a + b. 

That vay su dung bat dang thuc Holder ta co 

[a 4 +b 4 j(a +bf > ^ a 2 +& 2 ) =^> a 2 +b 2 <a+b. 

Ta co dieu phai chung minh. Dang thuc xay ra khi va chi khi a = b = 1. 

Chung minh bat dang thiic ve phai 

Theo gia thiet ket hop sii dung bat dang thiic AM - GM ta co 
a + b-a 4 +b 4 >^(a + Z>) 4 =>a + b<2=>a,b&(0;2). 


Khi do xet ham so /(jc) = 31nx+ - 


/•(x)=--1 -4- 


G-i)(- 


- tren khoang (0;2) ta co 


-; / '(x) = 0<^>x = le(0;2). 


Khi do f (x) doi dau tu am sang duong khi di qua x = 1 nen f(x) dat cue tieu tai 
x — 1. 


Vi vay /(x)>/(l) = 0<=>x 3 lnx>- 


3 3 

Bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi a-b-l. 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


> BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la cac so thuc thay doi thoa man a,b> 0 ,c > 0 va a+b + c = 1 . 
Tim gia tri ldn nhat cua bieu thuc 

s( \-y/c 2 + 1) 


P = 


—Infl + a 2 ) + —^—lnfl + b 2 ) + 
in v / 2014 ' > 


2013 


3c 


Do a,&>0,c>0,a + d + c = l=>«,de[0;l],ce(0;l]. 

Su dung ket qua bai toan phu ta co 

fftr — In (l + a 2 — ln(l + 6 2 W —— b 2 

2013 V ' 2014 V > 2013 2014 


„ 1 1 » ^ 4 4 U 4 / v 

< - a A - b<—a + — b-— (1-c) 

2013 2014 3 3 3 V ' 


Dodo: P<—(l-c) + - 


3c 

8(l-Vc 2 +3| 


lien tuc tren (0;l], ta co: 


Xethamso g(c) = — (l-c)+ ^ 

, C -\lc 2 + 3 

gXc y^4-LAJSI _ = -£-J- + 8 

gU 3 3c 2 3' c 2 3 3c 2 

24-4c 2 Vc 2 +3-8Vc 2 +3 

g\c) = - -—=== ->0,Vce(0;lJ. 

3c 2 Vc 2 +3 

Nen g(c) la ham dong bien tren (0;l]. Suy ra g(c) < g(l) = . 


Vay gia tri ldn nhat cua P bang —— khi a = b = 0,c = 1. 

Bai 2. Cho x,y,z la cac so thuc. Tim gia tri nh d nhat cua bieu thuc 
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Do do P > 3 +|k— y\ + \y —z\ + \z - x\ - 2<Jx 2 +y 2 +z 2 -xy-yz-zx . 

Ta chung minh |x - y\ + \y - zj + jz'f^J - 2y]x 2 + y 2 + z 2 - xy - yz - zx > 0 . 
Khong mat tinh tong quat gia su x> y> z bat dang thuc tro thanh 

(■ x-y) + (y-z) + (x-z)>2 ] jj(x-y) 2 +±(y-z) 2 + ±(z-xf 
«2 (x-z)>^((x-yf + (y-z) 2 + (z-xf) 

^4(x-zf>2((x-y) 2 + (y-zf + (z-xf) 


o(x-zf>(x-y) 2 + (y-z) 2 

«(( x-y) + (y-z)) 2 >(x-y) 2 +(y-z) 2 o2(x-y)(y-z)>0 ' 
Bat dang thuc cuoi luon dung ta co dpcm. Suy ra P> 3 . 

Vay gia tri nho nhat cua P bang 3 dat tai x = y = z. 

Bai 3. Cho x,y,z la cac so thuc khong am thoa man dieu kien 


(x + y) +(y + z) +(z + x) <18. 


Tim gia tri Ion nhat cuabieu thuc P-4 3 +4 3 + 4 3 - (x+ y + z) 

10o ’ 


Bai 3. HD : Ta chung minh 4 3 <x + l,Vx e[0;3]. 


Xet ham so f(x)-4 3 -x-\ voi x e[0;3] ta co 

f\x) = \\n4A 3 -1;/'(*) = 0<=>x = x 0 =3log 4 . 

3 ln3 

Ta co f (x) doi dau tu am sang duong khi di qua x 0 nen f(x) dat cue tieu tai x 0 . 


Dodo /(x)< max {/(0);/(3)} = 0 hay 4 3 <x + lvoimoi xe[0;3]. 

Dang thuc xay ra khi va chi khi x = 0 hoac x = 3. 

. . (x + y + z) 4 

Suy ra P<{x + y + z) + 3--^--- . 


108 
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Dang there xay ra khi va chi khi x = 0 hoac y = 0. 
Chieng minh. 

Bat dang there da cho tuong duang vai: 
l-x 1 -y 


1 + x 


l + y 

^>(1- 

(l + x' 


(lziKlzz)< 1 + lz£zz +2 


1 — x — y 


(l + x)(l + y) 

)(l + y) p + x + y 


Chuy (IzlUlzA-hlZZ 


l + x + y \l+x+y 

1 —x—y l-x 

+--- 

l + x + y 1 + x 

2 xy(x + y) 


fey 

i +y 


(l + x)(l + y) l + x + y (l + x)(l + y)(l + x + y) 
1 -x-y l-x 1 -y _ 2xy(x + y+ 2) 


Suy ra 


l + x + y 1 + x l + y (l + x)(l + y)(l + x + y) 
2 xy(x + y) 

(Lt 


(IzfO&zjO 

(l + x)(l + y) 


x)(l + y)(l + x+y) 


'1 -x-y 

l + x + y l (l-x)(l-y) 

I 

2 xy(x + y) 

(l + x)(l + y)(l + x + y) 
1 -x-y 
l + x + y 
xy{x + y) 


1 — x — y 
l + x + y 


Vay ta chi can chcmg minh 
_ xy{x + y) 


(l + x)(l + y)(l + x + y) 
_^ xy(x + y + 2) 


1 -x-y 
l + x + y 


(l + x)(l + y)(l + x + y) 


1 -x-y 
l + x + y 


(1 + x)(l + y)(l + x + y) 


1 -x-y v 


x + y 
l+x+y x+y+2 
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Bat dang thuc cuoi luon dung do 

/1-2/3 


x + y 


1 — x — y 
l+x+y x+y+ 2” 


- -- = -L-I>o. 

1 + 2/3 2/3 + 2 V? 4 


> CAC VI DU 

Vi du 1. Cho x,y,z la cac so thuc khong am thoa man dieu kien x + y+ z = 1 . 
Tim gia tri Ion nhat va nho nhat cua bieu thuc 

ft-* . F7. u fe 

Vl + z ' 


P = i 


Tim gia tri nh o nh at 

Chuyvdi x,y,z e [0;l]ta co (l-x)|l-(l-x 2 )j>0 


Tuongtutaco -—— >1 -y;J- — ->l-z. 

\1 +y Vl+z 

Cong theo ve ba bat dang thuc tren ta duoc: 


P = ., 


->3—x—y—z=2. 


hz, 

V1 + x ]Jl + y Ml + z 
Dang thuc xay ra khi va chi khi x = l,y = z = 0 hoac cac hoan vi. 
Cach 2: Neu de y ta co 


pm 


- = 2 


, x+y 

V (* + ?) + (.X +4 ^(y + z) + (y + z) ]j(z+x)+'(z + y) 

2 (>- + ") , 2 (z+*> , + 

2(x + y + z) 2(x + y + z) 2(x + y + z) 

Tim gia tri Ion nhat 

1 2 

Khong mat tinh tong quat gia sir z = max {x,y,z} => z>—;x + y < — . 
Khi do su dung bat dang thuc phu ta co 
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Suyra P<1 + ,M—+ ^. 

\z + 2 W + z 


'l-z A 


1 ■ 


Xet ham so f(z) = 1 + I-+, j- tren doan —; 1 ta co 


z+2 \l+z 


3’ 


m=- 


( 2 -- 




V ’ \il + z 


.n 2 ) = 0«(l + Z ) 3 (.-p-,) 3 ^^; ^;1 


So sanh cac gia tri suyra maxf(z) = max\f\ - \;f\ - |;/(l)J. = /^-j = —+ 1 


fn.,rn 


3f 2! 


rn 2 


Vay gia tri ldn nhat cua P bang 1 + . 

V3 


Bai tap tuong tu 

Cho x,y,z la cac so thuc khong am thoa man dieu kien 
z = max{x,y,z};x + y+ z = 1. 

T^7 


Tim gia tri Ion nhat cua bieu thuc P - . -+ —— + 

A, l + x p + y 

> BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la cac so thuc khong am thoa man dieu kien 
1 1 1 
\ + a 1 + b 2 l + c z 
Tim gia tri nh d nhat va Ion nhat cua bieu thuc P-a + b + c. 

Bai toan 8. Cho x,y la hai so thuc duong thoa man x + y < 1 ta luon co 


--1 


- = 2 . 


Dang thuc xay ra khi va chi khi x = y. 

Chung minh. 

, - 111 4 

Bat dang thuc da cho tuong duong voi:-> - 


xy x y (x + yf x + y 
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1 4 114 

<=>-> —i- 

xy (x + yf x y x + y 

„ ( x ~y ) 2 ^ {*-yf 

xy(x + yf xy{x + y) 
^(x-yf(\-x-y)>0 
Dang thiic xay ra khi va chi khi x = y. 


> CAC VI DU 

Vi du 1. Cho a,b,c la cac so thvrc duong thoa man dieu kien a + b + c = 1. 

18 


Tim gia tri nho nhat cua bieu thiic P = 


HH 


a + b + 2c 


Loti giai 


f 1 Af 1 ^_ (l-a)(l-^) _ l-(a + ^) + ^ _ c ; 1 


. Dang thiic xay ra khi va chi khi a = b . 


Suy ra 


IHr'l-gpIsT-S' 


n c +1 18 c +1 18 

Dodo P> -+-=-+-. 

1 — c a + b + 2c 1 — c 1 + c 


, , c +1 18 fc + l 18 


1 — C 1 + C vl-C 1 + c 


+ -15 +15 = 


4(2c-l) 


1 -cf 
1 -c 1 


Vay gia tri nho nhat cua P bang 15 dat tai a-b-^,c = . 

Cach 2: Sii dung bat dang thiic phu ta co 


P>- 


—1 + - 


18 


a+b a+b+2c 1-c 1+c 

Thuc hien danh gia nhu ldi giai tren ta co ket qua bai toan. 

Nhan xet. Ldi giai 2 cho ta danh gia trong trudng hop tong ba so khac 1. 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Bai toan 9. Chung minh rang voi moi so thuc khong am a,b thoa man dieu kien ta 

, 1 1 1 

CO -y +- t-> 1 +-y ■ 

1 + kx~ l + ky 1 + k[x + y) 

Chimg minh. 

Bat dang thuc da cho tuong duong voi: 

1 -k 2 x 2 y 2 > 1 

(l + kx 2) )(l + ky 2 y l + k(x + yf 

^ 2kxy - k 3 x 2 y 2 (x + yf - 2 k 2 x 2 y 2 > ^ 

^1 + kx 2 + ky 2 j |l + k (x + y) 2 j 

kxy^2-kxy{k^x + y) 2 + 2jj 
(\ + kx 2 }{\ + ky 2 }(\ + k(x + y) 2 } 

> CAC VI DU 

Vi du 1. Chung minh rang voi moi so thuc khong am a,b thoa man dieu kien 

2 11 1 

a + b<—j= taco- T +-y>l +-y. 

V7 l + 3a 2 1 + 3 b 2 1 + 3 (a + bf 

Lai giai 

Bat dang thuc da cho tuong duong voi: --—--—- > 0 . 

(l + 3a 2 )(l + 3Z> 2 )ll + 3(a + Z>) 2 | 

Ta chi can chung minh 1 - 3 ab - ^ - 0 

&2>3ab(2 + 3(a + b) 2) j. 

Bat dang thuc dung bdi vi 

34 + 3(. + 4 f)<3^] 2 (2 + 3(<, + ») 2 )<3[2=] 2 [2 + 3^] 2 J<2^ 

Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a- 0 hoac b - 0. 
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Bai tap tiro'ng tvr 

Cho a,b la cac so thuc khong am thoa man dieu kien a + b< \pl . 

Chung minh rang —> 1 +----. 

1 + a 2 1 + b 2 1 + (a + bf 

Vi du 2. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c- 1. 
Tim gia tri nho nhat cua bieu thuc 

P 1 | 1 | 1 
l + 3a 2 1 + 3 b 2 1 + 3 c 2 ’ 

L&i giai 

Khong mat tinh tong quat gia su a - max { a,b,c 

1 2 

=> a>-;b + c< —. 

3 3 

, 1 1 , 1 

Khi do ta co-- +-- > 1 +--. 

1 + 3Z? 2 l + 3c 2 \ + 2>(b + cf 

Vi vay P > —+1 +---— 

l + 3a 2 1 + 3 (b + c) 

1 1 

—-y H-y + 1 

1 + 3a 2 l + 3(l-a) 2 
_ 3(2a-l) 2 (l + 6fl(l-a)) < 15 ^ 15 
7(3a 2 +l)(3a 2 -6a + 4) 7“ 7 

Dau bang xay ra khi va chi khi a = b = -^,c = 0 hoac cac hoan vi. 

Bai tap tuong tir 

Cho a,b,c,d la cac so thuc khong am thoa man dieu kien a + b + c + d = 2. 
Chung minh rang 


1 | 1 | 1 | 1 ^16 
1 + 3a 2 1 + 3Z? 2 l + 3c 2 l + 3(/ 2 ”7 
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MOT SO BAT DANG THU*C DANG LlTONG GIAC HOA GIAI BANG DANH 
GIA DAI SO 

Duoi day de cap mot so bat dang there dang luong giac hoa co the danh gia bang 
cac bat dang there co ban hoac ser dung tinh don dieu cua ham so (xem chuong 4). 


Bai 1. Cho a,b,c la cac so there duong thoa man ab + be + ca = \ ta luon co 
a b < 1 

1 + a 2 1 + b 2 yjl + c 2 

Ldi giai 

Vi ab + be + ca = 1 nen 1 + a 2 -ab + bc + ca + a 2 =(a + Z>)(a + c) 

1 + b 2 ={b + c){b + a)-,\ + c 2 ={c + a)(c + b) 


Suyra (a + Z?)(Z> + c)(c + a) = ^l + a 2 ^l + Z? 2 ^l + c 2 j. 

Khi do ser dung bat dang there C -S ta co 

aba b a(b + c) + b(c + a ) 

1 + a 2 1 + b 2 (a + b)(a + c ) (b + c){b + a ) (a + b){b + c)(c + a) 

l + ab 


/( 1+ “ 2 )( 1+ * 2 ) 


^l + a 2 ^l + * 2 ^l + c 2 ) ^l + a 2 j^l + Z) 2 ^l + c 2 j Vl + c 2 

Dang there xay ra khi va chi khi J 


a-b 

ab + bc + ca = l 

Bai 2. Cho a,b,c la cac so there duong thoa man dieu kien ab + bc + ca = 1 . 

b 3c 


Tim gia tri ldn nhat cua bieu there P = 


1 + a 2 1 + b 2 -y/l-i-c 2 " 
L&i giai 


Ser dung - 


Suy ra P < 


1 

7i77 


yjl + c 2 4c 2 +1 


-=4io . 


Dang thuc xay ra khi va chi khi <a-b < 

\ab + bc + ca -1 


= b = -3 + VTo 
c = 3 
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Vay gia tri Ion nhat cua P bang y/lO . 

Bai tap tiro’ng tvr 

Cho a,b,c la cac so thuc duang thoa man dieu kien ab + bc + ca = 1. 

a b V3c 

Tim gia tri Ion nhat cua bieu thuc P - -- h-— + , . 

l + a 2 l + b 2 j^ 2 


Bai 3. Cho cac so thuc khong am x,y, z thoa man dieu kien xz + yz + 1 = xy. 


Tim gia tri Ion nhat cua bieu thuc P = . X + —— 
x 2 +l y 2 +1 


z 2 -l 
z 2 +l ' 


L&i gidi 

Theo gia thiet ta co xz + yz = xy -1 > 0 <=> xy > 1. 


Khi do chia hai ve cho xy ta duac: — + — + — = 1. 

y x xy 

Dat a = — ,b = — ,c = ztaco ab + bc + ca = lva P = ^ U 
x y l + a 


2b 
l + b 2 


c -1 
c 2 +1 


Taco l + a 2 =ab +be+ ca +a 2 =(a + h)(a + c) 

l + b 2 ={b + c)(b + a)-,l + c 2 =(c + a)(c + h) 

Suyra (a + b){b + c)(c + a) = ^1 + a 2 )(l + b 2 )(l + c 2 j. 


Ta co 


a 

l + a 2 


b 

l + b 2 


a 

ab + bc + ca + a 2 


b 

ab + bc + ca + b 2 


a b a(b + c) + b{c+a) 

(a + h)(a + c) ( b + c)(b + a ) (a + h)(h + c)(c + a) 

l + ab < ^(l + a 2 )(l + fr 2 ) _ 1 

(a + b){b + c)(a + c) ^(\ + a 2 )(l + h 2 )(l + c 2 ) Vl + c 2 

2 c 2 -1 
VayP</( C ) = ^= + ^-. 

Vl + c 2 c +1 


Xet ham so / (c) = 


2 



c 2 -l 

—r-voi c>0 taco 

c 2 + l 
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/'(£•) = — 


(i + c 2 ) 


kf\c)= o» 


c = 0 
C = V3‘ 


Lap bang bien thien suy ra max /(c) = / (V3) = —. 

c>o 2 

Dang thuc xay ra khi va chi khi c = -73, a = 6 = 2- V3ox = y = 2 + V3,z = V3 . 
Vay gia tri Ionnhat cua P bang ^dat tai x-y = 2 + -73, z = V 3 . 

Bai toan 10. Voi moi so thuc duong a,b,c ta luon co 


_J_ + ^_ 

(a + b ) 2 (a + c) 2 a 2 + be 
Dang thiic xay ra khi va chi khi a = b = c . 

Chung miith. 

Sir dung bat dang thuc C-S cho hai so duong ta dupe: 



Cong theo ve hai bat dang thuc tren ta co dieu phai chung minh. 

Dang thuc xay ra khi va chi khi a-b = c. 

Bac biet. Khi a -1 ta co bat dang thuc hay dung sau day: 

+ Voi moi so thuc duong a, b ta luon co: -- —— + —— > —-—. 

(a+1) {b + 1) 1 + ab 

1 1 2 

+ Voi moi so thuc duong a,b ta luon co: -- +-- >-. 

(i+7o) (i+JSf 11+6+2 

Chung minh. 

^ , 1 1 1 1 2 
Taco: - T +- T >- 1 => - r =-. 

(i+A) (i +Sf 1+ ^° 6 i+^ 0+6+2 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.i 


> CAC VI DU 

Vi du 1. Cho a,b,c la cac so thuc duong thay doi thoa man abc = 1. 

1 1 1 3 

Chung mmh rang-- +- — + - — > -. 

(1 + af (1 + bf (l + c) 4 

Lai giai 

Bai toan phu. Voi moi so thuc duong a, b ta luon co: 

(a + l) 2 + (6 + l) 2 ”1 + ab' 

Chung minh. Ta co: 

(l + a6)fl + —l>(l + a) 2 =>---r->- \ - r- = - --- 

l b) (a + l) (l + aZ^l + a j (1 + ab)(a+b) 

(l + ab)i\ + —1 > (l + bf 


( 1 + *) 2 "(l + «6)fl + ^ ( l + ab )( a + b ) 


Cong lai theo ve hai bat dang thuc tren ta co dieu phai chung minh. 


Vaytaco: P- 


1 


1 


1 


1 


1 


(1 + a) (1 + 6 ) J (1 + c) l + ab (1 + c) 
fcs! 1 _ c 2 +c + l 

= , + i + (i+T“ (c+i) 2 ' 


Ta chung minh 

C +C ^ ^ <=> 4c 2 + 4c + 4> 3^c 2 + 2c + lj <=> (c -l) 2 > 0 (luon dung). 


Vi du 2. Cho x,y,z la cac so thuc duong thoa man xyz - 1. 
Tim gia tri nho nhat cua bieu thuc P - * 


Su dung bat dang thuc: 


(i+*) ( l+ y) 3 ( 1+ ") 

Lai giai 

1 1 1 _ 1 _ z 

(1+x) 2 + (i + y) 2 ~i+*y i+I 1+z ' 
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3(l + zf 


3z 3 +6z 2 +3z + 4 
3(z + l) 3 


Du doan dang thuc xay ra khi x = y = z = 1 => P = — . 

Ta chung minh 

3z +6z + 3^ + 4 > — <^> z 3 -3 Z + 2 > 0 <=> (z + 2)(z-1) 2 > 0(luon dung). 
3(z + l) 3 

2 

Vay gia tri nho nhat cua P bang — dat tai x = y = z = 1 . 


Tim gia tri nho nhat cua bieu thuc P = - 


Vi du 3. Cho x,y,z la cac so thuc duong thay doi thoa man xyz = 1. 

_L_ 1 _1 

(i7^ + (T7^ + (^ 

L&i giai 

Su dung bat dang thuc AM-GM ta duoc: 

1 1 1 > 3 

(1 + x ) 3+ (1 + x ) 3 + 8 “ 2(1 + x ) 2 
1 | 1 [ 1 ^ 3 

(l + y) 3+ (l + y) 3 + 8 _ 2 (l + y) 2 ' 

1 113 


(1 + z) 3 (1 + z) 3 8 2(1+ z) 

Cong theo ve ba dat dang thuc tren ta duoc: 


1 1 1 

>3f_L_ + _^ 

J^xf + ~^yf + ^f_ 

2(l + xy (l + z) 2 y 


3 z 2 + z +1 9 


Vay gia tri nho nhat cua P bang - dat tai x = y = z = 1 


quoc gia nam 2006 nhu sau: 

Bai toan. (VMO 2006) Cho a,b,c la cac s6 thuc duong. 

b§ + (ji 3 ^- 


Chung mi nh rang i— 
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Vi du 4. Cho x,y,z lacac s6 thuc duang thay d6i thoaman x < y < z va xyz = 1. 

3 2 1 

Tim gia tri nho nhat cua bieu thuc P = - — +- — H- —. 

i x + l f (t + 1) 2 (z + 1) 2 

Lai giai 

Do x<z=^---—y =>P>2 - 1 —+ - 1 — + - 1 —\. 

(x + lf (z + lf {(x + lf (y + lf (z + l) 2 J 

Su dung bat dang thiic phu ta co 

2 | 2 _ 2 | 2 _ 2 z 2 + z + l 

1 + J5' + (1 + z) 2_ 1 + I + (1 + z) 2_ ' (1 + z) 2 ' 
z 

Tachung minh 2. Z +Z + ^ > — <=> (z-1) 2 >0 (luon dung). 

(1 + z) 2 

Vay GTNN cua P bang ^ khi x = y = z = 1. 

Vi du 5. Cho cac so thuc duang a,b,c,d thay doi thoa man a 2 +b 2 +c 2 + d 2 - 1. 
Chung minh rang (l - a)(l - Z?)(l - c)(l - d) > abed . 

Ldi giai 

rp ,, ■ , 1 -a 1 -b 1 -c l-<5? . 

abed 

1 -a 1 -b l-c 1-d 

Dat x- -,y =-,z =-,t =-taco U<x,y,z,t<l. 

abed 

^ . , 1 1 1 1 

Theo gia thiet ta co: -- h-- h-- h-- = 1. 

(1 + x) 2 (l + yf (1 + z) 2 (1 + t) 

Taco- 1 , 1 | 1 ! 1 ^ 1 ! 1 2 + xy + zt 

’ (l + x) 2 (l + y) 2 (1 + z) 2 (1 + f) 2_1 + TF 1 + * l + xy + zt + xyzt' 

Suy ra: — 2 + xy + zt — < | ^ X y Zt > ] t a co dieu phai chung minh. 

1 + xy + zt + xyzt 


Dang thuc xay ra khi va chi khi a-b=c-d 
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> BAI TAP REN LUYEN 

Bai 1. Cho a,b,c,d la cac so thuc duong . Chung minh 


f—1 

2 

+ 1 

—1 

2 

1 +1 


2 

1 +1 

—T 

\a+b) 

+ ! 

v b + cJ 

1 + l 

yc + d ) 

1 + l 

yd+a) 


HD: Viet lai bat dang thuc duoi dang: 

1 1 


Dat x — y = — ,z — — ,t = — taco xyzt = 1 va dua va bat dang thuc quen thuoc 
abed 


(l + x) 2 (l + y) 2 (l + z) 2 (l + t) : 
man xyzt = 1. 


- > 1 voi x,y,z,t la cac so thuc duong thoa 


Bai 2. Cho a,b,c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc 

T + f—T+f—T- 

\a + b) \b + c) \c + a) 


HD: Viet lai P duoi dang: 

b + *T (i+|T fi+^T '"V < 1+z > 2 


p = - 


b c a , , 

voi x-—,y = —,z = —nentaco xyz-l. 
a ' b c 


Su dung bat dang thuc phu ta dupe: 
1 1 


Suyra: P>- 


(l + x) 2 (l + y) 2 1 + V 

1 1 z 2 + z + l 3 


1 + xy (1 + z ) 2 1 + I (l + z) 2 (z + l) 4 


3 , 


Nhan xet. Ticket qua tren ta chung minh dupe voi moi a,b,c duong ta luon co 

f-S-Y J-L-fJCs-lV. 

\a+b) yb + c) \c + a) 8 
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That vay, dat A- — — —, B - —-—, C = —-— theo chungminhtrentaco: 
a+b b+c c+a 

A 2 +B 2 +C 2 >~. 

4 

Su dung bat dang thuc AM-GM ta duoc: 

A 3 + A 3 +->-A 2 ,B 3 + B 3 +->-B 2 ,C 3 +C 3 +->-C 2 . 

8 2 8 2 8 2 

Cong lai theo ve ba dat dang thuc tren ta duoc: 

2 (A 3 +B 3 +C 3 ) + ->-(a 2 +B 2 +C 2 )>-^ A 3 +B 3 +C 3 >-. 
v / 8 2' '8 8 

Bai toan duoc chung minh. Dang thuc xay ra khi a-b = c . 


Bai 3. Cho a,b,c la cac so thuc duong thay doi thoaman a<b<cv a abc = 1 . 

_5_ 4 3 

(\ + af + (\ + bf + (\ + cf ' 

Bai 4. Cho a,b,c la cac so thuc duong thoa man a>b>c. 

Tim gia tri nho nhat cua bieu thuc 

1 2 3 ab + be+ ca 

T> =-T +-y +-v +-:-• 

(a + l) (Z> + l) (c + l) ^ 

Bai 5. Cho x,y,z la cac so thuc duong thay doi thoa man x < y < z va xyz = 1 . 

3 2 1 


Tim gia tri nho nhat cua bieu thuc P = - 


Tim gia tri nh o nhat cua bieu thuc P = 


(* + i) 2 (t+i) 2 (z+1) 2 


HD: Do x< z = 


(x + 1) 2 ”(z + l) 2 


1 1 1 


Vay ta co: 

1 1 


(l+x) 2 (i+y) 2 J {l+zfp+xy (1+z) 2 1+ A (l+z) 2 '(l+z) 2 


Ta chung minh 2. ^ + Z + ^ (z -1) 2 >0 (luon dung). 
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3 

Vay GTNN cua P bang — khi x = y = z = 1. 

Bai 6. Cho a,b,c,d la cac so thuc duong thay doi thoa man abed = 1. 

Tim gia tri nho nhat cua bieu thuc 

n 1111 

(1 + af (1 + bf (1 + cf (1 + df 
HD: Su dung bat dang thuc phu ta co: 

1 1 1 1 ^ 1 1 _ ab + cd + 2 

(1 + af (1 + bf (1 + c) 2 (1 + df \ + ab l + cd l + ab + cd + abcd 

Vay gia tri nho nh at cua P bang 1 dat tai a = b = c = d = \. 

Bai toan 11. Vdi moi so thuc duong a,b ta co -4r+-^- >--—-. 

a 2 b 2 (a + bf 

Dau bang xay ra khi va chi khi a-b . 

Chimg miith. 

Su dung bat dang thuc AM-GM cho hai so duong ta duoc: 

J_ 1^2^ 2 _ 8 

a 2 + b 2 ~ ab~ ^q + bj (a + bf 

Dang thuc xay ra khi va chi khi a = b . 

Day chi la mot bat dang thuc rut ra tu bat dang thuc AM - GM cho hai so 
duong ta cung xet mot so bai toan ap dung. 

> CAC VI DU 

Vi du 1. Cho x, y, z la cac so thuc khong am thoa man dieu kien x 2 + y 2 + z 2 < 3y. 

1 4 8 

Tim gia tri nho nhat cua bieu thuc P — -- +-- +--. 

(x + l) 2 (y + 2) 2 (z + 3) 2 

Lai giai 

Ta co: 

1 4 _ 1 1 2 8 

(^ + l) 2 (y + 2f ( i + l) 2 ^ + (x + l)^ + lj ^ + i + Z + 1 J 
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|^x + l + ^ + lj ( z + 3 ) ^x + l + ^ + lJ(z + 3) ^x + l + ^ + l + z + 3^ 

Mat khac: 2x + Ay + 2z < x 2 + 1 + y 2 + 4 + z 2 +1 = x 2 + y 2 + z 2 + 6 < 3 y + 6 

(3 + 2 + 3) 2 

VayGTNNcuaPbang 1 khi x = z = l,_y = 2. 

Vi du 2. Cho a,b,c la cac so thuc khong am va khong dong thbi bang 0 thay doi 
thoa man dieu kien a 2 +b 2 +c 2 < 6b. 

1 8 1 


Tim gia tri nho nhat cua bieu thuc P - 


Su dung bat dang thuc phu \ > 


(a + b + c ) 2 (6 + ll) 2 (c + 6) 2 

Lai giai 

ta duoc: 


y 1 (x+y) 2 


(a + b + c) (c + 6) (a + 6 + 2c + 6) 

Suyra P>8^--- j + --— j\> -—- j. 

{(a + b + 2c + 6) (6 + 11) J (a + 26 + 2c + 17) 

Mat khac theo bat dang thuc AM-GM ta co: 

2a + 106 + 4c<(a 2 +l) + (6 2 +25) + (c 2 +4)<66 + 30^a + 26 + 2c<15. 


(15 + 17) 2 


Vay gia tri nho nhat cua P bang —dat tai a = 1,6 = 5,c = 4 . 
16 


> BAI TAP REN LUYEN 

Bai 1 . Cho a,b,c la cac so thuc doi mot phan biet. 


Tim gia tri nho nhat cua bieu thuc P = I a 1 + o + c 


_1 _ 1 _ 

[a-bf (b-cf ( c-af 
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HD: Khong mat tinh tong quat gia sir a>b>c khi do ta co: 
112 8 


( a-bf (b-cf ( a-b)(b-c) ( a -cf 

a 2 +b 2 +c 2 > a 2 +c 2 > ——— 


Suy ra P > 


( a-c 


(a-c) (a-c) 


Dang thuc xay ra khi va chi khi b = 0,a = -c. 


Bai 2. Cho a,b,c la cac so thuc doi mot phan biet thuoc doan [0;2]. 
Tim gia tri nho nhat cua bieu thuc 

p _ 1 | 1 | 1 

(a-b) 2 (b-cf (c-af 
HD: Khong mat tinh tong quat gia sir a>b>c ta co: 

^ + ^_> _ 2 _ 

(a-bf (b-cf (a-b)(b-c) ( a -cf 

Dodo P> -- —,Va,ce[0;2]. 

(a-c) 4 
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CH U DE 9: BAI TOAN CHONLOC 
bAtdAngthuc VA CUCTRIBABIEN 

Trong chu de nay toi tong hop lai mot so bai toan bat dang thuc va cue tri ba 
bien hay trong cac de thi thvr, de thi chon Hoc sinh gioi cap ti nh va thanh pho cac 
nam cung mot so bai toan de xuat tren Dien dan hoc tap true tuyen Mathlinks.vn. 
Va sau mot so bai toan co bo sung them mot so bai toan tuong tu danh cho ban doc 
ren luyen. 

Bai 1 . Cho x,y,z la cac so thuc duong thoa man dieu kien x(l -yz) =y + z. 


Tim gia tri lbn nhat cua bieu thuc P - 



(x + y)(z 2 +1) 



Lai giai 

Theo gia thiet ta co z(l + xy) = x-y=> x>y. 

Su dung bat dang thuc C -S ta co 

(z + z^/xy) =z 2 (\ + 2yjxy + xy} = z 2 (\ + xy) + 2z 2 Jxy =z(x-y) + 2z 2 yfxy 
< ^z 2 +z 4 ^(x-yf + 4 xy] = (x + y)z\/z 2 +1 


Khido P< 


(x + y)z\/z 2 +1 
(x + T)(z 2 +l) 



z 2 z 

4z 2 +\ (l + z 2 jVz 2 +1 


Xet ham s6 g(z) = . Z + -- ^ Z . vdi z duong ta co 

Vz 2 +1 (l + z 2 jV^ 2 +l 

3 (i-Z 2 ) 

g\z) = - - \ 2 ’ — ;g'(z) = 0oz = l. 

(z 2 +l)\/PT7 

Ta co g’(z) doi ddu tir duong sang am khi di qua 1 vi vay g(z) < g(l) = 42 . 
Vdi z = 1, x = 42 +l,y - \[2 - 1 thi P bdng 42 . 

Vay gia tri ldn nhat cua P bang a/2 . 

Bai 2. Cho a, b, c la cac so khong am thoa man dieu kien ab + be + ca = 4 . 

Tim gia tri nho nhat cua bieu thuc 

P-4a 2 +9 be + 4b 2 +9 ac + 4c 2 +9 ba . 

Ldi giai 

Ta chung minh Va 2 +9 be + 4b 2 +9 ac + 4c 2 +9 ba > 5\lab + bc + ca . 
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Khong mat tinh tong quat gia sir c - min {a,b,c} . 

Sir dung bat dang thuc Mincopski ta co 

yja 2 + 9be + 4b 2 +9 ac > yj(a + bf +9c(yfa + 4b j . 

Va 4c 2 +9ab > ?>4ab . 

Vay ta chi can chung minh 

yj(a + b) 2 +9 c(4a + 4b^j + 2>4db >5 yjab + bc + ca 

o ^j(a + b) 2 +9 c(y[a + 4b j >5 yjab + bc + ca - 34ab 

o(a + b) 2 +9 c(4a +4b) >9ab + 25[ab + bc + ca)-2>9^ab{ab + bc + ^a) 

«• (a + Z?) 2 +18 c4ab + 30 4ab(ab + bc + ca ) > 34aZ? + 16c(a + Z>) 

<=> (a + b ) 2 +\Sc4ab -4ab-6c(a + b) 


r 

[ab + C ^ + 9 j 

1 

+30l 4 a b(ab + bc + ca ) - 

H 



ab(ab + be + ca) - \ab + 

Taco 4 a b(ab + bc + ca) -| 

L 3 J 

3 J 

4ab (ab + be + ca) + ab + 

c{a + b){3ab-bc 

>0 



9 4ab(ab + bc + ca) +9ab + 3c{a + b) 

Vay ta chung minh (a + by +18 c4ab - 4ab - 6c(a + b) > 0. 

Bat dang thuc co dang thuan nhat nen chuanhoa a + b- 1. 

Dat x —4ab, 0 <c<x< a + ^ - J_ _ 

2 2 

Ta can chung mi nh /(x) = -4x 2 +18cx - 6c +1 > 0 . 

Ve trai la tam thuc bac hai voi he so x 2 am nen chi can chi ra rang 

That vay ta co = 3c > 0;/(c) = 5c 2 + (3c -1) 2 > 0. 

Bat dang thuc duoc chung minh. 
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Vay ta co V« 2 +9 be + \Jb 2 + 9ac + yjc 2 + 9ba > 10. 

Dau bang dat tai a = b = 2, c = 0 hoac cac hoan vi. 

Vay gia tri nho nhat cua P bang 10. 

Bai 3. Cho a,b,c la do dai ba canh cua mot tam giac va thoa man dieu kien 
a 2 +b 2 +c 2 = 3 . Tim gia tri nh o nh at cua bieu thiic 

„ a+b b+c c+a 

P = ~. - + ~r - + ~i - • 

yja + b-c ylb + c-a yjc + a-b 


Lai giai 

Ta chung minh gia tri nh o nhat cua P bang 6. 
That vay chi can chung minh rang 


a + b 


b + c 


= > 6fl 


a 2 +b 2 +c 2 


yja + b-c -Jb + c-a \[c + a-b V 3 
Bat dang thiic co dang thuan nhat nen chuan hoa a + b + c = 3 . 
3 -a 


y/3-2b V3-2 c V 3 



Ta can chung minh rang 

Ta chung minh ? X . _ 

V 3-2x 2 

That vay bat dang there da cho tuong duong voi: 

4(3 - x) 2 > (x 2 + 3) 2 (3 - 2x) o (x — l) 2 (2x 3 + x 2 + 12x + 9) > 0 . 
Bat dang there duoc chung minh. 

Ap dung bat dang there ket hop bat dang there AM - GM ta co 
3 -a 3 -b 3-c ^ a 2 +b 2 +c 2 +3.3 

2a yj$~2b V3'-2c " 2 




Taco dpem. 

Vay gia tri nh o nhat cua P bang 6 dat tai a = b = c = 1 . 

Bai 4. Cho x,y,z la cac so there duong thoa man dieu kien 
x 2 + y 2 + z 2 + 1 < 2x + 3y. 

Tim gia tri nho nh at cua bieu thiic 

„ x 3 +x 2 +36 y 3 +y 2 +36 2z 3 +z 2 + 9 

2x + 2 4y + 4 2z +1 
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Lei giai 

T , D x 2 y 2 2 18 9 9 

Ta co P- — +—+z + -+-+-. 

2 4 jc +1 y +1 2z + l 

Dua vao bieu there cua P tren ta dir doan dau bang dat tai 
x + l = y + l = 2z + l=>x = y = 2z. 

Thay vao dieu kien ta duoc: x = y = 2,z = 1. 

Dua vao do ta co cac danh gia sau day: 

Ser dung bat dang there C -S ta co 
x 2 y 2 2 2x 2 +y 2 +4z 2 1 , s 2 

24 4 16 v ’ 

18 ^ 9 _ 9 9 9 

x + 1 y +1 2z + l x + 1 x + 1 y +1 2z + l 

_ 9A 2 _ 144 

2(x + l) + y + l + 2z + l 2x + y + 2z + 4 


Do do P>- 


144 


+ —(2x + y+ 2z) . 


2x + y + 2z + 4 16 

Chu y gia thiet bai toan ta co 2x + 3y > x 2 + y 2 + z 2 +1 

= (x 2 + 4^ + (y 2 + 4^ + (z 2 + l)-8 
> 4x + 4y + 2z - 8 
=> 2x + y + 2z < 8 

. , 1 , 144 (t-8) 2 (t + 20) 

Dat t = 2x + y + 2z, r e (0; 8l ta co P>—t 2 + -= ^ \ ’ 

v J 16 t + 4 \6{t + 4) 

Dang there xay ra khi va chi khi x = y = 2, z = 1. 

Vay gia tri nho nhat cua P bang 16. 

Bai 5. Cho a,b,c la cac so there duong thoa man dieu kien a 2 + b 2 + c 2 - 
Tim gia tri Ion nhat cua bieu there 

p _ 4 ( a + c ) , 4a 5 3 

a 2 +3c 2 +28 a 2 + be + 1 ( a + bf a(b + c)' 

L&i giai 

Chu y den gia thiet bai toan va tich a(b+c) ta co danh gia nhu sau: 

14 + 2 bc = a 2 +{b + cf >2a(b + c)=$a(b + c)<l + bc. 


+ 16 >16. 


14. 
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Suyra - 


a +bc + l a +a(b + c) a + b + c 

( Q _|_ fo _|_ Q 

Sii dung bat dang thiic AM - GM ta co: a(b + c)<\ - 


__ 3 3 _ 12 

a{b + c) ^ g + b + c j ( a+b+cf 

Cong theo ve hai bat dang thiic tren ta duoc: 

4 a 3 ^ 12 4 


2 + be+ 1 a(b + c) ( a+b + cf a+b + c 


ya+b+c 6J 33 

Dang thiic xay ra khi va chi khi a = b + c;a + b + c = 6. 

Sii dung bat dang thiic C -S ta co: 

j\ + ^j(a 2 +3c 2 )>(a + c) 2 =>a 2 + 3c 2 >^-(a + c) 2 . 

Suyra 4-^) < 4« + 9 .J_ (o + c _ 4)+ 2 

a +3c +28 —(a + c) 2 +28 25 5 

4 V ' 

Va-- —=-<—(a + b-5)- — . 

(a + bf 25 V 7 5 


Chu y d hai bat dang thiic tren ta sii dung bat dang thiic dang tiep tuyen. 

Cong theo ve hai bat dang thiic tren va sii dung bat dang thiic C -S ta duoc: 
4(a + c) 5 < 3a + 2b + c-9 

a 2 + 3c 2 + 28 ( a + bf 25 

^(« 2 + Z> 2 + c 2 )( 3 2 + 2 2 + 1 2 )-9 j 

“ 25 _ 5 

Tvr do suy ra P m „ x = - + — = — dat tai a = 2>,b = 2,c -1. 
a 3 5 15 ' ' 

Nhan xet. Ta co the danh gia phan thiic dau tien bang each khac nhu sau: 

a 2 +3c 2 +28 = 2a 2 +Z> 2 +4c 2 +14>2a 2 +4Z?c + 14. 

Mat khac: 2a 2 +2Z?c + 2(Z?c + 7)>2a 2 +2bc + 2a(b + c) = 2(a + b)(a + c). 
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Suy ra 


4 (a + c) < 2 
a 2 +3c 2 + 28~ a + b ' 


Dodo P<^~ + - 1 -- 

a + h a + b + c ( a + b ) (a + b + cf 


. 8 _ 1 .l 

r a + b- 5^| 

_>.i 

r a + b + c- 6^ 

'15 5 I 

v a + b J 

3 1 

v a+b+c J 


8 _ 

15 


Ta co ket qua tuong tu tren. 

Bai tap tuong tu* 

1) Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 3. 
Tim gia tri lou nhat cua bieu thuc 


(2 a + b + cf + (2 b + c + af ^(a + b-3sjc 2 + 3) 
2a 2 +(b + cf + 2b 2 +(c + af + 9c 


2) Cho a,b,c la cac so thuc duong thoa man dieu kien a z +b z +c z = 26. 
Tim gia tri Ion nhat cua bieu thiic 

4(a + c) 4a 4 7 


P = 


2a 2 +4bc + 26 a 2 +bc +13 a(b + c) ( a + bf 


Bai 6. Cho a, b, c la cac so thuoc doan [0, 3], 

Tim gia tri Ion nhat cua bieu thuc P - (a - b)(b - c)(c - a)(a + b + c). 
Lai giai 

Giasii a = max{a,Z>,c}. 

Ndu a>b>c^> A<0. 

Neu a>c>b . 

Khido 

P(a,b,c)-P(a,0,c ) = ( a-b)(b-c)(c-a)(a + b + c)-ac(a-c)(a + c ) 
= (a-c)[(a-Z?)(c-6)(a + Z? + c)-ac(a + c)] 

= (a-c)b[b 2 -ac-c 2 -a 2 ^<0 
Do do P(a,b,c) < P(a, 0 ,c) = ac(a - c)(a + c) = a 3 c - ac 3, . 

Xet ham s6 f(a) = a 3 c - ac 3 tren doan [0;3] ta co 
f\a)-c{3a 2 -c 2 j>0;V3>«>c>0. 

Do do f(a) dong bien tren doan [0;3] suy ra 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


f( a )-f (3) = g(c) = 27c - 3c 3 . 

Xet ham so g(c ) = 27c - 3c 3 tren doan [0;3] ta co 
g '(c) = 27 - 9c 2 ; g '(c) = 0 c = -^3 . 

Ta co g’(c) d6i dau tur duong sang am khi di qua c = V3 nen g(c) dat cue dai tai 
c = V3 . 

Vivay g(c)<g(J 3) = 18>/3. 

Suy ra P max = 18^3 . Ddu bdng dat tai a = 3,Z> = 0,c = V3 . 

Bai tap tmmg tu* 

Cho a, b, c la cac so thuoc doan [0, 2], 

Timgiatri Ionnhat cuabieuthuc P = (a-6)(6-c)(c-a)(a + Z> + c). 

Bai 7. Cho x,y,z la cac so thuc ducmg thoa man dieu kien x + 3y < 9z va x > y > z . 

Tim gia tri nh d nhat cua bieu thuc P = —— +3 —— +3 ——— 

\y~ z J \x-z) {x-y 

L&i giai 

Taco (a - 3) 2 > 0 a 2 > 6a - 9. Dang thuc xay ra khi va chi khi a = 3. 

(b -1) 2 > 0 => b 2 > 2b - 1. Dang thuc xay ra khi va chi khi b - 1. 

Ap dung vao bai toan ta co: 

Ta co: 


Suy ra: P>6 


r_*_l 

2 > ft — _ 9 ; 1 


2 

| > 2.—_1; 

f -L-) 

2 

> 2.-^—- 

U-xJ 

1 'y-z ’1 

VX —z J 

' X-z 1 

< x ~yJ 

1 'x-y 


y-z x-z x-y 


Voi Q = —— + ^— + 


-15 = 60-15. 


y-z x-z x-y x(y-z) z(x-y) x-z' 


Su dung bat dang thuc C-S ta co: 


(* 


Suy ra: Q> 


(^^) 2 


x(y-z) z(x-y) x(y-z) + z(x-y) 

y _ (x + z ) 2 , y 


x(y-z) + z(x-y) x-z y(x-z) x-z 


/ \2 


\2~ 

x + zA y y _ y 

1+ 

X + Z | 

i y J x-z x-z x-z 

“J. 
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, (x + z T) 2 n f x + zY „ x + z 
ac-2 >0=> - >4.- 


t~» *, „^ y r . x + z 1 .x + z y 4x + 4z - 3 v _ 

Dodo Q >—— 1 + 4.-4 =4.-3.—— =-->5. 

x-z[ y ] x-z x-z x-z 

Vi x + 3y < 9z. 

Tai x -3,y = 2,z = lthi P = 15. 

Vay gia tri nho nhat cua P bang 15 dat tai x = 3, y - 2, z - 1. 

Cach 2: Theo gia thiet ton tai cac so duong a,b sao cho 

x = (a + l)z,y = {b + \)z,{a>b). 

Ta co: x + 3y < 9z <=>(x - z) + 3 (y - z) < 5z » a + 3b < 5. 




Khi do P 


Sir dung bat dang thiic C-S ta co 


Xet Q-- 


\a-b) 



l 2 +3 m 


J {a-b) 

j- 

l + b+l + 1 

1 a-b 

b + 1 b + 1 

a a-b a 

-b + ~b~ + 

b a 

1 a-b b+ 1 

b + 1 _b + 1 

b + 1 2 

a-b b b 

5-3 b~ b 

+ 5-3 b + 4b 


4 + 1 4 + 1 2 , (V*-l) (l3i» + 20+/6+5) 

Matkhac-+-+ -^ = 5 + -- —- ---- 

b 5-3 b 4b b(5-3b) 


+^ 

a-b) 


> 5, Vie 1^0;-J. 


Suyra Q>5^P>15. 

Dang thiic xay ra khi va chi khi Z? = l^>a = 2<=>2x = 3y = 6z. 

Nhan xet. Day la mot bai toan hay va kho bieu thiic cua P la dang dong bac nen 
chac han nhieu hoc sinh se nghT den phep dat nhu tren. 

Bai 8. Voi moi a,b,c tim so thuc M nho nhat thoa man bat dang thiic 

| ab(a 2 -b 2 ^ + bc[b 2 -c 2 ^ + ca[c 2 -a 2 ^<M(a 2 +b 2 + c 2 ^ . 

Ldi giai 

ChiiyjaZ^a 2 -b 2 ^ + bc[b 2 -c 2 j + ca^c 2 -a 2 | = |(a-Z?)(Z?-c)(c-a)(a + Zi + c)|. 
Vay ta can tim so thuc M nh o nhat sao cho 
|(a -b){b-c](c-a)^a + b + c)\ < M ^a 2 +b 2 + c 2 ) voi moi a,b,c. 
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Bat dang thuc thuan nhat nen chuan hoa a 2 + b 2 + c 2 = 1. 

Ta can tim M nho nhat sao cho 

M > |(a-Z>)(b-c)(c-a)(a + b + c)| <=>M = max (a - h)(h -c)(c - a)(ab + c) .. 
Kyhieu P = |(a-i)(b-c)(c-a)(a + b + c)| . 

Khongmat tinh tong quat gia su a>b>c khi do 

(a - b)(b -c)< => p < ^ |(« - c f (« + b + c)| . 

Va (a-cf =[(a-h) + (h-c)] 2 

= (a - cf + {b - cf + 2 (a - b)(b - c ) 

<(a-cf +(b-cf +^(a-cf 


=> | (a - cf < (a - b) 2 +(b- c) 2 + (c - a) 2 


^P<l||((a-Z>) 2 +(Z>- C ) 2 +( C -a) 2 ) 3 j.(a + Z, + C ) 2 

Dang thvrc xay ra khi va chi khi a-b = b-c<=>a+c = 2b. 

Khi do su dung bat dang thuc AM - GM ta co 


(a + b + cf +3 


(a - b) +{b- c) + (c - a) 


-i -( 3 v 


9V2 

32 


Dang thuc xay ra khi va chi khi 


a 2 +b 2 +c 2 = 1 
a + c = 2b 

(a+b+c fJjL^tz£L±^L 


9V2 

Vay gia tri can tim cua M la ■ 

Bai 9. Cho a,b,c la cac so thuc duong thoa man dieu kien a + 6(b + c) < 15 . 
Tim gia tri nh o nhat cua bieu thuc P - 3(a + b + c)- 5 abc. 
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Ldi giai 

Nhan xet. Dieu kien doi xiing vbi b va c nen ta nhom lai bieu thiic cua P nhu sau 
P-a(3-5bc) + 3[b + c). 

+ Ndu 3-5bc>0=>.P>0. 

+ Neu 3 - 5 be < 0 <=> be > ~khi do theo gia thiet ta co a < 15 - 6{b + c);b + c < ^ . 
Suy ra 

P>[\5-6(b + c)](3-5bc) + 3(b + c) = -l5(b + c) + 30bc(b + c) + 45-75bc 
= -l5(b + c) + \5bc(2b + 2c-5) + 45>-\5(b + c) + ^-(b + cf(2b + 2c-5) + 45 
-^■{b + cf b + cf -15(b + c) + 45 

Dat t = b + c>2'Jbc > 2.1— > —khi do P> f(t) = —t 3 -—t 2 -15t+ 45 . 

V 5 2 4 4 

Xethamsb f(t)-—t 3 -—t 2 -15t + 45vdi t> — taco 
yW 4 4 2 

f\t)^(3t 2 -5t-2)JJ-(t-2)(3t + iy,fXt) = 0^t = 2. 

Ta co f (t) doi dau tur am sang duong khi di qua t = 2 nen f(t) dat cue tieu tai t = 2. 
Do do P > f(t)> /(2) = 0. Dang thiic xay ra khi va chi khi b = c-\,a = 3. 

Vay gia tri nh d nhat cua P bang 0 dat tai a = 3,b = c = 1. 

Bai 10. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
5^x 2 +y 2 + z 2 j = 6 (xy + yz + zx) . 

Tim gia tri lbn nhat cua bieu thiic P - ^2(x + y + z) - ^y 2 + z 2 j. 

Ldi giai 

Nhan xet. Bieu thiic cua P doi xiing vbi 2 bien y va z nen ta nghT den viec danh gia 
bieu thiic P theo y + zw a dang thiic dieu kien co dang dang cap nen lam ta suy 
nghT den viec danh gia x theo y + z. De tim gia tri lbn nhat cua P ta tim can tren 
cua x theo y + z . 

Ta co 

5x 2 +1 (y + zf < 5x 2 + 5(y 2 + z 2 ) = 6(xy + yz + zx) < 6x(y + z) + 6. ^ (y + zf. 
Do do 5x 2 - 6 x(y + z) + (y + zf < 0, 
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Khido P<j2(x + y + z)-^(y + z) 2 < ^4(y + z)-^(y + zf= 2^y + z -^(y + z) 2 . 

Dat sjy + z = t, khi do t > 0 va P < 2t - (1) 

Xethamsd f(t) = 2t-^t 4 voi t> 0. 

Taco f\t) = 2-2t 2 - f\l) = 0ot = \. 

Suy ra bang bien thien: 


t 

0 

1 

+00 

f\t) 

- 

0 




3 


fit ) 





Dera vao bang bien thien ta co f(t)< f (1) = ^ voi moi t > 0. (2) 


y + z = 1 

Vay gia tri Ion nhat cua P la dat tai x = 1 , y = z-^. 

Bai tap tirong ter 

Cho x,y,z la cac so there khong am thoa man dieu kien 

8^x 2 +y 2 +z 2 j = 3(x + y + z) 2 . 

Tim gia tri Ion nhat cua bieu there P - ^2(x + y+ z) - + z 2 j. 

Bai 11. Cho x,y,z la cac so there derong thay doi thoa man dieu kien 
x 2 +y 2 +z 2 =l. 


Tim gia tri Ion nhat cua bieu there P = 


*y i 

1 + z 2 1 + X 2 

Lai giai 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


xy 


xy 


y z 


Jjy 


1 + z 2 1 + x 2 24 x 3 z 3 x 2 + y 2 + 2z 2 y 2 +z 2 + 2x 2 241 

Sir dung bat dang thiic AM-GM ta dugc: 

xy , yz ( x+yf , (y + z)‘ 


x 2 +y 2 + 2z 2 y 2 + z 2 +2x 2 4(x 2 + y 2 + 2z 2 ) 4^y 2 +z 2 +2x 2 

Su dung bat dang thiic C-S ta dugc: 

{x + yf {y + zf ^ x 2 y 2 z 2 y 2 

x 2 +y 2 + 2z 2 y 2 + z 2 + 2x 2 ~ x 2 + z 2 y 2 + z 2 x 2 +z 2 x 2 +y 2 





3 + 1 f 

y 2 +y 2 ) 




2 4 [ 

z 2 J 

Ji + 

l ( y 2 

, + A 

11. 

AVI 

l 2 

4^ 2 

z 2 

JJ 24 


1 1 

V 

+&L 

2y 3 


; + 48 

^x 2 

z 2 

x 3 


1 1 

V 

2y 3 

Lm 

" 3 /_vi 

; + 48 

^x 2 

x 3 

J 48 1 



Xet ham s6 / (t) = 3 1 2 - 21 3 tren (0; +oo) , ta dugc: 

f\t)-6t-6t 2 = 6t(l-t) suy ra f(t) doi dau tu duang sang am khi di qua 
t = 1 do do f(t) dat cue dai tai t -1 tren (0; +oo). 

Suy ra f(t)£ /(l) = l,Vt>0. 


Vay gia tri Ion nhat cua P bang — dat tai x = y = z - —. 

12 v 3 

Bai 12. Cho a,b,c la cac so thuc khong dong thoi bang 0 thoa man dieu kien 
a + b + c- 0. 

. 2,2 2 


Tim gia tri Ion nhat cua bieu thiic P = 


13 a dc -2abc-2 
(a 2 +b 2 +c 2 f 
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Ldi giai 

Theo gia thiet a,b,c la ba nghiem cua phuang trinh: x 3 + qx - r - 0 vai 
p-a + b + c-Q,q-ab + bc + ca,r- abc. 

Dieu kien de phuang trinh co ba nghiem la ham so y = x 3 + qx - r co 

y C D-ycT - 0 • 



Ta chi can tim gia tri Ion nhat cua P duang vay xet 13 r 2 - 2r - 2 > 0. 
Khi do 


Chuy a 2 +b 2 +c 2 = p 2 -2q = -2q =>P = 


13r 2 —2r — 2 
(~2qf 


13r 2 —2r — 2 

-8 q 3 


13r 2 - 2r-2 ^ 13r 2 -2r-2 _ 13 1_1 J__ lf<i 

^8? ” g,—r 2 _ ^4 ~TT?~~4 2?(r + 2j “4' 


Dang thuc xay ra khi va chi khi 


P = o l> = 0 

r = -2 <*\q = - 3. 



Do do a,b,c la ba nghiem cua phuong trinh 
x 2 - 3x + 2 = 0 <=> (x -1) 2 (x + 2) = 0 <=> 

Vay gia tri Ion nhat cua P bang % dat tai a = b = \,c = -2 hoac cac hoan vi. 
Bai 13. Cho a,b,c la cac so thuc duang thoa man dieu kien 
a 2 +b 2 +(a + h)c + 4c 2 = 4. 

Tim gia tri Ion nhat cua bieu thuc 

p a{b + cf +b(a + cf ^8-7c 2 -c 
a + c b + c c[a + b ) 
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Ldi giai 

Taco: a 2 +b 2 + c{a + b) + 4c 2 =4=>4>4 c 2 + c{a + b) + ^{a + b) 2 . 

<=> t 2 + 2tc + Sc 2 -8<0 <=> (V + c) 2 <8 -7c 2 <=>t<-c+\ls~7c 2 . 

a(b + c) 2 b(a + c) 2 1 

Dodo P<-i-4_ + -i--. 

a+c b+c c 

Dat a + c = x,b + c = y khi do theo gia thiet ta co: 

(x-c) 2 + {y-c ) 2 + (x + _y-2c)c + 4c 2 -4 <^>x 2 +y 2 -c(x + y) = 4-4c 2 . 
Mat khac: 

a(b + cf | b(a+cf y 2 (x-c) | x 2 (y-c ) ^ | ^ {x 2 | _ 

a+c b+c x y \yx\ 

Ser dung bat dang there AM-GM ta co: 

— + — >x + y ^ P < x 2 + y 2 -c(x + y)-— = -4c 2 - - + 4. 
y x c c 

, 1 

Xethamso /(c) = -4c — + 4voi oOtaco: 

c 

/'(c) = -8c + 4;/'(c) = 0«8c = 4^ c = A- 

c c 2 

Ta co f (c) doi dau ter duong sang am khi di qua c = ~ nen f(c) dat cue tieu tai 
c -~hay P</(c)<f^j = l. 


Vay gia tri Ion nhat cua P bang 1 dat tai a - b - l,c = . 

Bai tap tuong tu 

1) Cho a,b,c la cac s6 thuc duong thoa man dieu kien a > b; [a + c) (b + c) = 1. 


Tim gia tri nho nhat cua bieu there P = - 


( a-b ) {b + c) (c + a ) 

2) Cho a,b,c la cac so there duong thoa man dieu kien a 2 +b 2 +{a + b)c + 4c 2 = 4. 

, a{b + cf b{a + cf 1 

Tim gia tri Ion nhat cua bieu thuc P - — -— + —---. 


a + c 
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Bai 14. Cho a,b,c la cac so there duong. Tim gia tri nh d nhat cua bieu there 

p l(a + b + c)(ab + be + ca) + 4 be 

V abc + (b + cf 

Ldi giai 

Ser dung bat dang thvrc AM - GM ta co: 

(a + b + c)(ab + be + ca) ^+ b + c + a(b + c) + b 2 + c 2 
abc a be be 


2 {b + c) b 2 +c 2 


be 


_ 1 f 3(6-fcg) f {b + cf (b+e x 


-Jbe 


yfbc 


Jbe (b + cf 

Dat ? _ (^ + c ) G>4)taco P> f(t) = l + yft+ — . 
be t 

' /— 4 

Xet ham so f(t) = l + yt + —vdi t > 4ta co 

/’(0 = —j= - -y = ^ 2 ^ > 0, Vf > 4 do do f(t) la ham dong bien tren [4; +co) suy ra 

P> f(t)> /(4) = 4. Dang there xay ra khi va chi khi a = b = c . 

Cach 2: Ta co the danh gia bieu there trong can nhu sau: 

(a + b + c)(ab + bc + ca) = (a + b + c)^a(b + c) + bc~^ 

= a 2 (b + c) + bc(b + c) + a(b + c ) 2 +abc 
> 2 a(b + c)\fbc + abc + a(b + cf 

I (a + b + c)(ab + be + ca) 2 a(b + c)Jbc + abc + a(b + cf b + c 

^ V abc ~ V abc yfbc 


Ta co ket qua tuong ter tren. 

Bai 15. Cho x,y,z,t la cac so there thuoc doan 


J..2 
.2 ’ 3_ 


Tim gia tri Ion nhat va gia tri nhd nhat cua bieu there 


P=9 [ x -±Tt+Jl±L 

U +iJ U+j’, 
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Loi giai 

Sii dung bat dang there AM-GM ta co: 




i%) 


x+z Y 

x + t J 

4)H) 
'2 + 2 
.3 3 J 


z + t J- _ 21 {x + z){z + t) 
x + y) '(x + t)(x + y) 

(2x + l)(2f + l) 


(x + t) 


4(x + t) 




|_2 4(x + t) 

Do 2(x + t)-4xt-l = (l-2x)(2t-l)<0. 

2 1 

Vay gia tri nho nhat cua P bang 18 dat tai x = y = —,z = t = — . 

Tim gia tri lan nhat cua P 

2 12 2 

X H— —I— 

. * + z . 3^ 2 3 _ 


Taco: 


x+t x+t 


+ t 


i-j Jl T 

—--(do-— la ham nghich bien vdi x). 

3(2t + l) x + t 


Tuong tu ta co: 


2 


= t + -. Suyra P< /(t) = - 


(2t + lf 


49 ( 2 V fl 2l 

Xethamso f(t) = -^- + 16 t + — lientuctrendoan —taco: 

(2t + l) 2 l 3J ' |_2 3J 


/'(t) = 32lt + -l- 


(2< + O' 


-KM-; 


2.1 + 1 

2 . 


r -”>«. 
1 6 


Do do f(t) la ham dong bien tren J , 


Dodo P<f(t)<f\-\ = —. 


3 


1 2 

Dang there xay rakhi vachikhi x = y = —,z-t- —. 
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Bai 16. Cho x,y,z la cac so thuc thoa man dieu kien x 2 + y 2 + z 2 = 3 . 

Tim gia tri ldn nhat cua bieu thiic P = yj 3x 2 + 7 y + V3x 2 + 7 z + ^5y + 5z . 
Lifi giai 

Sii dung bat dang thiic C-S ta co: 

P 2 <3(6x 2 + 7y + 7z + 5y + 5z) = 18[x 2 + 2(y + z)] 

<18^t 2 +2^2(/+z 2 ) = 18p + 2^2(3 -x 2 )j 
Xethamso fix) = 18^x 2 +2^2^3-x 2 j j lien tuctrcn J^-a/ 3; V3 J ta co: 

/'(*) = 3bf. 


2x 


x = 0 

r #-* 2 )J 

;/'(*) =oo 



x = 0 
x — —1. 

X = 1 

Ta co /(0) = 2 V6, /(-V3) = /(V3) = 3, /(-1) = /(1) = 5. 

Suyra P<f(x)< max /(x) = 5. 

Dang thiic xay ra khi va chi khi x = +l,y = z = 1. 

Vay gia tri Ion nhat cua P bang 5 dat tai x = -1 ,y = z = lhoac x = y = z = 1. 
Bai 17. Cho x,y,z la cac so thuc duong thoa man dieu kien y + z- x[y 2 + z 2 j. 
Tim gia tri nho nhat cua bieu thiic 


P = - 


1 


1 


1 


(x + 1) 2 (y + 1) 2 (z + 1) 2 (x + l)(y + l)(z + l) 

L&i giai 

Theo gia thiet ta co: y + z = x^y 2 + z 2 j >-^-x(y+ z) 2 => y+ z < — . 

Sii dung bat dang thiic AM-GM ta co: 

1 1 _ 2 ^8^8 2x 2 


(y + 1) 2 (z + 1) 2 (y + l)(z + l) (y + z + 2) 2 (2 


(x + 1) 2 


(1 + *)(! + >■)(! + 2) “ (1 + *)(>+ » + Zf " (] + X 2 X 1 (jt + 1) 3 
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Suy ra P> 


4x 2x+6x + x + l 


(l + x) (l + x) (1 + x ) 3 (l + x ) 3 


Xethamso /(x) = 


2 x + 6 x + x +1 , 


(1 + x) 


vdi x> 0 taco: 


2(5x-l) 1 

/U) = -- -X/'(*) = 0«X = -. 

(1 + x) 4 5 


Ta co f (x) doi dau tu am sang duong khi di qua x = — ncn f(x) dat cue tieu tai 


n 9i 


x = t hay P>/(x)>/ 7 = — 


91 1 

Vay gia tri nho nhat cua P bang-dat tai x-—,y = z = 5. 

108 ' ' 5 

Bai 18. Cho a,b,c la cac so thuc khong am thoa man dieu kien a>b>c\ a 
3 ab + 5 be + lea < 9 . Tim gia tri nho nhat cua bieu thiic 
32 1 1 


P = - 


( a-b ) (h-c) (c-a) 

Lai gidi 

Theo gia thiet taco a>b>c> 0 => 9 > lea + 5 be + 3 ab > 3ab => ah < 3 . 
Khi do: 


P> 


32 


(a-b) a b 


1 1 aV 

— + — >- 

, 4 a 4 9 


32 J_ 
(a-b) A a 4 b 4 


= 32a b { a \ b ' 

9 b 2 a 


(a 2 -2ab + b 2 } 


,a - + b —2\ 
yb a J 


H 


Dat t = ^- + —,(t> 2)do a >hkhi do P> f(t) = ^| 


32 


Xethamsd f(t) = - —^-^- + t 2 - 2 

9 L(t-2) 2 


(t-2) 2 
voi t >2 taco: 
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<^>2t{t - 2f = 64 <=> t = 4 

Ta co f (t) doi dau ter am sang duong khi di qua t-4 nen tai t - 4 f(t) dat cue 
tilu hay P > f(t) > /( 4) = y . 

Dang there xay ra khi va chi khi: 

c=0 L=V 6+3V3 

■ ab = 3 = V 2 +V3 (2>/3-3). 

= 4 c = 0 
a ^ 

Vay gia tri nh d nhat cua P bang y dat tai 

a = V6 + 3V3,Z7 = V2 + V3(2^-3),c = 0. 

Bai 19. Cho a,d,c la cac so there khong am thoa man c - min [a,b,c\ 

va a 2 + b 2 + c 2 = 3 . Tim gia tri Ion nhat cua bieu there 

P = 2 ab + 3bc + 3 ca -+--- . 

a+b + c 

Lai giai 

Trade het ta co: 2ab + 3bc + 3ca <(a + b + cf -1 

Suyra P<(a + b + c) 2 -t---1. 

V ’ a+b+c 

Dat t = a + b + c,[42 <t<3^ khi do P<f(t) = t 2 + j- 1. 

Xet ham sd f(t) = t 2 + — -1 vdi t e (V3;3j ta co: 

f\t) = 2i-y > 0, Vt e(V3;3] => i 3 < f(t)< /(3) = 10. 

Vay gia tri ldn nhat cua P bang 10 dat tai a=b=c = 1 . 

Nhan xet. Bat dang there 2ab + 3bc + 3ca <(a + b + c f co duoc nhd der doan 

dau bang dat tai a - b = c = 1 va y tudng dua ve khao sat ham so vdi t-a + b + c . 
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Chung minh. 

(a + b + cf -1 - lab - 3bc - lea -1-bc-ca 

= 2 - c(a + b) > 2 - c i^Z±Zj.= 2 ~ c JSzZj. 

= 2 - fe 2 ( 3 - g 2 )> 2- 2c2+3 c 2 = l ^->0 

Vf r 1 r 2 2 

Bai tap tirong tu* v 

Cho a, b,c la cac so thuckhong amco c = min{a,6,c} va a 2 + Z> 2 + c 2 = 3 . 

f2a^+3bc + 3ca 6 


Tim gia tri Ion nhat cua bieu thuc P =, 


2 (a + i + 2c) 2 -17 

Bai 20. Cho a,b,c la cac so thuc duong thoa man dieu kien abc(a + b + c) = 4. 

Tim gia tri nho nhat cua bieu thuc P = - 


1 


8 be 


J(a + b)(a + c) bc(b 2 +c 2 j + 8 


Loi giai 

Nhan xet. Nhin vao bieu thuc P cho ta thay P doi xiing voi bvac nen ta tim each 
danh gia xoay quanh hai bien nay. Va de thay ap dung AM-GM cho a + b,a+ c. 

Su dung bat dang thuc AM-GM ta co: 

„ a+b+a+c 2a+b+c 


J(a + b)(a + c) <- 


Vay tim each danh giatheo 2 a + b + c. 
„ , 8 be 8 


bc(b 2 +c 2 \ + 8 b 2 +c 2 + A_ b 2 +c 2 + 2a(a + b + c) 

be 

_8_ 16 

-(Z> + c) 2 +2a(Z? + c) + 2a 2 ( 2 a + b + cf 


Suy ra P> 


2a+b+c (2 a+b+cf 


Dat t - 2a + b + c,(t > Qi) khi do P>/(0 = y-^|. 

Taco: t 2 -4a 2 + 4a(b + c) + (b + cf = — + (b + cf > —+ 4Z?c>16=>i>4. 

be be 

Xethamso f{t) = — --^vdi t>4taco = —\ + ^--,f\t) = 0<^>t = \6. 

t ir t 2 r 
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Dang thuc xay rakhi a- 2-yf2,b — c = . 

Bai 21. Cho a,b,c la cac so thuc duong thoa man dieu kien a>b>c. 


Tim gia tri nh d nhat cua bieu thuc P = 


1 Jab 2 + be 2 + ca 2 b + c 

Ldi giai 

Do a>b>c> 0 nen ta co: 

(.ft-fl)(i-c)<0oi 2 +ac<ab + bc^>ab 2 +ca 2 <a 2 b + abc 

=> ab 2 +bc 2 +ca 2 < a 2 b + abc + be 2 -b^a 2 +ac + c 2 J 
Matkhac: a + b>2b,b + c<2b suyra: 

, a M 

yjb^a 2 +ac + c 2 j 


»(a +ac + c~ 

~Yb 


^ a 2 +ac + c 2 2. ][ 


a" +ac + c 


Dang thuc xay ra khi va chi khi a-b-c. 


b 14 

---= — o a = b = c = —. 

1 + ac + c 2 2 3 


Vay gia tri nh d nhat cua P bang 2 dat tai a-b-c- 


Bai 22. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c- 1 . 


Tim gia tri nhd nhat cua bieu thuc P- -H-+ 

1 + b 1 + a 

Ldi giai 


4c 




Taco c = l-(a + b)>l-^j2^a 2 +bj 


4 c 




a 2 + b 2 ) 


2 + ^2(o 2 +f> 2 ) 2 + ^2(a 2 +f> 2 ) 

( g2+ * 2 f 


1 + b 1 + a a 2 +a 2 b b 2 +ab 2 a 2 + b 2 + ab(a + b) 

(o 2 +i 2 ) 2 2 (o 2 +6 2 ) 


' a 2 +b 2 +'-(a 2 +b 2 )^TiT) 2 + ^2^a 2 +b 2 
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Suyra ?>- 


2 (a 2 + b 2 ) *[l-j2(J + b 2 ] 


" 2 + ^2 (a 2 + b 2 ) 2+fl(a^f) 

Dat t = J2(a 2 +b 2 ),(t Jo) taco P>f(t)=?j + ^ = 5t ~ 8 ^ +4 

rX 


5(t 2 +4t-4\ 

f'(t) = — - ~ —-;/'(0 = 0<=>? = -2 + 2V2 (t>0). 

(* + 2 ) 

Ta co f (t) doi dau tur am sang duong khi di qua t - -2 + 2^2 nen f(t) dat cue 
tieu tai t = -2 + 2^2 hay P > f(t ) > /(- 2 + 2 X 2 ) = 20^2 -28 . 

U2(a 2 +Z> 2 )=-2 + 2V2 

Dang thiic xay ra khi va chi khi l a - b c 

\a+b+c -1 


i = b = - 1 + V2 

• = 3—2\[2 


Vay gia tri nho nhat P bang 20V2-28 dat tai a = b = -\ + \[2,c = 3-2y[2. 
Bai 23. Cho x,y,z la cac so thuc khong am. Tim gia tri ldn nhat cua bieu thiic 

P = _I_1_. 

x + 2_y + 3z +1 (x + 2y)(3z + l) 

Ldi giai 

Sii dung bat dang thiic AM-GM ta co: 

(, + 2,)(3, + l) S (£±A±3£±lJ 

Dang thiic xay ra khi va chi khi x + 2y = 3z +1 
1 20 


x + 2y + 3z +1 (x + 2y+ 3z + l) 2 


= - 20 ^- 




x + 2y + 3z +1 40 ) 80 80 

19 , 1 ,1 

Voi x + 2y = 20;z = — thi P bang — . Vay GTLN cua P bang —. 

3 5 80 5 80 
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Bai 24. Cho a,b,c la cac so thuc duong thuoc doan 


Tim gia tri Ion nhat cua bieu thuc P = 


b + c a + c a + b 

Lfri giai 


(c + a)(c + b) [c+ fab) 
ab a$ 


'■fab 




Taco P< f(t) = f(t) = t + 
Xethamsd f(t) = t + 

4 


( 2t + l) 


/'( 0 = 1- 


(2t + l) 

(2t + l) 3 -4 
(2t + l) 3 (2t + l) 3 


- lien tuc tren doan —; 1 ta co 


>0,Vfe -;1 . 


Dodo P max =/(l) = -oa = J = -;c = l 

max J \ > 9 2 

Bai 25. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 1 . 

Tim gia tri nho nhat cua bieu thuc P = cfb^c? -( a - bc)(b - ca)(c - ab ). 
L&i giai 

Ta chung minh 8 a 2 b 2 c 2 >(a-bc)(b-ca)(c-ab ). 


Khongmat tinh tong quat gia sir a>b>c khi do do c 


bc> 0 
ca> 0 


) a,6,ce(0;l)=> 

N6u c - ab < 0 bat dang thuc luon dung. 

N6u c - ab > 0 khi do ta chung minh lab > ^(a - bc)(b - ca) 

That vay 2 ab > ^(a -bc)(b - ca) <=> 4 a 2 b 2 > ( a-bc){b-ca ) 

« 4 a 2 b 2 > ab-a 2 c-b 2 c + abc 2 4a 2 * 2 + c{a 2 + b 2 ) - ab (c 2 +l) > 0 

<^>Aa 2 b 2 +c(a-b) 2 +ab[lc-c 2 -lj>0-»4 a 2 b 2 + c(a-b) 2 -ab{c- 1) 2 >0 
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<=> ab^4ab - [a + b) 2 J + c[a -b) 2 > 0 <=> (c - ab)(a-b) 2 > 0 (luon dung). 

Tuongtvrtaco 2bc>[b-ca)[c-ab);2ca>[c-ab)(a-bc ). 

Nhan theo ve 3 bat dang thvrc tren ta co ngay dieu phai chvrng minh. 


Khi do P>«W-8aVc 2 . 
Bat t = abc, f 0 < i < 


a + b + c \ _ J_ u ac( ^ p>f(t) = t i -St z 


3 J 27 
Xet ham s6 /( t ) = P - 8 1 2 voi t e |^0; ^ j ta co 
f\t) = 3 1 1 -161 = t(3t -16) < 0, Vf e . 


Dang thvrc xay rakhi va chi khi a-b = c = — . 

215 1 

Vaygiatri nh dnhatcuaPbang-dattai a-b-c- —. 

' 19683 ' ' 3 

Bai 26. Cho a,b,c la cac so thvrc duong. Tim gia tri Ion nhat cua bieu thvrc 

25^5 36 

^(a 2 +l)(z> 2 +l)(c 2 +l) a + b + c 

L&i giai 

Su dung bat dang thvrc: ( a 2 + l)^Z> 2 + l)(c 2 +l)^^(« + ^ + c + l) 2 . 

Chung minh xem chuong 2. 

100 36 

Kh i do P < -. 

a+b+c +1 a+b+c 

Bat t = a + b + c khi do P<f(t) = —- — . 

t +1 t 

Taco -^- + ^;/'(0 = 0»6(i + l) = 10i»i = -. 

(r + l) 2 t 2 1 ’ 2 
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, - 3 3 

Ta co f (t) doi dau ter ducmg sang am khi di qua t = — nen f(t) dat cue dai tai t = —. 

Suy ra P < f(t)< = 16 . Dang there xay ra khi va chi khi a - b - c - ^. 


Vay gia tri Ion nhat cua P bang 16 dat tai a-b=c- — . 

Bai 27. Cho x,y,z la do dai 3 canh mot tam giac. 

Tim gia tri nho nhat cua bieu there 


p= |n 24 jy + z-x) , L | 24 (z + x-y) | I 24 (x + y-z) . 


y 

Loti giai 

Dat a -x + y -z,b = y + z-x,c = x + z-y khi do: 


P-.1 + 


48 a 




48c 


Khong mat tinh tong quat gia ser c = min { a, b,c} 
Ser dung bat dang there Mincopski ta co: 



That vay taco: ——— \a 2 (b + c) + b 2 (c + a)\>(a + bf. 

y\b + c \c + a J L J 


2/, \ ,2/ \ (a + b) c(a + b) ( a-b) (a + b-2c) 

a {b + c) + b 2 (c + a) - -—- v ’ =-^--^<0 


2/, \ ,2/ \ ( a + bf c(a + b\ 

a (b + c] + b 2 (c + a)<- -—+ —- 




2 

i a + b ) i 


4 (a + b) 

a 2 (b + c) + b 2 (c + a ) (a + Z>) 3 c(a + b) 2 a + b + 2c 
4 2 







Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Dat ? + l = ^l + ^-,(0<t<4)^ 


L , 48(q + fr) H 
Xa+b + 2c V t 


+ 2t + 1176 


' 2 + 2t + 24 


'r + 2t + 1176 


Suyra P>2.,— 7 - 

V r + 2f + 24 

Ta chung minh 2, 


- + f + l>15o2. 


r + 2t + 1176 . 
t 2 +2t + 24 


t 2 +2t + 24 

<=> 4^ 2 + 2? +1176) > (14 - tf (t 2 + 2t + 24^ <=> t(l8 - t){t - 4) 2 > 0 (luon dung). 
Dang there xay ra khi va chi khi t-4<z>2c = a + b<^>a-b = c<=>x = y = z. 
Vay gia tri nh d nh at cua P bang 15 dat tai x = y = z . 


Bai 28. Cho a,b,c la cac so there thuoc doan 


"1 3l , , , 
—va thoa 
.2 2 . 


man dieu kien 


a + b + c = 3 . Tim gia tri nho nhat cua bieu thiic 

Lai giai 

Vi a,Z?,cej^-;^-j=>a + Z?-c = 3-2c>0. Tuongter b + c-a>0,c + a-b>0. 
Do do 

2 [a 2 b 2 +b 2 c 2 + a 2 a 2 ^-^a 4 + b 4 +c 4 ^ = (a + b + c)(a + b-c)(b + c-a)(c + a-b)> 0. 
Suyra 2 {a 2 b 2 +b 2 c 2 + c 2 a 2 J + a 4 +b 4 +c 4 >2^a 4 +b 4 + c 4 ). 


Suyra P> 7f—+ - + -l-3^a 2 +b 2 +c 2 j . 


1111 1 1 2 / J 1 1 1 ) 

- + - + - =-+-+- = -.(x + y + z)\ -+-+- 

a b c y+z z+x x+y 3 VT +Z z + x x + y) 

=«^ + — + — + 3 V 2 + - f — + — + —1 

3 yy + z z+x x+y ) 3 yy+z z+x x+y) 
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y + z x(y + z) xy + yz + zx 


z + x y(z + x) xy + yz + zx 


x + y z(x + y) xy + yz + zx 
Suy ra 


y + z z + x x + y xy + yz + zx 4 (xy + yz + zx) 

Va [a 2 +b 2 +c 2 ) = 4 (x 2 +y 2 +z 2 +xy + yz + zx j 

= 4^(x + y + z) 2 -(xy + yz + zx)J = 4f-^--xy-yz-zxl 


Suy ra P>1\ 2 + 


14 


_ \ 

3 (^(xy + yz + zx) 


-2 -12-xy-yz-zx 


63 


3 6(xy + yz + zx) 

t/o 


[ (x + y + z) 3 

Dat t = xy + yz + zx,| 0<^<---—— = — khi do 


3 61 U 


Xethamso f(t) = ^- + ^--\l{^-t^ voi t< 


m=— 


3 16r -36r +7) 


0 133 


, = -hayPa/(0./^j = --. 
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Dang there xay ra khi va chi khi 


xy + yz + zx = — o (x;y;z) = j^O;—;lJhoac 
xyz = 0 


cac hoan vi suy ra ( a;b;c ) = ; 1; — J hoac cac hoan vi. 

Vay gia tri nho nhat cua P bang - dat tai a-—,b-l,c~ — hoac cac hoan vi. 

' 12 ' ' 2 2 ' 

Bai 29. Cho a,b,c la cac so there thuoc doan [0; 2]. 

Tim gia tri Ion nhat cua bieu thiic 

P = ab(a 2 - b 2 ) + Z?c(b 2 - c 2 ) + ca(c 2 - a 2 ) . 

Loti gidi 

Khong mat tinh tong quat, gia su « = max {a, b, c} 

Ta co : 

P = ab(a 2 -b 2 ) + c(b 3 - a 3 ) + c 3 (a- b) = ab(a 2 -b 2 ) + c(b- a)(a 2 + ab + b 2 - c 2 ) 
Vi a>b>0,a>c>0 nen c(b - a)(b 2 + ab + a 2 - c 2 ) < 0 
Suy ra: P < ab(a 2 - b 2 ) < 2b(4 - b 2 ) (do b e [0; 2]) 

Mat khac : F = 2b(4 - b 2 ) > 0 . 

Taco F 2 = 4b 2 (2- b 2 )(4 -b 2 ) = 2.[2Z? 2 .(4- b 2 ).(4- b 2 )] 

Ap dung bat dang there AM-GM ta co: 

f 4-Z> 2 


2 ( 2b 2 +4-b 2 +4 
\ 3 


Dau bang xay ra khi a-2,b - ^ , c = 0. 


=2 .^„o < f P2A 

21 9 

2y/3 


32^3 


a = 2,b = c = 0. 
3 
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Bai 30. Cho a,b,c la cac so thuc duong thuoc doan [ 1 ;2] va thoa man dieu kien 
(a + b + cf - 4(ab + be + ca. Tim gia tri nh d nhat cua bieu thuc 


„ la + b-c b + c-a c + a-b „ 


a +b +c -2 


Lcfi giai 

Dat x = a + b-c,y = b + c-a,z = a + c-b,(x,y,z> 0) 
Theo gia thiet ta co: xy + yz + zx = 4. 


\y + z \z + x 


x+ y) ft 




xy , 

yz , 

zx 

(y + z)(x + z) ]j 

(y + x)(z + x) ^ 

(z + y)(x + y) ) 


_ , x y z 1 , \f x y z } 

Taco: -+-H- = —(xy + yz + zx) -+-+- 

71 vt +z z+x x+ y) 


y+z z+x x+y 4 


2 2 2 f \ 2 2 2 

x l +y z +z z | xyz ( x | y | z V x~+y L +z~ 


4 yy + z z+x x+y) 


xy 


xy 


2 xy 


(y + z)(x + z ) J( X y + zx)(xy + yz) 2 xy + yz + zx xy + yz + zx 

•i 


Tuong tu: 

Cong theo ve ba bat dang thuc tren ta dupe: 


y^_ _^ y z 

(y + x)(z + x) xy+yz+zx’^(z+y)(x+y) xy + yz + zx 


I Xy ij 

1 y z i 1 

l(y + z)(x + z ) 

(y + x)(z + x) ]j 


Dodo -1-./——+ I- 

\y + z \ z + x ]/x + y 

Suyra: P>J : 


'x +y +z 


2 


+ 4 + 


yjx 2 + y 2 + z 2 


Dat t = yjx 2 +y 2 + z 2 ,{t> yjxy + yz + zx = 2) khi do P> f(t) = + 4+ — . 
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f \t) = T / , -4;/'(0 = 0 «• t 3 = 4 a/ 2 F + 8 ) ^ = 2 V2 

u ' 2 +*\ t v v / 


2 r+8 


Ta co f (t) doi dau tyr am sang duong khi di qua t -2\jl ncn f(t) dat cuc^idu t, 
t = 2V2 hay P> f (2^2) = 3V2 . 

Vay gia tri nho nhat cua P bang 3^2 dat tai a = \,b = 2,c = lhoac cac hoan vi. 
Bai 31. Cho cac so thuc duong a, b, c thoa man dieu kien abc = 1. 

2 . 1 


a 5 + Zr +<r 


Tim gia tri nho nhat cua bieu thuc P = ab + b z c + ca + 


Lai giai 


Dat x = ab = a.ab ~—;y = oc = bbc =—;z = ca = c.ca = — => xyz = 1. 

cab 


Vi abc = 1 nen ta bien doi duoc P thanh P=x+y+z+- 


Ta co x 2 y + y 2 z + z 2 x > 3 }jx 2 y.y 2 z.z 2 x = 3 . 
Su dung bat dang thuc AM - GM ta co 
1 


%]xy 2 +yz 2 +zx 2 6^ xy 2 +yz 2 + zx 2 )(x 2 y + y 2 z + z 2 x).3xyz 

, , * 

Mxy 2 + yz 2 + zx 2 )(x 2 y+ y 2 z+ z 2 x).3xyz 

Su dung bat dang thuc AM-GM ta duoc: 


1 y 2 + yz 2 + zx 2 j(x 2 y + y 2 z + z 2 x j.3xyz < 


xy + yx + yz + zy + zx + x 2 z + 3xyz 
3 

_[ (x + y + z)(xy + yz + zx) f (x + y + z) 9 

1 3 J “ 27 2 


Suyra P>x 


, 3.^/3 

(x + y + z) 3/ 


Dat t = x + y + z,(t>3)^>P> f(t) = t + 


3.^/3 
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Xet ham so f(t) = t + —^r',t > 3 ta thu dugc: P > 3 + ~^=. 

Dang thuc xay ra khi va chi khi a - b - c - 1. 

Vay gia tri nho nhat cua P bang 3 + -!= dat tai a-b = c = 1. 

v3 

Bai 32. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 +b 2 +c 2 - 2. 
Tim gia tri Ion nhat cua bieu thuc 

p_ a + b a + b- 2 ab 
a 2 + b + c b 2 +c + a [a + b + c} 2 

L&i giai 

Svr dung bat dang thuc C-S taco (a 2 +b + c)(l + 6 + c)>[a + b + cf 
_ fl ^ a[\+b + c) 
a 2 +b + c ( a+b+cf 

b b[\ + c + a) 


Tuong tu ta co - 


b +c + a [a + b + c) 


Tir do suy ra P< 


a[b + c) + b[c + a) + 2ab 


(a + b + c ) 

Bdi vi 2 + 2 bc = a 2 + [b + cf >2a[b + c)^>a[b + c)<\ +be 
2 + 2ca = b 2 + [c + af >2b[c + a)^b[c + a)<l + ca 
=> a[b + c) + b[c + a) + 2ab < 2 + c[a + b) + 2ab 
= a 2 +b 2 +c 2 + c[a + b) + 2ab < [a + b + cf 
Vay gia tri Ion nhat cua P bang 1 dat tai a = b = 1, c - 0 . 

Bai tap tuong tu 

Cho a,b,c la cac s6 thuc duong co t6ng bang 3. Chung minh 

_J_ + _J_ + _!4 s1 . 

a+b + c b +c+a c +a+b 
Bai 33. Cho a,b,c la cac so thuc duong thoa man dieu kien 


( a + 5t+ 3c)|i + T + ±j 


Tim gia tri nho nhat cua bieu thuc P = 


2(a + 3c)(fl + 3c-4^)-7c 2 +4 cya 2 +7c 2 
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Loi giai 

Theo gia thiet ta co 

”=(. + 46 + 3 C )ri + -L + iVi,ri + -L + i]>9 +i ri + -L + -L] 

4 \a 4b 2>c) \a 4b 3c ) \a 4b 2>c). 

= >3ac>2b[a + 3c ) 

Chuy.AM-GMtaco (a + 4Z? + 3c)j^- + ^ + ^-j>9. 

Khi do 

_ 2(a + 3c) 2 - 8Z?(a + 3c) - 7c 2 + 4cVa 2 +7c 2 
lac 

> 2(a + 3c) 2 - Mac-lc 1 + 4c\la 2 + lc 2 2a 2 + 11c 2 + 4 cVa 2 +7c 2 
2ac 2ac 

_2x 2 + U + 4^x 2 + 7 _ a 


v , ,, *■ ss \ ^X + H + 4'VX +7 ,. j 

Xet ham so j (x) =- voi x duong ta co 


12x -11 W-v +7-28 

/W = i - 7, , -;/W = 0ei = 3. 


: 2 ,/7T7 


Dau bang xay ra khi va chi khi a-4b-2c. 


Bai tap tuong ty 

1) Cho a,b,c la cac so thuc duong thoa man dieu kien 

, /I 1 n 21 

V la 2J cj 2 


Tim gia tri nho nhat cua bieu thuc P = - 


2 +(a + c)(a + c-2b) + ^2a 2 + 2 c 2 


DS: P mia = 5;a = 2b = c. 

2) Cho a,b,c la cac so thuc duong thoa man dieu kien 

< 3 “ + 2 fc+ 4 (rH)= 30 ' 
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Tim gia tri nho nhat cua bieu thuc P = 


b + 2c -7\ll2a 2 + c 2 


DS: P max =-55; 2a = 36 = 6c. 

Bai 34. Cho x,y,z la cac so thuc khong am thoa man dieu kien 
yjx 2 +y 2 + 2x + 2y + l + z = 3. 

Tim gia tri Ion nhat cua bieu thuc P = x 4 + y 4 + z 4 . 

Lifi giai 

Trade het ta chung minh: yjx 2 + y 2 + 2x + 2y +1 > 1 + -Jx 2 + y 2 . 

That vay bat dang thuc tuong duong vdi: 

x 2 + y 2 + 2x + 2y +1 > 1 + x 2 + y 2 + 2 <Jx 2 +y 2 . 

<=> x + y > yjx 2 +y 2 <=> xy > 0 , bat dang thuc luon dung. 

Dau bang xay ra khi va chi khi xy = 0 . 

Suy ra 3 - z > 1 + ^x 2 + y 2 <=> \]x 2 +y 2 < 2 - z <=> x 2 + y 2 < (2 - zf va 0 < z < 2. 
P = x A +y A + z A =[x 2 +y 2 ^ +z 4 -2x 2 y 2 <(x 2 +y 2 ^ +z 4 <(2-z) 4 +z 4 . 
Xethamso /(z) = (2-z) 4 +z 4 , taco f\z) — a[z 2 -(2-z ) 3 j = 0z = 1. 

Ta co /(0) = 16, /(l) = 2, /(2) = 16 . 

Suy ra P<f{z)< 16. 


Dau bang xay ra khi va chi khi 


xy = 0 
“z = 2 
z = 0 


\jx 2 + y 2 + 2x + 2 y +1 + z = 3 


x = 0 

■I y = 0 hoac 
z = 2 


cac hoan vi. 

Vay P ldn nhat bang 16 khi va chi khi (x,y,z) = (0,0,2) va cac hoan vi. 
Bai 35. Cho a,b,c la cac so thuc thoa man dieu kien abc = 1. 

Tim gia tri nhd nhat cua bieu thuc 

P =JLl _!_+ 1 

3 (a 2 - a + l)(b 2 -b + l) c 2 -c + l 

Loti giai 

Ta chung minh vdi moi so thuc a va b ta luon co 

3(l-a + a 2 )(l-d + d 2 )>2(l-ad + aV). 
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Chung minh. Viet lai bat dang there deroi dang: 

(a 2 - 3a + 3)Z> 2 - (3a 2 - 5a + 3)* + 3a 2 - 3a +1 > 0. 

Ve trai la tam there bac hai cua b co a 2 - 3a + 3 > 0, Va e M va; 

A b = (3a 2 - 5a + 3) 2 - 4(a 2 - 3a + 3)(3a 2 -3a +1) = -(a 2 - 3a +l) 2 < 0, Va e R . 
Do do ve trai luon khong am va bai toan deroc cherng minh. 


a -3a + l = 0 

Dang there xay ra khi va chi khi - _ 3a 2 - 5a + 3 <=> 


2(a 2 -3a + 3) 


Khi do (a 2 -a+l)(i 2 -6 + l)^y(aV-a 6 +lJ=-(^- 2 —- + lj = 2 . 

_ „ 1 1 3kc 2 +\ ,. , a/5-3 

Suyra P<-+ 2k. =-= -voi k = -. 

c-c + 1 2 c -c + 1 c-c + 1 6 


3- 5 
2 

3 -a/5 
2 

3+a/5 ' 

2 

3+5 

2 

c 2 - c +1 


3kc +1 

Xethamso /(c) = —-voi oOtaco 


Ac) = 


c — c +1 
-3kc 2 + (6&-2)c + l 


',f\c)-0<^>-3kc 2 + (6&-2)c + l = 0. 


7 + 3a/ 5, . 
<=> c =-hoac 


c 


3 - a/5 
2 


Bang biin thien: 
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Dua vao bang bien thien suy ra P> /(c) > fi ^ j ^ ■ 

Dang thiic xay rakhi va chi khi a-b- ^ ^ ,c = ^ • 

,, .a. , l-y/5. . , 3-V5 7 + 3^5 

VaygiatrinhonhatcuaP bang —-—dattai a-b = —-—,c = —-—. 

Bai 36. Cho x,y,z la cac so thuc duong thoa man dieu kien 

(x-y) 2 + (y-z) 2 + (z-x) 2 = 2. 

Tim gia tri nho nhat cua bieu thuc 

p=(x +Jf+ z)fi + i + l)-3b±^di. 

v ^x y z J 3 xyz 

Loi giai 

Khong mat tinh tong quat gia su x = max{x,y,z } . Dat y + z = 2t=>x>t. 
Theo gia thiet ta co x 2 + y 2 + z 2 -xy-yz-zx- 1. 

(x + y + z) 2 = l + 3(xy+ yz + zx) (1). 

^ xy + yz + zx 2(x + y + z-l) 
xyz 3 xyz 

(x + y + z)|(x + y + z) 2 -lj-2(x + y + z-l) 

3 xyz 

(x + y + zf -3(x + y + z) + 2 
3 xyz 

Va (1) => x 2 +(y + z) 2 -x(y+ z)-3yz = 1. 

<^>3yz = x 2 +4i 2 -2/x-l. 

(x + 2t) 3 -3(x + 2t) + 2 _ * 3 + 6tx 2 + (l2t 2 -3)x + 8t 3 - 6t + 2 
x(x 2 +4i 2 -2ix-l) x(x 2 -2tx + 4t 2 -l) 

Mat khac ta co: 

2 = (x-yf + (x-zf + (y-zf>(x-yf + (x-zfP(2x-y~zf. 

=>(2x-y-z) 2 <4«2x-y-z<2c>x<t + l. 

Ta chiing minh P> 9. 


Khi do P-(x + y + z).- 


Suy ra P = - 
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That vay bat dang thuc tuong duang vai 

x 3 +6 tx 2 +(l2 1 2 -3)x + 8t 3 -6t + 2 

--- - ->9 

x(x 2 -2/x + 4t 2 -l) 

o x 3 + 6fcc 2 + (l2t 2 - 3)x + 8t 3 - 6t + 2 > 9x(x 2 - 2 tx + At 1 - 1) 


» 8x 3 -24x 2 t + 24xt 2 -8t 3 -6(x - 1) -2 < 0. 

o4(x-«) 3 -3(x-t)-l<0o(x-t-l)[2(x-t) + l] 2 <0(luondung vi x< t + l). 

-y±±a. 


Dang thuc xay ra khi va chi khi j x = t +1 = • ^ +1 


(x = 2 

o 

It = z -1 

[(,-y) 2 + b-zf + (z-,) J =2 

Vay gia tri nho nhat cuaP bang 9 dat tai (x;y;z) = (2;1;1) hoac cac hoan vi. 
Cach 2: Ta chung minb P>9 . 

Viet lai bat dang thuc duoi dang: 

y A x y z) 2>xyz 

<=> 3 (x + y + z) (xy + yz + z) + 2 - 21xyz -2(x + y + z)>0 
«• 3 [(x + y + z)(xy + yz + zx) - 9 xyz] + 2- 2(x + _y + z)>0 

3 [x 2 (y + z) + y 2 (z + x) + z 2 (x + y) - 6xyz J + 2- 2(x + _y + z)>0 
o 3 [~x 2 (y + z) + y 2 (z + x) + z 2 (x + y) - 6 xyz] + 

+2-(x + y + z)[(x-y) 2 + (y-z) 2 +(z-x) 2 ]>0 

<=> (2z-x-y)(x-y) 2 + (2x-z-y)(z-y) 2 + (2y-x-z)(x-z) 2 + 2>0 
\a+b + c = 0 

Dat a = x-y;b = y-z;c = z-x=>< .... 

[a +b+c =2 


Ta can chung minh ( c-b)a 2 +{b-a)c 2 + (a-c)b 2 + 2>0. 

<=>M =(a -b)(b-c)(a-c)< 2. 

Taco M 2 =(a-bf (b-cf (c-af . 

Trong 3 so a,b,c luon co hai so cung dau khong mat tinh tong quat gia su hai so 
do la a va b, khi do ab> 0. 
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Vadieukientrdthanh: a 1 +b 2 +(a + bf =2 

<=> a 2 + ab + b 2 - 1. 

Khido 

M 2 = (a - bf (2a + bf (2b + of = (l - lab) (2 + 3 abf 

(\-3ab + 2 + 3ab\ 


Suy ra M <2. Dang thiic xay rakhi va chi khi 


3 


ab- 0< 


a = 0 
b = 0 


x-y = 0 
y-z = 0. 


=>(x;y;z) = ( l;l;2);(2;l;l) 

Vay gia tri nh d nhat cua P bang 9 dat tai (x;y;z) - (2;l;l)hoac cac hoan vi. 
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4 : 

so phiToimg phap chlTng mi nh bat dang thCTc khac 

CHu DEI. kythuAtluonggiAchoa 

Trong chu de nay toi de cap den mot so phep luong giac hoa co ban va mot so 
bat dang there trong tarn giac va cmg dung. Mot chu y la cac bai toan trinh bay trong 
chu de duoc giai bang phuong phap luong giac hoa co the duoc giai bang phuong 
phap dai so thong thucmg. 


A. NOI DUNG PHlTGNG PHAP 
1. Cac phep luong giac hoa co ban 


Neu |x| <i?thi dat x = Rcosa ,a e [0;;r]; hoac x = Rsina, a e' 

Ndu Ijcl > R thi dat x = R «e[0,c)uLr,3— ]. 

coscr L i 2 J 

Ndu (x-a) 2 + (y-bf =i? 2 , (J> 0) thi dat {* a + Rcosa ? (a = 2n). 

[y = Z? + i?sin« 

2 , f x = a+ aR cos a 

-R 1 , a,b >0 thi dat { , (a-2 k). 

\y = P + bRsma 


(x-a) 

2 

1 +1 


{ a ) 

1 + l 

k b ) 


Neu trong bai toan xuathien(ax) +b 2 , (a,b > 0) dat x = — tga, a e- 

a \ 2 2) 

Vi du l._Cho bon so there x, y, u, v thoa man dieu kien x 2 + y 2 = u 2 + v 2 = 1. 
Chungminhrang -yfl < w (x - y ) + v (x + y) < \f2 . 


Lai giai 

Dat x = cosa,y = sina;w = cos£>,v = sin£>. 

Taco w(x-y) + v(x + y) = cosb(cosa-sina) + sinb(cosa + sina) 
= cos{a-b) + sin(b-a) 

= cos ^ - a - e [-V2; >/2 ] 

Bat dang there duoc chung minh. 
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Vf du 2. Chung minh rang voi moi so thuc a,b thuoc doan [-1 ; 1] ta co 
|aVl-6 2 +b\Jl-a 2 +y/3{ab-^(l-b 2 )(l-a 2 ) ) j<2. 


L&i giai 


) a = cosa , r , x 

(a,P 

b = cos v L J; 

Khido: ajl-b 2 + b\ll-a 2 +^3 |a&-^(l-& 2 )(l-a 2 ) j 

= cos a. sin /? + cos /?. sin a + >/3 (cos a. cos /? - sin a. sin /?) 


= sin (a + J3) + \f?> . cos(ct + J3) = 2 cos(ct + - —) 

6 

^\aj\-b 2 +Wl-a 2 +V3^aZ7-^(l-Z7 2 )(l-a 2 )j|<2 

Bat dang thuc dupe chung minh. 

Bai tap tuo’ng tu 

1) Chung minh rang voi moi so thuc x,y thuoc doan [-2; 2] ta co 


W 4-x 2 < 


2) Cho a ,b > 1. Chung minh rang : a^Jb -1 + byja -1 < ab 
Vf du 3. Cho a,b la hai so thuc thoa man dieu kien ab* 0. 

Chung minh rang -2^2 - 2 < -—< 2 a/2 - 2. 

a 2 + 4Zr 


Cut giai 


a 2 - (a-4b) 2 
a 2 + 4b 2 


_ tg 2 a-{tga- 2f 


= 4(tga -l).cos 2 a 


1 + tg a 

= 2 sin 2 a - 2(1 + cos 2a) = 2(sin 2 a - cos 2a) - 2 


= 2V2 sin(2ct - y) - 2 e [-2>/2 - 2, 2^2 - 2 ] 
Bat dang thuc dupe chung minh. 
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Bai tap tiro'ng tu* 

1 (x- y)(l + xy) 1 

Cho x,y la cac so thuc chung minh rang —jg§|^-—y)--4 < —. 

2 (l + x 2 )(l + .y 2 ) 2 

Vi du 4. Cho a,b,x,y,z la cac so thuc duong co a + b = 1. 

Chung minh rang (x + y'f (y + z) 3 > 64a£>xy 2 z (ax + y + bz^f . 

Loti giai 

Cac dang thuc va bat dang thuc trong tam giac 

ABC 

sin ,4 + sin 4? + sin C = 4 cos—cos— cos — 

2 2 2 

sin 2 ^4 + sin 2 fi + sin 2 C = 2 (1 +cos ^4 cos 4? cos C) 
sin 2^4 + sin 2B + sin 2C = 4 sin A sin B sinC 
tan^4 + tanfi + tanC = tan^4tanfitanC 

, A B B C C A 
1 = tan —tan—b tan—tan—btan—tan — 

2 2 2 2 2 2 
1 = cot AcotB + cot 5 cot C + cot C cot A 
1 = cos 2 A + cos 2 B + cos 2 B+ 2 cos A cos B cos C 
Mot s6 phep lirong giac hoa dua \e chung minh bSt ding thuc trong tam giac 
+ N6u a,b,c la cac s6 thuc duong thoa man a + b + c = abc khi do t6n tai ba goc 
mot tam giac sao cho a = tan A,b = tan B,c = tan C. 

+ Neu a,b,c la cac so thuc duong thoa man ab + be + ca = 1 khi do ton tai ba goc 

A r B C 

mot tam giac sao cho a = tan — ,b = tan —,c = tan —. 

2 2 2 

+ Neu a,b,c la cac so thuc duong thoa man a 2 +b 2 +c 2 + 2 abc = 1 khi do ton tai 
ba goc nhon ctia mot tam giac sao cho a = cos A,b = cos B, c = cos C . 

Dang thuc quen thuoc: 

(a 2 +l)(^ 2 +l)( c2 + l) = (ab + be + ca- iy +(a + b + c-abc) 2 . 

Bai toan 1. Chung minh rang voi moi tam giac ABC ta co 

3 

cos A + cos B + cos C < —. 


Chung minh. 

0 A + B A —B 2 A + B 

VT = 2cos-cos-2cos- bl. 

2 2 2 

A+B A—B 

Do A,B,C la cac goc cua tam giac nen 1 > cos —-— > 0; 0 < cos ——— < 1. 
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Do do, VT < -2 cos 


, A + B 


- + 2cos- 


A + B 


- + 1 = — 2 cos 


A + B 1 




2 2 

Dau bang xay ra khi va chi khi tam giac deu. 

Tong quat vdi x,y,z la cac so there duong va A,B,C la cac goc cua mot tam giac ta 
, cos A cos B cosC x 2 + v 2 +z 2 

CO-+-+-<---. 

x y z 2 xyz 

Chimg mirth. 

Bat dang there tuong duong voi: 

2yzcosA + 2zxcosB + 2xycosC < x 2 + y 2 +z 2 
<^> x 2 +y 2 +z 2 +2yzcos(B + C)-2zxcosB-2xycosC > 0 

x 2 +y 2 +z 2 +2yzcosBcosC-2yzsinBsinC-2zxcosB-2xycosC> 0 
« (x-zcos^-ycosC)" +(zsin5-ysinC)“ > 0 . 

Bat dang there duoc chung minh. 


Dang there xay ra khi va chi khi 


sin A sin B sin C 


Vi du 1 . Cho a,b,c la do dai ba canh mot tam giac va x,y,z la cac so there thoa man 

{ cy + bz = a 
az + ex = b . 
bx + ay = c 


Chung minh rang x + y + z < — . 


De tinh duoc 


Lori giai 


2 +a 2 -b 2 ' _a 2 +b 2 -c 2 
2ca ’ 2 ab 


Bat dang there luon dung dang there xay ra khi va chi khi 
1 
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Cach 2: Tvr gia thiet ta co: 


c b 
-y + —x = 1 


—x+—y =1 
c c 

Cong theo ve ba phuong trinh tren ta duoc: jc(— + —) + y(— + —) + z(— + — ) = 3 . 

c b c a b a 

Su dung AM-GM ta co ngay dpcm. 

Vi du 2. Cho a, b, c lacac so thuc khac 0 va c>b. 

bc + a 2 - b^Ja 2 +c 2 + c4a 2 + b 2 


Tim gia tri ldnnbat cuabieuthuc P-- 

Ldi giai 


P = 


bc + a 2 


yj(a 2 +c 2 )(a 2 +b 2 ) \la z +b z 

bc + a 2 -b(c - b) 


c(c - b) 


<J(a 2 +c 2 )(a 2 +b 2 ) ( c-b)yja 2 +b 2 (c-b)ja 2 +c 2 

Vi 3 so a,b,c khac O nen trong he true toa do Oxy chon 3 diem 
A (0; a); B(b; 0); C(c; 0), b <c la ba dinh mot tam giac. 

Taco AB = ( b;-a);AC = (c;-a);BC = (c-b; 0). 

Xet tam giac ABC co 

cos A = cos(AB, AC) = bc + a 

cos B = cos {BA;BC) = - 


yl(a 2 +b 2 )(a 2 +c 2 ) 
-bje-b) 


cos C = cos(C^, CB ) =- C ^ C ^ 


> P - cos A + cos B + cos C < - 
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Dau bang xay ra khi va chi khi tam giac ABC deu. 

Vay gia tri ldn nhat cua P bang ^ khi do c > 0 ;b = -c;a = ±V3c . 

Vi du 3. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = abc. 
1 . 1.1 ^29 

% 8 ' 


Chung minh rang 


2-s/a^+I 3yjb 2 +1 


Vc +1 

L&i giai 

Theo gia thiet ton tai 3 goc nhon cua mot tam giac thoa man 
a = tan A,b = tanS,c = tan C. 

Khi do: 

1 _ 1 _ cos A 

2Va 2 +1 2Vtan 2 A + l 2 
1 1 cos B 


3Vtan 2 5 + l 3 

1 _ 1 cosC 

Wc 2 + 1 Wtan 2 C + l 4 


cos 4 cos 5 cosC 29 


Ta can chung minh: 

2 3 

Bat dang thuc nay luon dung bbi vi 
cos4 cos5 cosC < 2 2 +3 2 +4 2 
2 


3 4 

Dang thuc xay ra khi va chi khi: 


2.2.3.4 48 

sin 4 _ sin# _ sinC 
2 “ 3 _ 4 

^ tan A _ tan B _ tanC 
2\/tan 2 4 +1 3-\/tan 2 S + l 4Vtan 2 C + l 

^ a _ b _ c 
2\ja 2 +1 3\lb 2 +1 4Vc 2 +1 

Vi du 4. Cho a,b,c la cac so thuc duong thoa man dieu kien — + — + — = 6 

3a 2b c 


Chung minh rang 


2 ya + 4bc \b + 9ca \c + 36ab 

L&i giai 

Phan tich bieu thuc ve phai truoc 
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Theo gia thiet ta co: 


— + — + - = 6 <=>-+-+ — = 1 

3 a 2b c 18 a 12 b 6c 

1 1 1 , 

<=> — + — + — = l<z>x + y + z = xyz 
yz zx xy 

Cho ta thay dau hieu cua lugng giac hoa vay ton tai ba goc mot tam giac sao cho 
x = tan A,y - tan B,z = tanC. 

Ta can chung minh 

1 1 1 3 

, H- , H- , < — 

Vl + tan 2 /I 1 + tan 2 B Vl + tan 2 C ^ 


<^> cos A + cos B + cos C < — 

2 

Bat dang thiic cuoi dung va ta co dieu phai chung minh. 


Dang there xay ra khi va chi khi 



, 3 

be-—a 
4 


ab-—c 
12 


fa = 1/ 6 
\b = U4. 
[c = 1 / 2 


Bai tap tuong ty 

Cho a,b,c la cac so thuc duong thoa man dieu kien — + — + — = 6 . 

a 2b 3c 


Chung minh rang - 


27 ' 
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Bai toan 2. Chung minh rang voi moi tam giac ABC ta co 
cos A + cos B + sin C < . 


Chung minh. 


A + B A — B 

cos A + cos B + sin C = 2cos-cos-+ sinC 

2 2 


- + sinC = 2sin— 1 + cos — 


= 2j| 1-COS 2 +COSyj 

Chu y su dung bat dang thuc AM - GM ta co 


3 ( 1_C ° S f] 


1 + cos—I < 

2 J 


3fl-cos—l + 3f 1 + cos—1 


-BJ 


>2J\ l-cos^l + cos^j <^y- 


Bat dang thuc duoc chung minh. 

Dang thuc xay ra khi va chi khi A - B~^,C-. 

Vi du 1. Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh rang 

a b yjabc , 3v3 

-+-+- <1 +-. 

a + bc b + ca c + ab 4 

Lai giai 

Goi P la bieu thuc ve trai cua bat dang thuc. 



Chu y theo gia thiet ta co 



a+b+c= 
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Suy ra ton tai 3 goc mot tam giac sao cho 

[be A lea B lab C 

J— = tan—, J— = tan—, J— = tan—. 
V a 21b 2 lc 2 

+ C 

l l tan 7 

Khi rt n P = _-_ 4 -_-_ 4 -_ 


1 + tan 2 — 1 + tan 2 — 1 + tan 2 — 

2 2 2 

2 A 2 5 1 . 

= cos —+ cos —h— smC 
2 2 2 

= 1 + -“(cos A + cos B + sin C) < 1 + 

Bat dang there duoc chung minh. Dang there xay ra khi va chi khi 
a-b- 2V3 -3,c = 7-4^3 . 

BSng each chung minh tuong tu - cac bat ddng thuc tren ta chung minh chine 

Chung minh rang voi moi tam giac ABC ta co 

siny4 + sinS + sinC 

2 

cosA.cosB.cosC< — <sin—.sin—.sin— 

8 2 2 2 

cos 2 A + cos 2 B + cos 2 C > —; 

4 


V3 cos A - sin B + y/3 sin C < —; 

2 

3 

sin2y4 + sin2S + cos2C <—; 

2 

cos 2A + sl3 (cos 2 B + cos 2C) > ~ 

Bai toan 3. Chung minh rang voi moi tam giac ABC ta co 

cos 2 A + cos 2 B + cos 2 C + 2 cos A. cos B. cos C = 1. 

Chung minh. 

Dang there da cho tuong duong voi: 
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cos' B + cos 2 C + 2 cos A. cos B. cos C = sin 2 A 

<=> (cos B + cos C) 2 - 2 cos B. cos C+ 2 cos A. cos B. cos C = sin 2 A 

2 B + C 2 B — C „ . 2 A . 2 A 2 -A 

<=>4cos -cos-4cosifcosC sin — = 4sm —cos — 

2 2 2 2 2 

2 B-C „ ^ 2 A 

•»cos-cos B cos C = cos' — 

2 2 


» cos(5 - C) - 2 cos B. cos C = cos A 
» cos(5 - C) + cos(5 + C) - 2 cos B. cos C = 0 
Dang there cuoi dung va ta co dpem. 

Nhu vay vdi cac so there duong x,y,z thoa man dieu kien 
x 2 + y 2 + z 2 + 2 xyz = 1. 

Khi do ton tai ba goc nhon trong mot tarn giac sao cho 
x-cos A;y = cosS;z = cosC . 


That vay ta luon co 

cos 2 A + cos 2 B + cos 2 C + 2 cos A cos B. cos C = 1 


Vi du 1. Cho a,b,c la cac so there duong thoa man dieu kien 

1 1 1 

-1—r-h —: --2 . 

a 2 + 1 b 2 +1 c 2 +l 


Lai giai 

Gia thiet bai toan tuong duong voi: 

a 2 b 2 + b 2 c 2 +c 2 a 2 + 2a 2 b 2 c 2 = 1 => ab,bc,ca e (0;l). 
Do do ton tai ba goc nhon trong mot tam giac thoa man: 
ab = cos A,bc = cos B,ca = cos C . 


- * 3 

Bat dang there trd thanh: cos A + cos B + cos C < —. 

Bat dang there cuoi luon dung va ta co dpem. 
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Dang thuc xay ra khi va chi khi a = b = c- —. 

V2 

Vi du 2. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c +1 = 4 abc. 

, ■> V Abc — 1 V Aco. — 1 1 

Tim gia tri Ion nhat cua bieu thiic P =-H-H-. 

be ca ab 


L&i giai 

Gia thiet bai toan tuong duong voi —— + ——- + —— + 2.—-— = 1. 

4 be 4 ca 4 ab Sabc 

Do do ton tai ba goc nhon trong mot tarn giac thoa man: 

-i= = 2cosA;—^= = 2cosB;—^= - 2cos C . 
ylbc 'Jca \]ab 

Khi do 


P = 4cos 2 A I—^-1 + 4cos 2 B —-1 + 4cos 2 C 

V cos 2 A V cos 2 B 

= 2 sin 2A + 2 sin 25 -4 sin 2 C + 4 

= 4sin(y4 + B)cos(A - B) - 4 sin 2 C + 4 

<4sinC-4sin 2 C + 4 = -(2sinC-l) 2 +5<5 


Dang thuc xay ra khi va chi khi 



, S 

a-b- — 

3 - 

c = 2^3+3 


Vay gia tri Ion nhat cua P bang 5 dat tai a = b - = 2^3 + 3 . 

Vi du 3. Cho a,b,c la cac so thuc duong thoa man dieu kien abc-a + b + c + 2. 
Chung minh rang 2 {yfab + \fbc + \[ca ) <4 + abc . 


L&i giai 

Gia thiet bai toan tuong duong voi: 

1 1 1 „ 1 , 

be ca ab abc 

Do do ton tai ba goc nhon mot tam giac sao cho 

* =cos4, I— = cos 5, / j— = cosC. 
yjbc 4ca \/ab 

Ta can chung minh 2\ —-— ■+--— + —-— j < 4 -+--- 

Vcosy4 cos 5 cos C) cos A. cos B. cos C 
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<=> 2 (cos A cos 5 + cos 5. cos C + cos C. cos ^4) < 4 cos A cos 5. cos C +1. 
De chung minh bat dang there cuoi ta chung minh nhu sau 


2 cos A. cos B - Vsin 2 A. cot A. sin 23. cot B < (sin 2 A. cot B + sin 25. cot A ) 


2 cos B. cos C < ^ (sin 25. cot C + sin 2C. cot 5) 

2 cos C .cos A < (sin 2C.cot A + sin 2A. cot C ) 

Cong lai the ve va khai trien ve phai ta co ngay dieu phai chung minh. 
Dang thiic xay ra khi va chi khi A-B-C<^>a = b = c = 2. 


Bai tap tuo ng tir 

Cho a,b,c la cac so there duong thoa man dieu kien ab + bc + ca + abc = 4. 
Tim gia tri nho nhat cua bieu there P = ab + be + ca + -Jab + -Jbc + -Jca . 
Vi du 4. Cho a,b,c,x,y,z la cac so there duong thoa man dieu kien 
ax 2 + by 2 + cz 2 + xyz = 4 abc. 

Chung minh rang a + b + c>x + y + z . 


Lai giai 

Gia thiet da cho tuong duong voi: + —— + 2. XVZ = 1. 

4 be 4 ca 4 ab %abc 

Do do ton tai ba goc mot tam giac sao cho: 

—= cosy4; —W = cos B; ; : ==* = cos C. 

2 Jbe 2 Jea 2-Jab 

Ta can chung minh a + b + c> 2 Jbe cos A + 2 Jea cos B + 2-Jab cos C. 
Bat dang there cuoi luon dung va ta co dpem. 


B. BAI TAP CHON LOC 

Bai 1. Cho x,y,z la cac so there khong am thoa man dieu kien xz + yz + 1 = xy . 


Tim gia tri Ion nhat cua bieu there P - 


2x 2 y z~ — 1 


jc +1 y +1 z +1 
Ldi giai 

THl: N6u xy = l=>z = 0=>P = —A4——-r~ -1 = ~~4y-l-l- 

x y +x +y +1 (x + y) 


TH2: Neu xy>l=>z = 


xy -1 
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Dat x = tana, y = tanh,z = ——- = -cotla + b] v&i a,bs\ 0;— \,a+b> — . 

x+y y ’ l2 J 2 

Khi do : P = sin 2a + sin 2b + cos(2 a+ 2 b) = 1 - 2 sin 2 (a + b) + 2 sin(a + b ) cos(a- b) 


3 3 


<l-2sin (a + h) + 2sin(a + h) = -2 sin(a + h)-+ —< 


Dang there xay ra khi va chi khi 


2 2 


5 n 

>a-b -— 
12 


a,b&\ 0;— \,a + b>- 


>x = y- tan— = 2 + J3,z = -cot—- ^3 
12 6 


Vay gia tri ldn nhat cua P bang ^ dat tai x = y = 2 + \J3 ,z = V3 

Bai 2. Cho a,b,c la cac so there duong thoa man dieu kien ab + bc + ca- 1 

b 3c 

1 + a 2 1 + b 2 7l + c 2 

Lai giai 

Theo gia thiet ton tai ba goc cua mot tam giac thoa man 
C 


Tim gia tri ldn nhat cua bieu thiic P-- 


—= sin—cos—= —sinAva —^-r- = — sinS; 
l + “ 2 1 + tan 2 — 2 2 2 l + » 2 2 


. C 
= sm—. 
2 


Ter do suy ra 

„ If . A . ^ . c . A + B A-B 0 . C 

P - — sin A + sm B ) + 3 sin— = sm-cos-+ 3 sm — 

2 v 2 2 2 2 2 


C A-B 

- cos—cos- 

2 2 


b 3 sin y < cos y + 3 siny < ^(l + 9)^cos 2 y + sin 2 y j = VTo 
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Dang thuc xay ra khi va chi khi < 


C 

cos — = 
l 2 3 


. C 
sin — 
2 _ 


&a = b = yfl6-3,c = 3. 

Vay gia tri lonnhat cua P bang 10 dat tai a-b- VlO - 3,c = 3. 

Cach 2: Ta xu ly bang dai so nhu sau 
Su dung gia thiet ab + bc + ca- 1 ta co: 

a + b _ a + b 

1 + a 2 1 + b 2 ab + bc + ca + a 2 ab + bc + ca + b 2 

a b a(b + c) + b(c + a) 

(a + Z?)(a + c) ( b + a)(b + c ) ( a + b)(b + c)(c + a ) 

2 ab + c(a + b) \[ab(a + b) + c(a+b) 

(a + Z?)(Z? + c)(c + a) (a + Z?)(Z? + c)(c + a) 

c + yfab < 1 1 

(c + a)(c + b) j( c + a)(c + b) Vl + c 2 

= yfi0 . 


Do do P < 


1 

Jl + C' 


3c 


'(1 + 9 ) 


1 

1 + c 2 


Dang thuc xay ra khi va chi khi a-b- yTo - 3, c = 3 . 

Bai 3. Cho x,y,z la cac s6 thuc duong thoa man di6u kien xyz + x + y = z va z > 1. 
Tim gia tri lbn nhat cua bieu thuc 

T* = 4 f ——- + — ~2' 

1^1 + x 2 l + y 2 J 1 + z 2 

L&i giai 

Theo gia thiet ta co: xy + — + — = 1 nen ton tai 3 goc cua mot tam giac sao cho: 

z z 

A B 1 C 

x = tan—, y = tan—, — = tan — . 

2 2 z 2 


Khi do : 
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2 A . i B 

1 + tan — 1 + tan — 

2 2 . 


2 A 2 A 2 B\ 1 . _ 
pe-^— = 4 cos — +cos — + — sinC 

^ 2 2 J 2 

2 


/ 1 . A + B A —B 1 . 

= 4 + 2 cos ^4 + cos 5 + —sinC = 4 + 4cos-cos-+ — sin C 

v ' 2 2 2 2 

C A—B 1 Cl 

= 4 + 4sin—cos-+ —sinC <4 + 4sin—+ —sinC 

2 2 2 2 2 

Mat khac z > 1 => tan — < 1 <=> — < 45° <=> C < 90° => P < 9 + 4 ^ . 

2 2 2 

Dang there xay ra khi va chi khi z = \,x = y = Al -1. 

Bai 4. Cho x, y, z la cac so there duong thay doi thoa man dieu kien xyz + x + z = y. 

Tim gia tri Ion nhat cua bieu there 

P = ^_ 2 _ + _ * _. 

x 2 +1 y 2 + 1 Az 2 +1 {z 2 +ljAz 2 +1 

Lai giai 

Dat x = tan^4,y = tanP,z = tanC,^0 < A,B,C <yj. 

Theo gia thiet ta co: 

y — z , tanP-tanC ^ y ^ , 

x = —-o tan^ =-= tan -C) <=> A- B -C + kn. 

1 + yz 1 +tanPtanC v ' 

Do -—< A- B + C < => k = 0=> A = B-C <=> A-B = -C. 

2 

Khi do: 
p =§1 


1 1 'l 4tanC ( 

3tanC 

J + tan 2 A 1 + tan 2 B J Vl + tan 2 C 

(l + tan 2 cW 1 + tan 2 C 


= 2^cos 2 A- cos 2 sj-4sinC + 3sin Ceos 2 C 
= cos224-cos25-4sinC + 3sinCcos 2 C 
= -2 sin (^4 + 5) sin (^4 - 5) - 4 sin C + 3sinCcos 2 C 
= 2 sin C sin (A + B ) - 4 sin C + 3 sinCcos 2 C 

< 2sinC-4sinC + 3sinCcos 2 C = sinC^3cos 2 C-2j = sinC^l-3sin 2 cj 

A$ 

Neu sinC > -y- => P < 0 xet voi sinC < y- ser dung bat dang there AM - GM ta co: 
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sinC = - <=> tanC = ^^,tanA -^^tanB - V2 <=> x - 42,y = ^-,z = . 

3 4 2 2 4 

Vay gia tri Ion nhat cua P bang — dat tai x = 42, y = ——,z = —— 


Cach 2: Theo gia thiet ta co: 

p __ 2 


2 4 

3 z 


\ + y z fy- z 4 y 2 +1 4z 2 +i (z 2 +i)V77i 

2(l + yz) 2 


(y 2 + l)(z 2 +l) y 2 + l 4z 2 +1 (z 2 + l)J74i 

2z[2y + (/-l)z] 4z ^ 3z 

(y 2 +l)(z 2 +l) 4z 2 +1 (z 2 +l)Vz 2 +l 

Su dung bat dang thiic C -S ta co 

2 z [ 2 J + ( y - l ) z ] 2 4 V+ ( J ' 2 -‘) 2 ]( 1 + Z2 ) 2 z 

(y 2 +l)(z 2 +l) Vl + z 2 


(/ + l)(z 2 + l) 

2z 4z 


Suy ra T|§> ,—^ -+ r-^ 3 I 

Vl + z 2 Vz +1 [z 2 +\Uz 2 +\ 


z +1) vz“+l 


Dat t= . Z ,(te(0;l))khi do P<f(t) = -3t 3 +t. 




Taco /'(£) = -9r +1;/’(0 = 0<- 
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Ta co f (t) doi dau duong sang am khi di qua t = ^ nen f(t) dat cue dai tai t = ^ 
trenkhoang (0;l) hay = 

Vay gia tri ldn nhat cua P bang ^ dat tai x = = a/2,z = . 

Bai 5. Cho x,y,z la cac so thuc duong thoa man dieu kien 
4x 2 + 4 y 2 + 4 z 2 +16 xyz = 1. 

x + y + z + 4 xyz 
1 + 4(xy + yz + zx) 

L&i giai 

Theo gia thiet ton tai 3 goc nhon cua mot tam giac sao cho: 

2x = cos A, 2y = cos B, 2z = cos C . 


Tim gia tri nh o nhat cua bieu thuc P = - 


A B B C C A 

tan—tan— + tan—tan — + tan—tan — 
2 2 2 2 2 2 


, . . , 2 ^ 2 B 2 C 

Khi do tan~—tan —tan — < 
2 2 2 


2 A 2 B 2 C . 2 • 2 • 2 C 

<=>cos —cos —cos —>27sm — sm —sin — 

2 2 2 2 2 2 


‘27' 


»(1 + cos A) (1 + cos B) (1 + cos C) > 27 (l - cos A) (l - cos B) (l - cos C) 

> (1 + 2x )(1 + 2 y )(1 + 2z) >27(1- 2x)(l -2y)(l- 2z) 

28(x + y + z + 4xyz) > 13(1 + 4xy + 4yz + 4zx) 

„ x+y + z + 4xyz ^ 13 

<=>P =-----> — 

1 + 4xy + 4yx + 4zx 28 


be yfabc 

| \labc . 

a + bc c + ab 

J b + ca 


Bai 6. Cho a,b,c la cac so thuc duong co tong bang 1 . Chung minh 

v/3-5 
4 

Ldi giai 

, , , ., , . x , , fab lea fab [be [be [ca , 

Chuy.toogiathie.taco a + b + c = + J-.Jj- = 1 . 

Suy ra ton tai 3 goc mot tam giac sao cho 
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be A lea B lab C 

.— = tan—,,— = tan—— = tan—. 
V a 21b 21c 2 


P = yJ 3 


2 A 

tan 

2 

+ C ^ 
tan — 

2 

t B 
tan 

l 2 


, 2 c 

1 2 B 

1 + tan 2 — 

1 + tan 2 — 

1 + tan~ — 

2 

2) 

2 


= y/3\ sin 2 — -—sinC j + — sin B 

y 2 2 J 2 

= -—(yfl cos A-sin B + \/3sinC)+ — 

2 ^ '242 

Bat dang there cuoi dung do V3 cos 4-sinS + V3sinC<^-. 


Dang there xay ra khi va chi khi 


c =— 

3 


i-b- 2^3 -3 
= 7-4^3 


Bai 7. Cho a,b,c la cac so there duong thoa man dieu kien a 1 +0 +c + 2 abc - 1. 
Chung minh rang a 2 +b 2 +c 2 > 4 ^a 2 b 2 + b 2 c 2 + c 2 a 2 j. 

L&i giai 

Theo gia thiet ton tai ba goc nhon cua mot tam giac thoa man: 

a = cos A,b = cosB,c = cosC . 

Ta can cherng minh: 

cos 2 A + cos 2 B + cos 2 C > 4 (cos 2 A cos 2 B + cos 2 B cos 2 C + cos 2 C cos 2 a) 


Z cot 2 A cot 2 A cot 2 B 

- ,2, £4 Z- 




1 + cot A c,, c (l + cot Z ;4j(l + cot z 5j 
cot 2 A 




cot 2 A cot 2 B 


(cotA+ cotB)(cot A + cot C) “ ( cot A + cotB) 2 (cot C + cot4)(cotC+ cot B) 
> ^(cot B + cot C)cot 2 A > 4^ COt ^ COt — (luon dung). 


Do 4^ COt ^ COt B < ^coty4cotS(coty4 + cotS) = ^(cot5 + cotC)cot 2 A. 
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Dang thuc xay ra khi va chi khi a-b = c--^. 

Cach 2: Ta dua ve chung minh 

a 2 +b 2 +c 2 +2abc^{a 2 +b 2 +c 2 ^>A{a 2 b 2 +b 2 c 2 +c 2 a 2 J 
<=> a 4 +b 4 +c 4 + 2 abc[a 2 +b 2 +c 2 j> 2[a 2 b 2 +b 2 c 2 +c 2 a 2 J 
Ta co: 

abc<-,a + b + c< — =>2(a 2 +b 2 +c 2 \-a-b-c = 2-Aabc-a-b-c>0. 

8 2 v ' 

Do do 2 abc[a 2 +b 2 + c 2 ^>abc(a + b + c). 

Ta dua ve chung minh bat dang thuc: 

a 4 +b 4 +c 4 + abc(a + b + c)> 2[a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

<=> a 2 (a - Z?)(a - c) + b 2 (b - c) (b - a) + c 2 (c - a) (c - b) > 0 
Khong mat tinh tong quat gia sir a>b>ckh\ do c 2 (c - a)(c-b) > 0 va 
a 2 [a-b)[a-c) + b 2 (Z>-c)(Z>-a) = (a-Z?)[^a 2 (a-c)-b 2 (2>-c)J 
> (a-b)^a 2 ( b-c)-b 2 (b -c)J 
= (a-b)(b-c)(a 2 -b 2 }> 0 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a - b = c 

Bai tap tuong tu* 

Cho a,b,c la cac so thuc khong am thoa man a 2 +b 2 +c 2 + abc = 4 . 

Chung minh rang [a 2 +b 2 -abc^[b 2 +c 2 -abc^[c 2 +a 2 - abcj> a 2 b 2 c 2 . 
Bai 8. Cho x,y,z la cac so thuc duong thoa man dieu kien 6x + 3y + 2z = xyz . 

Tim gia tri ldn nhat cua bieu thuc P - . . 

>/74T4|(/ + 4)(z 2 + 9) 

L&i giai 

Gia thiet bai toan tuong ducmg voi — + — + — = 1. 

xy yz zx 
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12 3 

Dat a - — ,b - — ,c - — => ab + be + ca - 1. Khi do ton tai ba goc mot tam giac 

x y z 

, A , B C 

sao cho a = tan —,b = tan— ,c - tan— . 

2 2 2 


Khi do P = 


1 1 A I B C 4^3 

, | , . , = cos — Jcos —cos—<-. 

Jl + a 2 vVl + h 2 Vl + c 2 2V 2 2 9 


Dang thuc xay ra khi va chi khi x = y = 2a/2,z = 3^2 

C. BAI TAP REN LUYEN 

\(a-b)(l-ab) 


Bai 1. Cho a,b la hai so thuc bat ky chung minh rang 


l + a 2 )(l + h 2 

Bai 2. Cho x,y la hai so thuc thoa man dieu kien 36x 2 +16y 2 = 5 . 

Tim gia tri Ion nhat va gia tri nh d nhat cuabieu thuc: Z-y- 2x + 5 . 

Bai 2. Dat x = ^-sin a thi tu gia thiet ta co y = ^-cos a . 

6 " 4 

Bai 3. Chung minh rang voi moi so thuc a,b,c ta co 

\a-b\ \b~ c \ A \ c ~ a \ 


1 

< — 
2 


\la 2 +\.'Jb 2 +1 \Jb 2 +\.\Jc 2 + 1 Vc 2 + \.\la 2 + 1 


Bai 4. Cho a, b, c la cac so thuc duong thoa man dieu kien abc + c + 2b = 2a . 


Chung minh rang 


Bai 5. Cho a, b, c la cac so thuc duong thoa man dieu kien ab + be + ca = 1. 

, . , i a b c ^ 3V3 

Chung mini rang-- +-- +-->-. 

1 + a 2 1 + b 2 1 + c 2 2 

Bai 6. Cho a,b,c la cac so thuc thuoc khoang (0;1). Chung minh rang 
4abc + ^(l-a)(l-h)(l-c) < 1. 


Bai 7. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = 1. 

, i a b c 9 

Chung minh rang-H-H-< —. 

a + bc b + ca c + ab 4 

Bai 8. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = abc. 
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Tim gia tri Ion nhat cua bieu thuc P = - 


1 


1 


Va 2 +1 \lb 2 +1 Vc 2 +1 

Bai 9. Cho x,y,z la cac s6 thuc duong thoa man didu kien xyz + x-y + z = 0. 

_J_2_ 3 

x 2 +l y 2 + l z 2 +l 
Bai 10. Cho a,b,c la cac so thuc duang thoa man dieu kien 


Tim gia tri Ion nhat cua bieu thuc P = - 


ab + bc + ca- J(a 2 + l)(z> 2 +l) (c 2 +l) +1 


V 

Chung minh rang a+b+c> . 

Bai 11. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = abc. 

b + c 

a + bc b + ca c + ab 
Bai 12. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c = abc. 

b c 


Tim gia tri nho nhat cua bieu thuc P = - 


Tim gia tri nh d nh at cua bieu thuc P = ——— + V3 
a + bc l 


b + ca c + ab) 


Bai 13. Cho a,b,c la cac so thuc duong thoa man dieu kien — + — + — = 6 . 

a 2b 3c 


Chung minh rang - 


1 


Tim gia tri 1cm nhat cua bieu thuc P = - 


a + 36bc b + 9ca \ c + 4ab 27 
Bai 14. Cho a,b,c la cac so thuc duong thoa man dieu kien 
2009ac + ab + bc- 2009. 

2 2 b 2 3 

a 2 +1 b 2 + 2009 2 c 2 +l' 

Bai 15. Cho a,b,c la cac so thuc khong am thoa man a 2 +b 2 +c 2 + abc = 4 . 

Chung minh rang ^ a 2 +b 2 -abc^(b 2 +c 2 -abc^(c 2 +a 2 -abc^>a 2 b 2 c 2 . 

Bai 16. Cho a,b,c la cac so thuc duong thoa man dieu kien ab + bc + ca + abc = 4. 

Chung minh rang yfab + yfbc + 4ca < 3 . 

Bai 17. Chox,y,z la cac so thuc duong thoa man dieu kien xy + yz + zx = xyz. 

2 1 1 ^ 9 

\Jl + X 2 yjl + y 2 yll + z 2 - 4 
Bai 18. Cho a,b,c la cac so thuc duong thoa man dieu kien a + b + c- 6 . 

Tim gia tri 1cm nhat cua bieu thuc 


Chung minh rang - 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


P = {3 - fl)(3 - 6)(3 - cX-^y + + “yry) • 

be c a a b 

Bai 19. Cho a,b,c la cac so thuc duong thoa man dieu kien a 1 +b 2 +c 2 + abc = 4. 

Chung minh rang a^4-a 2 + b\l4-b 2 + c^4-c 2 < 3a/3 . 

Bai 20. Cho a,b,c la cac so thuc thuoc khoang (0;2) thoa man dieu kien 
ab + bc + ca + abc = 4. 

Chung minh rang ^4-a 2 + \l4-b 2 + ^4-c 2 < 3^3 . 

Bai 21. Cho x,y,z la cac so thuc duong thoa man dieu kien xy - 1 + z(x + y) . 


Tim gia tri 


Ion nhat cua bieu thuc P- 


2xy(xy + l) 
(i« 2 )(i + /) 


D. HlTOfNG DAN GIAI - DAP SO 

Bai 1 . Bat a = tanx;b = tany ta co 


= |sin(x-y)cos(x-y)| = — sin2(x-y) < 


rr ^ (tan x - tan y) (1 - tan x. tan y j 
^1 + tan 2 x j ^1 + tan 2 y j 
Bat dang thuc dupe chung minh. 

XT « 7 V5 . yfs _ V5 . y/5 „ 

Nen Z = —srna-cosa + 5<=> -sina-cosa = Z-5(*) 

6 2 6 2 


2 5 5 49 23 37 

Phucmg trinh (*) co nghiemkhi va chi khi (Z - 5) < — + - = — <=> — <Z< —. 

36 4 36 6 6 

Bai 3. Bat a = tanx; b = tany ; c = tan z. 

Bat dang thuc da cho tuong duong voi: 

tanx-tany | tany - tan z > tanx- tanz 

yjl + tan 2 x.-y/l + tan 2 y yjl + tan 2 y.yjl + tan 2 z yjl + tan 2 x.Vl + tan 2 z 
<=> |sin(x - y)| + |sin(y - z)| > |sin(x - z)| 

Bat dang cu6i dung bdi vi 

|sin(x - y)| + |sin(y - z)| > |sin(x - y) + sin(y - z)| > |sin(x - z)|. 

Bat dang thuc dupe chung minh. 

Bai tap tuong tu 

Chung minh rang voi moi so thuc a,b,c ta co 

\ a - b \ . \ b ~ c \ ^ \ c ~<*\ 

4a 2 +2015.V& 2 +2015 Jb 2 +2015.Vc 2 +2015 Vc 2 +2015.Va 2 +2015 
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Bai 4. Theo gia thiet ton tai ba goc mot tam giac sao cho: 

1 2 

a = tanA ; — = tani?; — = tan C . 
b c 

Bat dang thiic da cho tuong duong voi: cos A + cos B + cos C < ^. 

Bat dang thiic cuoi luon dung va ta co dpcm. 

A B C 

Bai 5. Bat a = tm—;b = tan —. Tir gia thiet suy ra c - tan —; voi A, B, C la 3 goc 

cua tam giac nhon ABC 
Bat dang thiic tuong duong voi: 

^(tan A + tan B + tan C) > (luon dung). 

Bai 6. Bat a = sin 2 x ; b = sin 2 y ; c = sin 2 z. 

Ta can chiing minh sin x. sin y. sin z + cos x. cos y. cos z < 1. 

Bat dang thiic dung boi vi 

sin x. sin y. sin z + cos x. cos y. cos z < sin x. sin y + cos x. cos y = cos(x - y) < 1 . 

Bau bang khong xay ra va ta co dpcm. 

11 19 

Bai 7. Ta can chiing minh--— +-+- — < — 

ab 4 



Bat dang thiic trb thanh: 


1 + tan 2 — 1 + tan 2 — 1 + tan 2 — ^ 

2 2 2 

2 A 2 B 2C 9 
> cos — + cos — + cos — < — 

2 2 2 4 

3 + cos A + cos B + cos C < 9 
" 2 “4 


Bat dang cuoi dung va ta co dpcm. Bang thiic xay ra khi va chi khi a-b-c-- 
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Bai 8. Theo gia thiet ton tai 3 goc nhon cua mot tam giac sao cho: 

a = tan A,b-tmB,c- tan C. 

Khi do: 

P = 2 cosA+ cos 5 + cos C = 2 cosA+ 2 cos B + < ~ cos ———. 

2 2 

<2-4sin 2 —+ 2sin—= -4fsin—1 +-<- 
2 2 2 4) 4 4 


Do do ton tai 3 goc cua mot tam giac sao cho x = tan—,— = tan —,z- tan—. 

2 y 2 2 

Khi do ta co: 

P = --— - —- + - 3 —— = 2cos 2 --2sin 2 - + 3cos 2 - 

1 + tan 2 — 1 + cot 2 - 1 + tan 2 — 2 2 2 

2 2 2 

. 2 C__ 

2 

^ . C t • 2 C J • c if 10 .10 

2 2 ^ 2 3) 3 3 

C 1 

Dang there xay ra khi va chi khi sin — = —,A = B 

1 rr \ 

=> * = —j=,y = \J2,z = — j=. 

V2 2V2 

Vay gia tri ldn nhat cua P bang — dat tai x = A=,y = *Jl,z = -f=. 

3 v2 2V2 

Cach 2: Ter dieu kien cho phep ta giam bien bieu there P ve hai bien x va y. 

xyz + x- y + z = 0=>z = ——— > 0 => y > x. 

1 + xy 

Khi do ta co: 

2 (/-X 2 ) 3 _ 2 (y 2 -* 2 ) 3(xV + 2xy + l) 

(l + ^)(l + /) + (' z « i rj 3 +i (l + * 2 )(l + /) + (l« 2 )(l + /) 

\+xy 
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2[y 2 -x 2 ) 3 (jc 2 / + x 2 + / +l)-3(x 2 -2 xy+y 2 ) 

(l + x 2 )(l + y 2 ) (l + x 2 )(l + y 2 ) 

2 (/-* 2 ) 3 (x-yf 


! 3 _ {y- x )( 5 x ~y ) ! 3 


_ (l + x 2 )(l + y 2 ) (l + x 2 )(l + y 2 ) “(l + x 2 )(l + /) 

Sii dung bat dang thiic AM-GM va C-S ta co: 

\ 3(y-x) + 5x-y l^ 


3(y-x)(5x-y)< 


= {x + yf< 1 + x 2 1 + / 


Suyra P<- + 3 = —. 

3 3 

f3y-3x = 5x-y 

Dang thiic xay ra khi va chi khi < x 1 < 


= sl2^z = -^. 




2V2 ‘ 


U y 

Bai tap tiro’ng tu 

1) Cho a,b,c la cac so thuc duong thoa man dieu kien b = a + c + abc. 

2 2 3 

a 2 +1 b 2 +1 c 2 +l 

2) Cho a,b,c la cac so thuc duong thoa man dieu kien 2014ac + be + ca = 2014. 

2 2 b 2 3 


Tim gia tri Ion nhat cua bieu thiic P = - 


Tim gia tri Ion nhat cua bieu thiic P = - 


a + 1 b + 2014 c + 1 

3) Cho x,y,z la cac so thuc duong thoa man dieu kien xy + yz + zx = 1. 

x +1 y +1 Vz 2 +1 

4) Cho x,y,z la cac so thuc duong thoa man dieu kien xz-yz-xy = 1. 

2x 2 2y 2 | 3z 2 

1 + x 2 1 + y 2 1 + z 2 

Bai 10. Sii dung dang thiic: 

(a 2 +l)(& 2 + l)(c 2 +l) -(ab + bc + ca-l) 2 +{a + b + c-abc ) 2 . 


Tim gia tri Ion nhat cua bieu thiic P-- 


Tim gia tri nho nhat cua bieu thiic P = - 


Suyra a + b + c = abc. 

Do do ton tai 3 goc cua mot tam giac thoa man a = tan A, b - tan B,c = tan C. 
Bai toan dua ve chiing minh tan A + tan B + tan C > 3 V3 . 

Bat dang thiic cuoi luon dung va ta co dpem. 
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Bai 11. Dieu kien bai toan tuang duang voi: 

lab Ibc jbe lea lea jab 

V c V a v a V b V b \ c 
Do do ton tai ba goc trong mot tam giac sao cho 

lab , [be „ lea ^ 


Khi do P = - 


1 


1 


—~—r— = cos 2 A + cos 2 B + cos 2 C > —. 


1 + tan 2 A 1 + tan 2 B 1 + tan 2 C 
Dang there xay ra khi va chi khi a-b = c = 3. 

Bai 12. Dieu kien bai toan tuang duang voi: 

jab jbe jbe lea lea jab _ jab jbe lea 
V c V a V a V b \ b \ c V c V a V b 
Do do ton tai ba goc trong mot tam giac sao cho 


jbe 


= tan A, = tan B, = tan C. 


+ J3 ■ 


V1 + tan 2 B 1 + tan 2 C J 
= cos 2 A + \f3 (cos 2 B + cos 2 C j 

cos 2A + \j3 (cos 2 B + cos 2C) +1 + 2^3 ^ 4^3 - 3 
2 “ 4 


Chu y cos 2A + J3 (cos 2 B + cos 2C) > . 

Dang there xay ra khi va chi khi a-1 + 4 73, b = c = 


3 + 2V3 


Bai 13. Gia thiet da cho tuang duang voi: 

6bc + 3ac + 2ab _36abc 
4abc yfabc 


6 be + 3 ac + 2 ab = 36abc <=> - 


^4 5 C ABC 

Trong tam giac ta co: cot— + cot— + cot — = cot—.cot—.cot —. 

222222 

Suy ra ton tai ba goc trong mot tam giac sao cho: 

_ [ab C fca B [be A 
Vc 2 \ b 2 V a 2 
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Vi vay VT = 


1 + cot 2 — 1 + cot 2 — \ 1 + cot 2 — 

2 2 \ 2 


. ,A . 2 B . C If A-B A + B Y • C 

= sin —sin — sin— = — cos-cos- sin — 

222 4^ 2 2j2 

If A-B . Cf . C 1 f. . C ] 2 . C 

cos-sin— sin—<— 1-sin — sin — 

4( 2 2J 2 4{ 2) 2 


if, . C 
= - 1-sin— 

8l 2 


b 


. CV . c 1 

sin— 2sin— < — 

2J 2 8 


Bat dang there duoc chung minh. 

Bai 14. Tvr gia thiet ta co: ac + a. —-— + — .e = 1. 

■ 2009 2009 

Suy ra ton tai ba goc mot tam giac sao cho: 

A b B C 

a - tan—;-= tan— ; c = tan—. 

2 2009 2 2 


Khido 

2 2 


3 


, iA. 1 

1 + tan 1 + — 1 + 

2 «a„ 2 ® 2 

2 


2 A .2 B 2 C 

— = 2cos-2 sin — 1 - 3 cos 2 — 

C 2 2 2 


"27 


= cos^4 + cos5 + 3(1 - sin 2 —) = 3 + -cos 2 

V 2' 3 2 


A-B Y 

1-^cos- 

2 V3 2 ) 


.10 

^ 3 


Bai tap tuong ty 

1) Cho a,b,c la cac so there duong thoa man dieu kien abc + a + b = c. 

b _ c 2 

a 2 +1 b 2 +1 c 2 +l 

2) Cho a,b,c la cac so there duong thoa man dieu kien abc + a + b = c. 

2(1 + ab) c 


Tim gia tri ldn nhat cua bieu there P = - 


Tim gia tri ldn nhat cua bieu there P -- 


(l + fl 2 )(l + o I c +1 


3) Cho a,b,c la cac so there duong thoa man dieu kien ab = 1 + be + ca . 

b 2 c 


Tim gia tri ldn nhat cua bieu there P - 


a 2 +1 b 2 +1 c 2 +l 
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Tim gia tri nho nhat cua bieu thuc P = - 


4) Cho a,b,c la cac so thuc duong thoa man dieu kien ah = \+he + ca . 

V3 b a/3c 

a 2 +1 b 2 +1 c 2 +l' 

5) Cho a,b,c la cac so thuc duong thoa man dieu kien ab = l + bc + ca . 

1 , S V3 


Tim gia tri nho nhat cua bieu thuc P = 


a+l b 2 +1 c 2 +1 


Bai 15. Dat a = 


a = 2 l^^’ b = 2 l^^’ c = 2 £— 

\j{x + y){x+z) \j(y + z)(y + z) (z + x 


Khi do a +b - abc = 


Tuong tu suy ra: 


x)(z + y) ‘ 

4 [y 2 z + yz 2 + x 2 z + xz 2 - 2 xyz'j 4[yz 2 + xz 2 ) 


(x + y)(y + z)(z + x) (x +y)(y + z)(z + x) ' 


rib 2 +* 2 - abc )> n , 4 [f*7p ) * « 2 * 2 < 

V l 11 (x + y)(y + z)(z + x) 


-\j r • , „ V&c Vca 

Voi cos4 =-;cos B- -:cosC =-. 

2 2 2 

Bai 17. Theo gia thiet ton tai cac goc nhon trong mot tam giac sao cho 
x = tan4;;y = tan5;z = tanC. 

Khi do goi P la bieu thuc ve trai ta c6 

„ 2 1 1 
P — I = !— I = 4 — I = 

VI + tan 2 4 VI + tan 2 B VI + tan 2 C 
= 2cos4 + cos5 + cosC 

J, „ . 2 A\ „ • 4 5-C 

= 2 l-2sin — +2sin—cos- 


2 


<2|l-2sin 2 -—J + 2sin- 


9 Y. 4 lY 9 
= — 4 sm-< — 


2 4j 

Bat dang thuc dupe chung minh. 

Bai 18. Trudc het,ta bien doi P ve dang: 

_ (a + b-c){b + c-a){c + a-b)(a 2 +b 2 +c 2 ) 

" Yiv 


8P = - 
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Bay gid ta se chung mi nh rang: 

(a + b + c)(a +b- c)(b + c- a)(c + a - b)(a 2 + b 2 +c 2 )< 9 a 2 b 2 c 2 (1) 

That vay,neu (a + b-c)(b + c-a)(c + a-b)< 0 bat dang thuc tren dung 
Neu (a + b- c)(b + c- a)(c + a-b)> 0 ta thay rang 3 soa + b-c;b + c-a; 
c + a - b khong the co dong thdi 2 so am. 

Vi the, ta co the quy bai toan ve chung minh bat dang thuc dung voi 3 canh 1 
tam giac. 

Ta xet tam giac ABC voi ban kinh ngoai tiep R;a = BC;b = CA;c = AB . 


Ta co : 9 R 1 >a l +b L +c 1 hay 


9a b e 


>(a +b +c ). 


hay 9 a 2 b 2 c 2 >(a + b + c)(a + b-c)(b + c-a)(c +a-b)(a 2 +b 2 +c 2 ) 
Vay ta co (1) duoc chung minh. 

Suy ra 8 P< — ~— hay P< — . 

6 2 16 

Bai 19. Theo gia thiet ton tai ba goc nhon trong mot tam giac sao cho 
a = 2cosA;b = 2cosB;c = 2cosC . 

Bat dang thuc trd thanh: 

cos sAyj4-cos 2 A + cos ByJ4-cos 2 B + coscV4-cos 2 C <3^3 
3a/3 

cosy4siny4 + cosSsinS + cosCsinC <- 


cos A < cos B < cos C 

Khong mat tinh tong quat gia sir A> B>C => < 

[sin A > sin B > sin C 

Theo bat dang thuc Chebyshev ta co 

cos ^4 sin ^4 +cos 5 sin 5 +cos C sin C< j(cos^ + cosS + cosC)(sin^ + sin5 + sinC) 


3 2 2 4 

Bat dang thuc cuoi dung va ta co dpem. 

Bai 20. Su dung bat dang thuc C -S ta co 

V4 -a 2 +V4 -b 2 +yj4-c 2 <^3(l2 -a 2 -b 2 -c 2 ) . 

Ta chi can chung minh a 2 + b 2 + c 2 > 3. 

That vay theo gia thiet ton tai ba goc nhon mot tam giac sao cho 

. yfbc yfca yfab 

cos A = -,cos B = -,cos C = -. 

2 2 2 
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_ 2cos5cosC , 2cosCcosA 2cosAcosB 

Suyra a- - ,b- - ,c- -. 


f 2cosScosC^j 

2 i f 2cosCcos^ 

2 ( 2cosy4cossV 

V cos A ) 

t cos B J 

V cos C J 


Bat dang thuc dung do 


fcosScoscV f cos Ceos A V 2 f cosAcosB'] 2 ^ 2 . 2n 2 „^ 3 

- + - + - > cos A + cos B + cos C > - 


cos A ) v cos B ) ^ cosC ) 

Taco dpem. 


Bai 21. Theo giathiettaco — + z| — + — 1 = 1 




1 1 


x y 


^ j ,1 A 1 B C 

Do do ton tai ba goc mot tam giac sao cho — = tan—, — = tan—,z = tan —. 

x 2 y 2 2 

Khi do su dung bat dang thuc C -S va AM - GM ta co 


2 

, i+ i] 


, z ✓ 2 

z 

h 


v 2 ) 

| 1+ ?)( 1+ 7) 

+ z 2 +l 


+ C 
tan— 
_ 2 _ 


1+ * 1 + —x Z+1 1 + tan 2 — 1 + tan 2 — 1 + tan 2 — 

x 2 y 2 2 2 2 

2 A 2 B 1 . 

= cos — + cos —+ —sine 
2 2 2 

1 + V3 

= 1 + ^-(cos A + cos B + sin C) < 14- ^ + ■ 


Vay gia tri lbn nhat cua P bang 


4 + 3^3 


dattai 4f = S = -,C = —^x = y = 2 + V3;z = V3 . 
6 3 
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CH U DE 2: KY THUATSUDUNG bAtdAnG THUC SCHUR 

Noi dung chii de nay de cap den bat dang thiic Schur va mot so bai toan ap 
dung dang co ban nhat. De chi tiet hon cac ban co the tim doc mot so bai viet trong 
[1].[2]. 

A. NOI DUNG PHlTONG PHAP 

Voi moi a,b,c,k la cac so thuc khong am ta co 

a k (a-b)(a-c) + b k (b-c)(b-a)+ c k (c-a){c-b)> 0 
Voi k = 1 ta co bat dang thiic Schur bac 3 

a 3 + b 3 + c 3 +3 abc > ab(a + b) + bc(b + c) + ca(c + a) 

Mot so dang tuong ducmg: 

(x + y + z) 3 + 9x_yz > 4(x + y + z)(x_y + yz + zx); 

(x + _y + z)^x 2 +y 2 +z 2 J + 9xyz>2(x + y + z)(xy + yz + zx). 

Voi k = 2 ta co bat dang thiic Schur bac 4: 

a 4 +b 4 +c 4 + abc(a + b + c)> ab^a 2 +b 2 ^ + bc[b 2 + c 2 ) + ca(c 2 +a 2 ). 

Trong qua trinh su dung bat dang thiic thucmg dua ve chiing minh cac bat dang 
thiic rang buoc giua p,q,r dupe goi la phuong phap bat dang thiic Schur ket hop 
doi bien p, q, r. 

Cac hang dang thiic can lira y 

Ta dat p = x + y + z;q — xy + yz + zx;r = xyz , khi do 
ab{a + b) + bc(b + c) + ca(c + a) = pq-3r ; 

(a + b)(b + c)(c + a)- pq-r; 

ab[a 2 + b 2 ^ + bc[b 2 +c 2 'j + ca[c 2 +a 2 j = p 2 q-2q 2 -pr, 

(a + b)(a + c) + (b + c)(b +a) + (c + a)(c + b) = p 2 +q; 

a 2 +b 2 +c 2 = p 2 -2q; 

a 3 +b 3 +c 3 = p 3 -3pq + 3r; 

a 4 +b 4 +c 4 = p 4 -4p 2 q + 2q 2 +4 pr. 

Ndudat T = p 2 q 2 + \%pqr -21 r 2 -4 q 3 -4^> 3 r,khido 
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2, ,2 2 pq + 3r + 

a b + be + c a = — - 

2 

(a - b)(b - c)(c - a) - ±\[Z 

Ngoai ra de danh gia r voi p,q ta thubng sir dung hai bat dang thirc: 
r > max • 

r >max- 

B. BAI TAP MAU 

Bai 1. Cho a,b,c la cac so thuc duong c6 tong bang 3. Chung minh 
12 

abc-\ ->15. 

ab + be + ca 

Ldi giai 

Sir dung bat dang thirc Schur bac 3 ta co 

(a + b + cf + 9 abc > 4 (ab + bc + ca)(a + b + c ) => 3 abc > 4 (ab + bc + ca) - 9 

Ta can chimg minh 4(ab + bc + ca)-9-\ -—->15 

ab + bc + ca 



o 4(ab + be + ca ) 2 -24(ab + bc + ca) + 36>0o4(ab + bc + ca-3) 2 >0 
Bat dang thirc luon dimg. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 2. Cho a,b,c la cac so thuc duong co tlch bang 1. Chimg minh 

-?-+!*_ l _. 

a + b + c 3 ab + bc + ca 

L&i giai 

Sir dung bat dang thirc Schur bac 3 ta co 

(i ab + bc + caf +9 a 2 b 2 c 2 > 4(ab + be + ca)abc(a + b + c) 


o a + b + c< 


(ab + bc + ca) 3 +9 
4 (ab + bc + ca) 


, 8 (ab + bc + ca) 1 3 

Vay ta chi can chung minh — -^— + — >- 

(ab + bc + ca) +9 3 ab + bc + ca 

Dat t - ab + be + ca,^t > 3 \Ja 2 b 2 c 2 = 3 j bat dang thirc trb thanh 
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—I- —> —<=> 24t 2 +t(t 3 + 9)>9(t 3 +9) 

P+9 3 t ' > ' > 

»t 4 -9f , +24t 2 +9t-81>0»(t-3)(f ! -6t 2 +6t + 27)>0 
Luon dung voi t > 3 . Bat dang thuc duoc chung minh. 

Dang thiic xay ra khi va chi khi a-b = c- 1. 

Bai 3. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 = 3 . 
Chung minh rang 12 + 9 abc > 7 (ab + bc + ca ). 

Loti giai 

Dat t = a + b+c,(^7> <t<3) 


(.a + b + c ) -a 2 -b 2 -c 2 t 2 -3 

=> ab + bc + ca- - ---=-. 

2 2 

Su dung bat dang thuc Schur bac 3 ta co 

(a + b + cf + 9abc >4 (a + b + c)(ab + be + ca) => 9 abc > 2t {t 2 - 3j - 1 3 . 

Vay ta chi can chung minh 

7(t 2 -3) 

12 + 2t(t 2 -3)-t 3 > V ; ^(t-3) 2 (2t + 5)>0. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Bai 4. Cho a,b,c la cac so thuc duong thoa man dieu kien ab + be + ca = 3 . 

Chung minh ring a 3 + b 3 + c 3 + labc > 10 . 

Lai giai 

Taco a 3 +b 3 +c 3 = (a + b + c) 3 -3(a + b)(b + c)(c +a) 

- (a + b + c) 3 - 3(a + b + c)[ab + be + ca) + 3 abc 
Dat t = a + b + c,[t> ^3 [ab + bc + ca) - 3 j bat dang thuc trd thanh 


10 abc + i 3 - 9t -10 > 0. 

Theo bat dang thuc Schur bac 3 ta co 

(a + b + c) 3 + 9 abc >4 (a + b + c)(ab + bc + ca) => 9 abc >12 t-t 3 . 

+ Ndu t > 2 V 3 =^> I0abc + t 2 -9t-10> 12i-9t-10 = 3i-10> 0 . 

+ Neu 3 < t < 2 V 3 =^> abc > ———. 

9 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Ta can chung minh 10. t + ; 3 -9r-10>0 
«(i-3)(-i 2 -3i + 30)>0 
«(i-3)(3(4-t) + (l6-i 2 ) + 2)>0 

Luon dung. Bat dang there dugc chung minh. Dang there xay ra khi va chi khi 
a = b = c- 1. 

Bai 5. Cho a,b,c la cac so there duong. Chung minh 

(a + b + c)(ab + be + ca)^ 2 +b 3 + c i ^<[a 2 +b 2 + c 2 ) . 

Lai giai 

Chuan hoa p - a + b + c = 1. Bat q -ab + be + ca;r- abc . 


Taco a 2 +b 2 +c 2 =\-2q;a i +b 3 +c 3 =l-3g + 3r . 

Khi do ta can chung minh: q(\-3q + 3r}<(\-2qf. 

Ser dung q 2 = (aZ> + bc + caf > 3abc(a + b + c) = 3r . 

Do do q(l-3q + 3r)-q-3q 2 +3 qr <q-3q 2 +q i . 

Vay chi c&n chung minh q-3q 2 +q 3 <(l-2g) 3 <=>(l-g)(3g-l) 2 >0. 

Bat dang there luon dung va ta co dpem. Dang there xay ra khi va chi khi a = b = c . 
Bai 5. Cho x,y,z la cac so there khong am thoa man (x + y)(y + z)(z + x)>0va 
xy + yz + zx = 1. Tim gia tri nh d nhat cua bieu thiic 

^ _ jx(x + y)(x + z) + Jy(y + z)(y + x) + jz(z + x)(z + y) 

V x + y + z 
Lori giai 

Taco: ^x(x + y)(x + z) =^Jx^x 2 +x(y + z) + yzj = yjx 2 [x + y + z) + xyz . 

Jx(x + y)(x + z) r ^ 

Suy ra v . =— L = x 2 +---. 

y/x + y + z ]l x + y + z 

Tuong ter ta co: 

yly(y + z)(y + x) _ I 2| xyz ^z(z + x)(z + y) _ |_ 2 | xyz 
yjx + y + z V x + y + z’ Jx + y + z \ x + y + z 
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lx 2 l X>;z 1 j 

ly 2 l X ^ Z l 1 

1 x+y+z \ 

y * '*■ 

x + y + z ]l 


Su dung bat dang thuc Mincopski ta co: 

Theo bat dang thuc schur ta co: 

(x + y + z) 3 + 9xyz>4(x + y + z)(xy + yz + zx) 

=> (x + y + z) 2 + —— >4(xy + yz + zx) -4 
x + y + z 

Do do P>2. Dang thuc xay ra khi va chi khi x = y = z = -j=. 

V3 

Bai 6. Cho x,y,z la cac so thuc khong am thoa man x + y + z = 1 va xy + yz + zx> 0; 
k la mot so thuc duong. 

k[x 2 +y 2 +z 2 j + 9xyz 


Tim gia tri nho nhat cua bieu thuc P = - 
Ldi giai 

Ta co: 

k (x + y + zf - 2k{xy + yz + zx) + 9 xyz 
xy + yz + zx 
Theo bat dang thuc Schur ta co: 

(x + y + z) 3 +9xyz>4(x + y + z)(xy + yz + zx) 


xy + yz + zx 


P = 


9 xyz 


xy + yz + zx xy + yz + zx 


> 1 + 9 xyz >4(xy + yz + zx 
k 


Suyra P>- 


+ 4-- 


, 9 xyz . 

zy + yz + zx 

1 


xy + yz + zx xy + yz + zx xy + yz + zx 

+ y + zf _ 1 


TH1: Neu k>\^k-\>9\xy + yz + zx< 

Dang thuc xay ra khi va chi khi x = y = z = 
TH2: Neu 0 < k < 1 khi do su dung: x 2 + y 2 + z 1 + 


3 3 

]_ 

3 

-2 i . _2 ,_ 9xyz 


P>3(k-\) + 4-2k = k + l. 


>2 (xy + yz + zx). 
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x 2 +y 2 +z 2 + 9xyz>2(xy + yz + zx) k(x 2 +y 2 + z 2 j + 9kxyz > 2k (xy + yz + zx). 

Mat khac: k < 1 => k(x 2 + y 2 + z 2 ) + 9xyz > k[x 2 + y 2 + z 2 j + 9kxyz. 

kix 2 +y 2 +z 2 ) + 9kxyz 
p - _I_ L __ > 


->2k. Dang thiic xay ra khi va chi khi 


Bai 7. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 + b 2 + c 2 = 3 . 
Chung minh rang (2 - ab)(2 - be) (2 - ca) > 1. 

Liti giai 

Bat dang thiic can chiing minh tuong duong voi 

(2-ab)(2-bc)(2-ca)-l>0 

» 7 - 4 (ab + bc + ca) + 2abc(a + b + c)~ a 2 b 2 c 2 > 0 

(a + b + cf -(a + b + c-abc ) 2 - 4(aZ? + Z>c + ca) + 7>0 

/ r- \ (a + b + cf -a 2 -b 2 -c 2 t 2 - 3 

Dat t - a + b + c, 3 <t<3)^ab + bc + ca=- --=—-—. 

Sii dung bat dang thiic Schur bac 3 ta co 

(a + b + cf + 9abc >4 (a + b + c)(ab + bc + ca) 

>9abc>2t(t 2 - 3j-t 3 -t 3 -6 t=>abc>^—^- 


Chiiy abc< 



= 1 


a + b + c- abc > 3yfabc - abc > 3abc - abc = 2 abc > 0 

, , ^ t 3 -6t 15 t-t 3 

a + b + c-abc <t -=- 

9 9 

Vay ta chiing minh t 2 - t j -2^t 2 -3j + 7 > 0 

»81.13-81t 2 -t 2 (t 2 -15) 2 >0 
«(9-t 2 )^9 + (9-t 2 )(l2-t 2 )]>0 
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Luon dung do yf3 < t < 3. Bat dang thuc duoc chung minh dang thuc xay ra khi 
va chi khi a = b = c = 1. 

;ai 8. Cho a,b,c la cac so thuc duong thoa man dieu kien abc = 1. 

3 la + b . 5(a+b+c)+9 


Loi giai 


Dat a = x 3 ,b = y 3 ,c = z 3 =>xyz = l. 

Bat dang thuc da cho trd thanh: 



Su dung bat dang thuc AM - GM ta co 



Cong theo ve ba bat dang thuc tren ta duoc 

+z JZ+Z + JZZZ < (*+A+o-+Z+(^A . 

V 2 \ 2 'v 2 8 

Vay ta chi can chung minh 
(x + yf +(y + zf +(z + xf <5^x 3 + y 3 + z 3 j + 9 
x 3 +y 3 +z 3 +3 >xy[x + y) + yz[y + z) + zx(z + x) 

<=>x 3 + y 3 +z 3 +3xyz > xy(x + y) + yz(y + z) + zx(z + x) 

Bat dang thuc cuoi la bat dang thuc Schur bac 3 nen ta co dpcm. 

Dang thuc xay ra khi va chi khi a - b = c - 1. 
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C. BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la cac so thuc duong co tong bang 1. Chung minh 
2(a 3 +Z? 3 +c 3 ) + 3(a 2 +Z) 2 +c 2 ) + 12aZ)c>^. 

Bai 2. Tim hang so duong k Ion nhat thoa man bat dang thuc voi moi a,b,c la cac 
so khong am co tong bang 3. 

a 3 + b 3 + c 3 + kabc > 3 + k. 

Bai 3. Chung minh voi a,b,c la cac so thuc duong co tich bang 1, ta co 


a+b b+c c+a 


+ 6>2| a + b + c + — + -+ 1 ' 


a b c) 


Bai 4. Cho a,b,c la cac so thuc duong. Chung minh 


a 2 +bc 


abcib 2 +c 2 ) \abc(c 2 +a 


b 2 +ca I c 2 + ab 
x + }\ 


abcia 2 +b 2 \ a + b + c 


Bai 5. Cho a,b,c la cac so thuc duong co tong bang 3. Chung minh 
1 1 1 < 3 
9 -ab 9-be 9-ca 8 

Bai 6. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 2 = 3 . 

Chung minh rang 5(a + b + c) + -^— >18. 

abc 

Bai 7. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 + b 2 + c 2 = 3 . 
Chung minh rang 21 + 18 abc >13 (ab + bc + ca). 

Bai 8. Cho a,b,c la cac so thuc khong am thoa man dieu kien a 2 + b 2 + c 2 = 3 . 
1 1 1 ^ 


Chung minh rang 


5 - lab 5 - 2bc 5 - lea 


D. HirdNG DAN GIAI - DAP SO 

Bai 1. Bat dang thuc tuong duong voi 

2^a 3 +b 3 +c 3 j + 3^a 2 +b 2 +c 2 j(a + Z? + c) + 12aZ?c>^-(a + i + c) 3 
»-^a 3 +b 3 +c 3 ^ + 2abc>2ab(a + b) + 2bc(b + c) + 2ca(c + a) 
Bat dang thuc tren la tong cua hai bat dang thuc 
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^{a 3 + b 3 +c 3 j>4aic 

2 [a 3 +b 3 + c 3 ^ + 6abc>2ab( < a + b') + 2bc(b + c) + 2ca{c + a) 


Bat dang thuc duoc chung minh. Dang thuc xay rakhi va chi khi a-b = c- — . 

Bai 2. Cho a=b = -,c = 0 ^ k + 3< — ^ k< —. 

2 4 4 

Ta chung minh k = — la gia tri can tim. 

4 

That vay bat dang thuc trd thanh 


4 4 

<^>A(a 3 +b 3 +c 3 ^ + \5abc>(a + b + cf 

«• 3 (a 3 +b 3 +c 3 +3 abc^ >3[ad(a + d) + dc(Z> + c) + ca(c + a)] 

Day chinh la bat dang thuc Schur bac 3. 

Bai 3. Theo gia thiet ton tai cac so thuc duong x,y,z sao cho a = —,b = — ,c = —. 


y 


Bat dang thuc trd thanh 

x 3 +y 3 +z 3 +3 xyz>xy(x + _y) + _yz(_y + z) + zx(z + x). 

Day chinh la bat dang thuc Schur bac 3. 

Bai 4. Su dung bat dang thuc AM - GM ta co 
a(b 2 +c r 


abc(b +c ) < ^ + C+ a 2 +bc ab(a + b) + bc(b + c) + ca(c +a) 

a 2 +bc 3 3 [a 2 +bc} 

a 2 +bc > _ l{a 2 +bc ) _ 

\jabc(b 2 + c 2 ) ab(a + b) + bc(b + c) + ca(c + a) 

Tuong tu cho 2 can thuc con lai 

3 (a 2 +b 2 + c 2 +ab + bc + ca] q 

Va ta chi can chung minh - 


ab(a + b) + bc(b + c) + ca(c + a) a+b + c 
<=> a 3 +b 3 +c 3 +3 abc >ab[a + b) + bc[b + c) + ca[c + a). 

Bat dang thuc cuoi chinh la bat dang thuc Schur bac 3. 
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Bai 5. Quy dong va rut gon voi dieu kien a + b + c = 3 bat dang there da cho tuong 
duong vdi a 2 b 2 c 2 -\9abc + 33(ab + bc + ca)-8\>0. 


Dat p = a + b + c = 3;q = ab + be + ca;r = abc . 
Ta can chung minh r 2 -\9r + 33q - 81 > 0 . 
Theo bat dang there Schur bac ba ta co 


r >max 


{ 0; 


p{Ap-q 2 ) 

9 


= max 



+ Ndu q > 2^3 =^> 33 q + r 2 > 33q > 100 > 19r + 81 bdt dang there dung. 

-1 r \ 2 

+ Ndu q < 2^3 r > iZ ~^ ^q>^3(4-r) . 

Vay ta chi can chung minh r 2 -\9r + 33^3(4 -r) — 81 > 0 
33^/3(4-r) >81 + 19r-r 2 
»33 2 3(4-r)>(81 + 19r-r 2 ) 2 
« (1 - r) (r 3 -37r 2 +162 r + 6507) > 0 

Bat dang there cuoi dung vi r < + ^ + _ ] 

Bat dang there dupe chung minh. Dang there xay ra khi va chi khi a - b = c = 1. 
Bai 7. Dat t = a + b + c,(^3 < t < 3 ) =^> ab + bc + ca- —-—. 

Theo bat dang there Schur bac 3 ta co 

(a + b + c ) 3 + 9abc>4(a + b + c)(ab + bc + ca)^>9abc>2t(t 2 -3)-t 3 = t 3 -6t. 


+ Neu t < V6 => ab + bc + ca <-^-=> 21 + 1 8abc- 13 (ab + bc + ca) > 21 0. 

+ Neu %/6 <t<3=>21 + 18aZ?c-13(aZ? + Z?c + ca)> 

13(t 2 -3) 


£21 + 2 r-6/— 


_ 4t 3 -13t 2 -24r + 8l _ (^~ 3 )( 4 ^ 2 - t + 27 ) 


>0,vr>3 


2 2 
Bat dang there dupe chung minh. Dang there xay ra khi va chi khi a = b = c - 1. 
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CHU DE 3: KYTHUATDONBIEN 
A. NOI DUNG PHUONG PHAP 

Mot bat dang thuc doi xung 3 bien a,b,c ta ky hieu la P(a,b,c) ta phai chung 
minh P(a,b,c)> 0. 

Don bien chinh la mot each tach bat dang thuc can chung minh thanh hai bat 
dang thuc don gian hon tuc la danh gia P{a,b,c) qua mot bieu thuc trung gian 

chang han P^a,yfbc,\Jbc^,P^a, ^^ C ^j,pia, 



do danh gia bieu thuc trung gian. 

Nhu vay tom tat theo 2 bude nhu sau : 

Budc 1 : Chung minh P(a,b,cj > P TG va can sap thu tu cac bien de bat dang thuc dung. 


Bu dc 2 : Chung minh P TG > 0. 

Thong thucmg thuc hien budc 2 trude de kiem tra tinh dung cua phuong phap 
don bien, sau do thuc hien budc 1, chu y sap thu tu cac bien chang han 
a = min{a,d,c} hoac a = max{a,d,c} . 

Dudi day toi trinh bay mot so phuong phap don bien cu the phu thuoc vao dieu 
kien bai toan. 

1. Neu dieu kien bai toan cho tong 3 so a + b + c-k 

Ta tim each danh gia P(a,b,c)~ p(a, ^ + C , ^ + C 1 > 0 


Khi do ta can sap thu tu a = min{a,d,c} hoac a = max{a,d,c} . 

Vi du 1. Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + c = 1. 

Chung minh rang - + — + - + 48(ad + bc + ca) > 25. 
a b c 

L&i giai 

Ta can chung minh: P(a,b,c) = — + — + — + 4S(ab + bc + ca)-25>0 (1). 
a b c 

Khong mat tinh tong quat, co the gia su a - max { a, b, c} . 

De chung minh (1), ta se lan luot chung minh 

i) P(a,b, c ) > P(a, ^ ^ °^ ^ C ) vdi a,d,c>0,a + d + c = l,a = max{a,d,c} . 
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ii) P[a,t,t)> 0 voi a + 2? = l. 
De chung minh i), ta xet 


b + c b + c. 11 4 . (b+c') 2 

P(a,b,c)-P(a, -,-) = — +-+ 48 bc-\ - 

2 2 b c b+c [ 1 2 J 


= (b-c) 


bc(b + c) 


Vi a = max{a,Z?,c} 


1 2 

a>-,Z? + c< — =>bc[b + c): 


(b + c) 3 ' 2 

4 27 ' 


Suyra---12> — -12>0. 

bc(b + c ) 2 


Vay i) da dugc chung minh. 

De chung mi nh ii), ta co 

P(a, t,t) = - + - + 48(2 at + 1 2 ) - 25 
a t 

= + j + 48(2(1 - 2 t)t + t 2 )- 25 

_ 2(4t -1) 2 (3t -1) 2 ^ Q 
(l-2t)t 


Daubangxayrakhivachikhi t — — hoac t-— tuangungvai 
4 ' 3 

1 i 1 , . , 1 

a-— ,b-c = — hoac a-b-c = —. 

2 4' 3 


Bat dang thuc dugc chung minh. 

NhCin xet. 

1) Khi thuc hanh phucmg phap don bien, nen bat dau tu bat dang thuc ii) truoc voi 
cac ly do sau: 

+ Tim dugc cac diem nghi van xay ra dau bang. Biet dugc diem xay ra dau bang, 
chung ta co the tim dugc cac each tiep can thich hgp. 

+ Neu khong chung minh dugc ii) thi viec don bien la vo ich. Vi vay phai lam 
buoc nay truoc. 


2) Bat dang thuc P(a,b,c) > P(a,—^— ) noi chung khong dung voi mpi a, b, c. 

Su dung tinh doi xung cua bat dang thuc, ta co the sap xep thu tu a, b, c de bat 
dang thuc nay dung. 
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3) Viec chon gia tri de don bien den phu thuoc vao bieu there ciia P va dieu kien 
rang buoc. Trong trudng hop bai toan tren, do co dieu kien a + b + c = 1 nen ta 
bat buoc phai don bien den cac bien ma dieu kien nay khong thay doi. 

4) Kheo leo danh gia dieu kien cua bien ta hoan toan don dupe bien ve chiing minh 
bat dang thiic trong trudng hop hai bien bang nhau(xem vi du 2). 

Vi du 2. Cho a,b,c la cac so thuc duong. Chung minh rang 
a 2 +b 2 +c 2 + abc + 5 >3[a + b + c). 

L&i giai 

Ta can chung minh P(a,b,c)-a 2 +b 2 +c 2 + abc + 5 - 3(a + b + c)>0. 

Gia sit c la so nhd nhat trong ba so a, b, c. Xet hieu 
P(a, b, c)-P{4ab,4ab,c) = [^-Jb) 

+ Neu c>\^>y[a + \fb >2^> P(a,b,c)> P(yfab,\[ab,c) . 

+ Neu c <l^> P(a,b,c)>P^ a ^ , a ^ ,c^j. 

Do vay ta chi can chung minh bat dang there trong trudng hop hai so bang nhau. 

P(yfab,4ab,c) -1 2 (c + 2) - 6t + c 2 -3c + 5, t - yfab . 

Taco A' ; =9 -(c + 2)(c 2 -3c + 5) = -(c-1) 2 (c + 1)<0. 

Dieu do chung td bat dang thiic dupe chung minh. Dang thiic xay ra khi va chi 
khi a = b = c = 1. 

Nhan xet. Ngoai ra ta co the chiing minh don gian bang Nguyen ly Dirichlet. 

Trong ba so (a - 1), (b - 1), (c - 1) luon co hai so cung dau gia sir la 
(a-l)(d-l)>0^>ad>a + d- l^> abc >ac + bc-c. 

Vay ta chi can chiing minh a 2 + b 2 + c 2 + 5 + ac + be - c > 3(a + b + c). 

Taco VT>^(a+bf -2ab + (c-3)(a+b) + c 2 -4c + 5>0 . 

Chuy A a+b =(c-3) 2 -2 (c 2 - 4c + 5j = -(c-l) 2 <0taco dpem. 

2. N6u dilu kien bai toan cho tich ba s6 Mng 1 

Ta tim each danh gia P(a,b,c) > p(a,y[bc,yfbc\> 0 


\4~a + Jb) 2 - 2 
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p(a,Vfo,Vz?c) = P^-^-,x,xj>0 voi x-yfbc . 

Khi do ta can sap thu tu a - min \a,b,c^ hoac a = max{a,Z>,c}. 
Chu y. Mot so trudng hop don bidn vc /(to, b / t,c) voi t e j^^-; 1 j . 


Vi du 1. Cho a,b,c la cac so thuc duong co tlch bang 1. 

—->5. 

vb + c 

L&i giai 


& 111 6 

Chung mmh rang — + — + — +-> 5 . 

a b c a+b+c 


Ta can chung minh: P{a,b,c) = — + — + — +---5>0 (1). 

a b c a+b+c 

Khong mat tlnh t6ng quat gia six a = max{a,b,c } => a > yfbc . 

De chung minh bat dang thuc (1) ta thuc hien chung minh 2 bat dang thuc sau: 

i) P(a,b,c)>p[a,\[bc,'Jbc S jvdi abc = 1, a - max [a, b,c) . 

ii) P^-^-,x,xj > 0 voi x-yfbc . 

Chung minh bat dang thuc i) 

Ta co: 


a b c a + b + c yfbc a + 2yfbc 

1 1 2 6^2 yfbc-b-c 


= - +- 1 =+ 

b c y/bc 

(i a + b + c)[a + 2y[bc j 


6 (Tb-fcj 

be 1 

[a + b + c)[a + 2y[bc S j 


+ b + c)[a + 2yfbe^j - 6Z?cJ 


bc(a + b + c)[a + 2\fbc^j 

Do a > yfbc, b + c > 2yfbc 

=^> (a + b + c)[a + 2yfbc'j - 6bc > 3-Jbc [a + 2-Jbc j - 6 be = 2>ayfbc > 0 
Dodo P(a,b,c)>P(a,yfbc,yfbc) = /f-^-,x,xlvoti x-yfbc . 
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Chung minh bat dang thuc ii) 

Ta chi can chung minh x 2 + +-—-— 5 > 0 . 


2x + 


<^> [x - 1 ) 2 (2x 4 + 4x 3 - Ax 2 - x + 2 ) > 0 (luon dung). 

Bat dang thuc dugc chung minh. 

Dang thuc xay ra khi va chi khi x-\<^> a-b = c = \. 

3. Neu dieu kien bai toan cho tong binh phmmg ciia 3 so a 2 +b 2 +c 2 =k 


Tatim each danh gia P(a,b,c) - p\ a. 


P\ a, 



b 2 +c 2 b 2 +c 2 


k-a 1 k-a 1 


Khi do ta can sap thu ta a- min [a,b,c\ hoac a = max{a,Z?,c}. 

Vi du 1. Cho a,b,c la cac so thuc khong am thoa man a 2 + b 2 + c 2 = 3 . 

Chung minh rang a + b + c> a 2 b 2 + b 2 c 2 + c 2 a 2 . 

Lbi gidi 

Khong mat tinh tong quat gia su 

a<b<c^> a<l,b 2 +c 2 >2=>b + c> \lb 2 +c 2 = V 2 . 

Ta can chung minh: 

f (a,b,c) - a + b + c - a 2 b 2 -b 2 c 2 -c 2 a 2 =a + b + c-a 2 [b 2 +c 2 ^-b 2 c 2 >0 . 
Xet 


f(a,b,c)-f\ a, 


\b 2 +c 2 b 2 +c 2 ' 


\-b + c-2A 


--b 2 c 2 + 


b 1 +c 2 

Y~ 


(i b 2 -c 2 ) (b+cf -2(b 2 +c 2 ) 

^ b + c + ^2^b 2 +c 2 j 


= {b-c) 


I ( b + c ) 


b + c + ^2^b 2 +c 2 j 
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n ( b + C ) 


(b + C f+(b + cf ■yjl^b 2 + c 2 j - 4 


b + c + ^l2(7 + c 2 j 4^b + c + ^2^b 2 + c 2 ) j 

^ 2^2 + 2^22-4 


4^ + e + ^2(A 2 + c 2 )j 


Vay ta chi can chung minh 



> 0 (luon dung). 


3 -a + 


>—(a + l) 2 - —= —(a 2 +2aj>0,Vae[0;l]. 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

4. Don bien bang ham so 

Duoi day toi trinh bay ky thuat don bien bang ham so dang don gian nhat khi 
dieu kien bai toan cho tong cac so khong doi ( a+b+c-k ) dau bang dat tai 
mot bien bang 0 hoac 2 so bang nhau. 

Khi do sap thu tu lai bien s6 gia sir a>b>c luc do diu bang dat tai 


c = 0^>bc = 0 hoac b = c^>bc 
t-b + c 


■m 


nen ta dat j 

Dua bat dang thuc can chung minh ve dang ham so f(s) va chi ra rang f(s) 
nghich bien hoac dong bien tren \ 


Jo;-’- 

4 
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+ Neu dau bang dat tai mot so bang 0 ta can chi ra rang f(s) nghich bien tuc 
/(.s')</(0), luc do dua ve chung minh bat dang there vdi 2 bien a vat voi 
a + t = k. Vay bai toan dua ve chung minh bat dang there mot bien so. 

, , , , , t 2 

+ Neu dau bang dat tai 2 so bang nhau khi do b - c =^> s = — terc f(s) la ham dong bien. 

4 

Vi du 1. Cho a,b,c la cac so there khong am co tong bang 1. Chung minh 

( 0 2 + ft 2 )(h 2 + c 2 )(c 2 + « 2 )si 

Liti giai 

Khong mat tinh t6ng quat gia set a>b>c. 

Goi P la bieu there ve trai ta co 

P = [(6 + cf - 26c] ja 4 + a 2 ((6 + cf - 26c) + b 2 c 2 ]. 

r t 2 1 

Dat b + c = t,bc = s,s&\ 0;— taco 

L 4 J 

P = f(s) = [t 2 - 2s)^a 4 + a 2 (t 2 - 25 ) + s 2 ] . 

Xet ham s6 /( 5 ) = [t 2 - 2s)|]fl 4 + a 2 [t 2 - 2 5 ) + s 2 J vdi 5 e ta ^ u< ? c 

f\s) = -2 [a 4 + a 2 (t 2 - 25 ) + 2 ] + 2 [t 2 - 2s ) (5 - a 2 ). 

Chu y s <-<-{-1 = — <a 2 =>.v-a 2 <0=> f '(s) <0 . 

4 4^3 J 9 

Do do f(s) la ham nghich bien tren doan 
Suy ra P = f(s)< f (0) = t 2 (a 4 + a 2 t 2 ) = a 2 t 2 (a 2 + 1 2 ) 

=( 2 (i-0 2 [( 2 +(i-0 2 ]^ 

Chu y khao sat ham mot bien g(r)-t 2 (l-;) 2 ji 2 +(l-?) 2 Jtren doan |^0;jJta 
co ket qua tren. 

Bat dang there dupe chung minh. 

Dang there xay ra khi va chi khi a = b-~ i c— 0hoac cac hoan vi. 
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Cach 2: Gia su c = mm{a,b,c) =>6 2 +c 2 < b + - 


a +b < \ a+ —\ +\b + - 


Dat x = a + ^,y = b + ^^>x + y = \;P< x 2 y 2 [x 2 + y 2 ^. 

Khi do su dung bat dang thuc AM - GM cho 2 so duong ta dupe 

«-vb 2 v)-f 2jy+ f +/ 1 1 


Bai tap tuo’ng tu 

Cho a,b,c la cac so thuc khong am co tong bang 1. Chung minh 




256 

Vi du 2. Cho a,b,c la cac so thuc duong co tong bang 3. Chung minh 

be ca ab 9 , 21 
— + — + — + —abc > —. 
a b c 4 4 

L&i gidi 

Goi P la bieu thuc ve trai va gia su a - max ta co 

b 2 +c 2 ) 9 , 5 a(t 2 -2s} 9 

4 a s 4 


Xethamso f(s) = — + - 


ru , 1 at 9 

f 0) =-r + 7 fl = " 

a s 2 4 


- + —as tren nua khoang 0;— taco 


(9a 2 +4)-4a 2 t ^(9a 2 +4)-4a 2 t 


(9a 2 +4)t-64a 2 2(9a 2 +4)-64a 2 8 _ 46a 2 


P = f(s)>f\ ^ | = ^ + 2a + ^ = £-^- + 2a + ^&-^- 
1 A 1 4a 16 4 a 16 
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, 3-a f „ 9a(3-af 9(a-\ (a-2 21 21 

4 a 16 16a 4 4 

Bat dang thuc dupe chung minh. 

Dang thuc xay ra khi va chi khi (a;b;c) = (l;l;l);j^2;^-;^Jhoac cac hoan vi. 
Vi du 3. Cho a,b,c la cac so thuc duong thoa man dieu kien a 2 + b 2 + c 1 - 3 . 

. , 4 , 1 (\ 1 1V 81 

Chung mmh rang a + b + c H-— + — + — > — . 

20 U be) 20 

Lai giai 

Khong mat tlnh tong quat gia sit a- max { a, b,c] . 


Goi P la bieu thuc ve trai ta co 

7 f 1 \lb 2 +c 2 + 2bc 


P - a + 4b 2 + c 2 + 2bc + — - + 
20 a 


=a+ j^- s+ lAL + ±^ 

20 a s 


i { i , Vf+aP L ' 

— — +- ta co 

O^a ^ J 


\Jt + 2 s 20 s 2 yjt + 2s 20 s 2 y/t + 2s 

20s 2 -l(t + 2s)<20s 2 -lAs = 4s(5s-l)<0,s< t -<\ 

Vi vay f(s) la ham nghich bien do do 

, /— 7 f 1 2V2 V 81 

20^3-t yft J 20 

Vi du 4. Cho a,b,c la cac so thuc khong am co tong bang 3. Chung minh 
( a 3 +b 3 + c 3 )(a 3 Z> 3 +b 2 c i +c 2, a i ^< 2>6{ab +be+ ca). 

L&i giai 

Khong mat tinh tong quat gia su a>b>c. 
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Viet lai bat dang there da cho duoi dang 

P - ^a 3 + {b + c) 3 - 3 bc(b + c)J.|^a 3 |(6 + c) 3 - 3 bc(b + c)j + b 3 c 3 j - 36a [b + c) - 36 be < 0 


P-[a 3 +t 3 -3 ts^[a 3 t 3 -3a 3 ts + s 3 j-36at-36s. 

Xethamsd f(s) = [a 3 +t 3 -3te)(a 3 / 3 -3 a 3 ts + s 3) j-'. 

/'0) = -3/(a 3 / 3 -3a 3 te + s 3 ) + (a 3 + / 3 -3te)(3s 2 -3a 3 /)-36 < 0. 


Vi s' 2 -a 3 t< Ovai t <2,a>\,s < \. 

Do do f(s) la ham nghich bien tren 0;— suy ra 

L 4 J 

f(s)<f(0) = ^a 3 +t 3 )a 3 / 3 -36a/ = |^(a + /) 3 -3a/(a + /)Ja 3 / 3 -36 at 
= [27 - 9/(3 - t)Y (3 - tf - 36/(3 - 1) 

Vay ta chi can chiing minh [27 -9/(3 -/)]/ 2 (3 -/) 2 -36 < 0,V/ e[0;2]. 
9 

Dat jc = /(3-/)<—,ta chung minh 
4 

(27 -9x)x 2 < 36 o x 3 -3jc 2 + 4> 0 o (x -2 ) 2 (x +1) > 0 (luon dung). 
Bat dang thiic dugc chung minh. 

Dang there xay ra khi va chi khi a = 2,b = \,c = 0 hoac cac hoan vi. 

Vi du 5. Cho x,y,z la cac so there khong am. Chung minh 

X ‘(y + Z ) + y*( Z + X ) + 2 y x + y)<T( X + y + 2 f. 

Ldi giai 

Bat dang there co dang thuan nhat bac 5 ta chuan hoa x + y + z- 1. 

Ta phai chung minh 

X a (y + z) + /(z + X ) + 2 \ X + y)<T. 


Goi P la bieu thiic ve trai va gia sii x = max [x,y,i 


x >— ta co 
3 
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P = x 4 (y + z) + yz (y 3 + z 3 ) + x(y 4 + z 4 ) 

= x 4 {y + z)+ yzi^y + zf - 3 yz(y + z)j + x[( y + z) 4 + 2/z 2 -4(y + zf yz] 

= tx 4 + xt 4 + (2jc - 3 t)s 2 +t 2 (t- 4x)s 

[t-y + z \ t 2 1 
Voi \ y ,s e 0;— . 
ys = yz y 4 J 

Xethamso f(s)-tx 4 +xt 4 + {2x-3t)s 2 + t 2 (t-4x)s trendoan taco 

.2 3 

f\s) = 2(2x-3t)s + t 2 (t-4x)<2(2x-3t).— + t 2 (t-4x) = -—-3xt 2 <0 . 


Do do f(s) la ham nghich bien tren doan 0; — . 

4 


Vi vay P = f(s) < /(0) = tx 4 + xt 4 = xi(x 3 + P ) = x(\ - x)(x 3 + (l - xf ) < ^. 
Bat dang thuc duoc chung minh. 

x ( n 3 + V 6 3-^6 3 + ^1 

Dang thuc xay ra khi va chi khi (x;y;zj = 0;-;- ; 0;-;- 

V 6 6 6 6 J 

va cac hoan vi cua moi bo so tuong ung. 

Vi du 6 . Cho x,y,z la cac so thuc khong am. Chung minh 

^ 8 x 2 + yz)^ 8 y 2 +zxj^ 8 z 2 + xy)<(x + y + z) 6 . 

Loi giai 

Bat dang thuc co dang thuan nhat bac 6 ta huan hoa x + y + z = 1. 

Ta phai chung minh ^ 8 x 2 + yz)^ 8 y 2 + zxj^ 8 z 2 + xy) < 1. 

Khong mat tinh t 6 ng quat gia sir x = max {x,y,z} =>x>^. 

Goi P la bieu thuc ve trai cua bat dang thuc ta co 
P - ^ 8 x 2 + yz)|^64y 2 z 2 + 8 x(y 3 + z 3 j + x 2 yzj 

= ^ 8 x 2 + yzj|64y 2 z 2 + 8 x|^(y + z ) 3 -3yz(y + z)J + x 2 yzj 
= ^ 8 x 2 + s^64s 2 + 8 xt 3 -24xte + x 2 s) 
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Xet ham so /(s) = ^ 8 x 2 + .s'j^64.s' 2 + 8 xt 3 - 24 xts + x 2 .yj tren doan |^0;^ 

f'(s) -64s 2 + 8 XT’ - 2Axts + x 2 s + ^ 8 x 2 + s^l28.y + x 2 -24xt) 

/"0) = 1285 - 24xt + x 2 + 128s + x 2 - 24xt + 128(8x 2 + s ) 
f”\s) = 384 =>f\s) > /"(0) = 1026x 2 -48xt = 48x[^x - tj > 0 

r t 2 1 t 2 

Do do f(s) la ham loi tren doan 0;— do do f(s) dat max tai 0 hoac —. 


Taco /(0) = 64xV=64[x(1-x)] 3 <64 ^* + * =l;va 


/( —1= 8 x 2 + —1( 4t 4 + 2xt 3 + 


4 

('-*Y 


4(l-x ) 4 +2x(l-x ) 3 + X 


Vay ta co max P bang 1. Bat dang there duoc cherng minh. 

Dau bang dat tai (x;y;z) = hoac cac hoan vi cua moi bo so 

tuong emg. 

Bai tap tuong ty 

Cho x,y,z la cac so there khong am thoa man dieu kien xy + yz + zx> 0. 


_ , . , i 1 1 1 3 

Chemg minh rang . + . + . >-. 

ySx 2 +yz yj8y 2 + zx V 8 z 2 +xy * + T + * 

Chu y. Bai toan nay la he qua cua bat dang there tren. 

Nhu vay qua viec don bien bang ham so don gian qua tong va tich nhu tren 
cac bai toan duoc xer ly kha don gian. Ban doc ther so sanh ldi giai cac bai toan tren 
voi cac each don bien cung nhu phuong khac de thay duoc hieu qua em viet cua 
phuong phap nay. 
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B. BAI TAP CHON LOC 

Bai 1. Cho tam giac ABC chung minh rang |l + cos 2 ^)(l + cos 2 5))l + cos 2 c) > . 

L&i giai 

Khong mat tinh tong quat gia sir C = min [A, B, C} => 0 < C < y. 

Tachung minh ^1 + cos 2 ^)^1 + cos 2 B ) >^1 + cos 2 j • 

That vay bat dang there da cho tuong duang vai 
sin 2 ^^-^-[ 6 cos C - cos (A - B) -1] > 0 . 

Bat dang there dung bai vi 6cosC-cos(;4 - 5)-l> 6.^--2 = 1 >0. 

Ter do suy ra 

(l + cos 2 aJ (l + cos 2 2 ?)(l+ cos 2 c) > |^1 + cos 2 ~~j (l + cos 2 C). 

Vay ta chi can chung minh 
(, . _2 A + b' 


A + B / 2 ^W 125 

- l + cos 2 C >- 

2 J V ' 64 

<=>fl + sin 2 —1 (l + cos 2 c)^ 


L 1-cos C /, 2 ^\ 125 

°r^-J ( i+cos c ) a m 

« (2cos C - 1) 2 ^4 cos 2 C - 20cos C +19) > 0 
»(2 cos C -1) 2 [4cos 2 C - 1 + 20 (l - cos C)] > 0 


Bat dang there cuoi luon dung do 4 cos 2 C -1 > 0; 1 - cos C > 0 . 

Bat dang there duoc chung minh. 

Dang there xay ra khi va chi khi A-B-C- 60° . 

Bai 2. Cho x,y,z la cac so there khong am thoa man dieu kien x + y + z = 1 . 

Chung minh rang xy + yz + zx > 12 ^x 3 + y 3 + z 3 ) ^x 2 y 2 + y 1 z 2 + z 2 x 2 ) . 
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Loi giai 

Khong mat tinh t 6 ng quat gia six x - ma x{x,y,z) =>x>^. 

Ta can chung minh 

xy + yz + zx- 12 ^x 3 +y 3 + z 3 ^x 2 y 2 +y 2 z 2 + z 2 x 2 )> 0. 

Goi P la bieu thuc ve trai ta co 

P = jc( y + z) + yz - n[x 3 +(y + zf - 3 yz(y + z)].[x 2 (y + zf - 2 x 2 yz + y 2 z 2 ] 

-xt + s- \l{x 3 +t 3 -3 ts^[x 2 t 2 -2x 2 s + s 2 ^ 

W<n\ t = y + Z ,se\*£l 

ys = yz I 4 1 

Xet ham so f(s) - xt + s - I2(x 3 +1 3 -3 ts\ix 2 t 2 - 2x 2 s + s 2 ) lien tuc tren doan 


/'( 5 ) = 1 + 36f (x 2 t 2 - 2x 2 s + s' 2 ) + 24(x 3 + 1 3 - 3te) (x 2 - s ) > 0 do x 2 - s > 0. 
Do do f(s) la ham dong bien tren doan 0; — 

L. 4 

Vi vay 

f(s)> /(0) = xt-12^x 3 +t 3 )x 2 t 2 =x(l-x)-n[x 3 + (l-x) 3 ]x 2 (l-x) 2 
= x( 1 - x)[l -12x(l - x)( 1 - 3x( 1 - x))] 

= x(l-x)[6x(l-x)-l] 2 >0,Vxej^-;lj 
Bat dang thuc dupe chung minh. 

Tx(l-x) = 0 
|_6x(l-x) = l 

Dang thuc xay ra khi va chi khi ■ - vz = 0 


|x + y + z = l 

1 


t = l,y = z = 0 

3 + V3 3-V3 

6 

_3 + V3 
6 


-,y-- 
-,y=o,z= 


z = 0. 
3->/3 
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Bai tap tiro'ng tu* 

Cho x,y,z la cac so thuc khong am. Chung minh 

(x + y + zf > 4 ^ 9 (x 3 +/+z 3 )(xy + yz + zx). 
Bai 3. Cho x,y,z la cac so thuc dj/ong co tong bang 1. Chung mi nh 



1 -yz l-zx l-xy 8 


Loi gidi 

Bat dang thuc ve trai la hien nhien theo C -S that vay 

+ + _ (x + y + zf _ 1 

1 -yz l-zx l-xy x(l-yz) + y(l-zx) + z(l-x_y) l-3xyz 
Ta chung minh bat dang ve phai. 

Goi P la bieu thuc ve trai va gia su x = max {x, y, zj ta co 


x y + z-x((y + zf -2yzJ 

1 -yz x 2 yz-x(y + z) + l 
x t-x(t 2 -2s ) 


1-5 x 2 s-xt + l 
t = y + z 


x t-x[t 2 -2s\ 

Xet ham so f(s) = -+ —^- - lien tuc tren I 0; — I ta co 

1-5 x s-xt +1 


/'(5) = 


xV-3xV + 2x 


x(x 2 t-3xt + 2) 


( l -,) 2 


( l -,) 2 


do x 2 t-3xt + 2>2-3xt> 2 - —(x +1) 2 = 2- — = — >0. 

4 V ’ 4 4 

f t 2 1 

Vay f(s) la ham dong bien tren 0;— . 
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Dodo /0)</| 

4x 4(l -x) -2x(l -x) 2 

4-(l-x) 2 x 2 (l-x) 2 -4x(l-x) + 4 

3x 3 -5x 2 +3x + 3 
x 4 - 3x 3 + x 2 - x - 6 

Ta chung minh -2.-^- 5x +3x + 3 + 3 x-6)<0. 

x 4 - 3x 3 + x 2 - x - 6 8 v ; V > 

Bat dang thuc luon dung. 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y - z = j. 

Bai tap tuo'ng tvr 

Cho x,y,z la cac so thuc duong thoa man dieu kien x 2 + y 2 + z 2 = 1 . 

9111 27 

Chung minh rang — <-+-+-<--. 

4 l + xy l + yz 1 + zx 4(x + y + z) 

Bai 4. Cho a,b,c la cac so thuc duong thoa man abc = 1. Chung minh rang 
(a + b)(b + c)(c + a) > 4(a + b + c - 1). 

Lai giai 

Khongmat tinh tong quattaco the gia su a>b>c 

=> a > 1 va ta can chung minh 

(a + Z>)(a + c)(Z> + c)-4(a + Z> + c-l)>0 

<=> f(a,b,c)-^a 2 + a(Z> + c) + Z>cJ(Z> + c)-4(a + Z> + c-l)>0. 

Xet 

f(a,b,c)-f(a, yfbc,-Jbc ) 

-a 2 (b + c-2yfbc^ + a + c) 2 -4 + bc(b + c-2yfbc'j -4 (b + c-2yfbc^ 

= [\fb-\[c^ ^a 2 + a{b + c + 2^bc^ + bc-4^>0 
Vi 

a 1 + a(b+c + 2*Jbc'j + bc-4 = a 2 +2\[a + a(b+c) + bc-4 

>a 2 + 2y[a + 2a4bc +bc-4 = a 2 +4 Va +bc-4>l+bc>0 
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Do a > 1. 

Vi vay ta chi can chumg minh f(a,'Jbc,y[bc)> 0<=> /^-^-,x,xj>0vdi x = Jbc 

»(x 3 +l) 2 >2(x + 2x 4 -x 3 )»x 6 -4x 4 +4x 3 -2x + l>0 

»(x-l) 2 (x 4 +2x 3 -x 2 +l)>0 

» (x -1) 2 [(x 2 -1 j + 2x 3 + x 2 j > 0 (luon dung). 

Dang there xay ra khi va chi khi x = l<=>a = 6 = c = l. 

Cach 2: Ta co: 

(a + b)(b + c)(c + a) = (a + b + c)(ab + be + ca) - abc = (a + b + c)(ab + be + ca) -1 . 

Mat khac: 

(ab + bc + ca) 2 > 3abc(a + b + c) = 3(a + b + c)^> ab + bc + ca> ^3{a + b + c) . 

Vay bai toan duoc chung minh neu bat dang there sau dung: 

(a + b + c)yj3(a + b + c ) -l>4(a + Z? + c-l). 

That vay dat t = ■>]a + b + c,(t > V3 j. Xet ham so fit) = Vv 3 - 4t 2 + 3 voi t > V3 . 

Ta co f\t) = 3^3t 2 -8t >0,Vt > 73 nen fit) dong bien tren ^V3;+coj hay 

m>/(si 3)=o. 

Dodo (a+b + c)^3[a + b + c) -l>4(a + Z> + c-l). 

Bat dang there duoc chung minh. 

Bai 5. Cho a,b,c la cac so there duong co tich bang 1. Chung minh 

2 r 2 2 ^3/ i 1 1 0 

a +b +c + 6>- a + b + c + - + - + -\. 

2 v a b c) 

Ldi giai 

Dat P(a,b,c) = a 2 +b 2 +c 2 +6--\ a + b + c + - + - + -\. 

’ V ’ 2\ a b c) 

Khong mat tinh t6ng quat gia su a - min [a,b,c)^x = 4bc > 1 
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Ta chung minh P(a,b,c)> p(a,'Jbc,\fbc^j 
That vay 

3 


P(a,b,c)-P(a,4bc,yfbc)-(b-c) 2 b + c-2^Jbc H 1- j= 

v ' 2^ be Jbc, 

=i(#-^) 2 [2(7i + ^) 2 -3-Tj 


>— (yb-y/c) | Sbc-3 - 

be) 


>^fb-^{ 8-3-3)>0 

Mat khac 

P[a, y[bc, 4bc j = P {\> x ’ x l " “ 


x - 6 x + 12x - 6 x - 3x + 2 


(x-l) (x 2 - 2 x-l) +x 2 +1 


2 x 4 


^>0 


Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 . 
Bai 6 . Cho a,b,c la cac so thuc khong am co tong bang 3. Chung minh 
l<(fl 2 -a + l)(z> 2 -Z> + l)(c 2 -c + l)<7. 

Loi giai 

Khong mat tinh tong quat gia sii a - max \a,b,c\=> a>\,b + c<2 . 

[t-b + c 


Dat 


s = bc 


,ie 0 ;— taco 


P = (a 2 -a + \}\b 2 c 2 -bc(b + c) + b 2 +c 2 +bc-{b + c) + \\ 
= ^a 2 -a + lj|^Z> 2 c 2 +{b + cf -{b + c)-bc(\ + b + c) + \^ 

= [a 2 -a + \^s 2 +t 2 -t-s(t + l) + l] 

Xethamso f(s) = [a 2 -a + l)^s 2 +t 2 -t-s(i + l) + lJtaco 
f\s) = [a 2 -a + lj(2s-t-l)<0 

, . . t 2 t 2 -2t-2 t(t- 2)-2 

vi 2s-t-l< -1-1 <-= -^--<0. 

2 


2 


2 
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Do do f(s) la Mm nghich bien tren doan 
Ta co 



• Vi vay / 


<p<m. 


f(Q) = [a 2 -a + \^[t 2 -t + \^-[a 2 - a + lj|^(3 - a) 2 -(3-a) + lJ < 7. 

, - If 3f 7l 

Vi bat dang thuc tuong duong vdi: a(a-3)\ I a — —I + — < 0 . 


Dung vdi moi a e [0; 3]. 

Tuongtvt: f[^ = (a 2 -a + \j^ + t 2 + ^ + l 

= [(3-,) 2 -(3-() + l]^ + ( 2 -(-j(( + l) + lj>l 

bdi vi bat dang thuc tuong ducmg vdi 
( t - 2) 2 [t A - 51 3 +15 1 2 - 24t + 24 j > 0 (luon dung). 

Bai 7. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = 3 . 
Chung minhrang [a 2 +a + l^d 2 +b + \^{c 2 +c + lj<27 . 


Lrn giai 

Khong mat tlnh tdng quat gia six a = min {a,b,c} => a<\,b + c = 3-a>2. 

Tachungminh {b 2 +b + \^[c 2 +c + lj<^^“j + ~T~ + 1 j ' 

That vay bat dang thuc tuong duong vdi: 

- cf [b 2 +c 2 + 6bc + 4d + 4c - 4j > 0 . 

Bat dang thuc luon dung vi b 2 + c 2 + 6 be + 4Z> + 4c - 4 > 4(d + c) - 4 > 0 . 

Vay ta chi can chung minh ^ a 2 + a + l)^ ^^ C j + + 1| <21. 

^h[(¥) 2+ ¥ +i ] 2 * 27 - 
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^(a 2 +a + l)(a 2 -8a + 19) 2 <432. 

« (a - \f (a 4 - 13a 3 + 60a 2 - 85a - 7l) < 0 . 

Luon dung vi 

a 4 -13a 3 +60a 2 -85a-71 = (a 4 -13a 3 -85a-ll) + 60(a 2 -l)<0,Vae[0;l], 

Dang thuc xay ra khi va chi khi a = b = c - 1. 

Nhan xet. Ldi giai tren xuat phat tir each don bien 
P(a,b,c) = (a 2 + a + l)(z? 2 + Z? + l)(c 2 +c + l). 

P(a,b,c) < (dung) ta can gia siia = min{a,Z>,c} . 

Bai 8. Cho a,b,c la cac so thuc thoa man dieu kien a + & + c = 6va a,b,c> 1. 

TimgiatriIonnhatcuabicuthiic P = [a 2 +2^[b 2 + 2j ^c 2 + 2j. 

Ldi giai 

Khong mat tinh tong quat gia sir 

. c i 'i ^a + b + c „ , 

c = mm | a,Z>,cj => c <---= 2; a + b = 6 - c > 4. 

Ta chung minh ^ a 2 + 2^l? 2 + 2 J . 

That vay bat dang thuc tuong duong voi: 

16 (a V + 2 a 2 + 2 b 2 + 4 ) < (a + bf + 16(a + bf + 64 

<=> (a + Z?) 4 -16a 2 6 2 >16(a-Z?) 2 

<^>\fa + bf -4aiJ.|^(a + bf +4aZ?J > 16(a -bf 

o(a-b) 2 ^(a + i) 2 +4aZ?-16j>0 

Bat dang thuc cuoi luon dung do (a + b f > 16 . 

Do«P S p + 2).[(SSf,2]^P + 2).[^ + 2] 2 

Xet ham so f{c) = [c 2 +2j.|~ ^^ C j + 2 I tren doan [0; 2] ta co 
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/'(c) = ^(c 5 -20c 4 + 156c 3 -552c 2 + 800c-352) 

= ^(c - 2) (c 1 - 12c + 44) (c 2 - 6 c + 4) > 0, Vc e [0;2] 

Do do f(c) la ham dong bien tren doan [0; 2]. 

Suy ra P< /(c) < /(2) = 216. Dang thuc xay ra khi va chi khi a = b = c- 2 . 
Vay gia tri ldn nhat cua P bang 216 dat tai a = b = c = 2. 

Nhan xet. Chu y dang thiic 

Vdi nhung bai toan co tich doi xung [k+a 2 ^[k+b 2 ^(k+c 2 ^ vdi k > 0 ta danh 
giagiua (k + a 2 ^[k + b 2 ^\oi + j • 


Taco: (t + o 2 )(t + 4 2 )-|t+^] 2 J + b> + 6ab~u). 

Bai 9. Cho a,b,c la cac so thuc khong am thoa man dieu kien a + b + c = \ . 

Tim gia tri ldn nhat cua bieu thuc P-ab(a 2 +b 2 ^ + bc(b 2 +c 2 ^ + ca(c 2 +a 2 j. 



t 2 , 

= — <=>t< — va 
2 3 


P = a 3 (b + c) + a[b 3 +c 3 ^ + bc(b 2 +c 2 j 
= a 3 (b + c) + a\^(b + cf -3dc(d + c)J + dc|^(/ + c) 2 -2dcJ 
-a 3 t + a[t 3 -3st) + s ^ 2 - 2 s) 


Xet ham sd f(s) = a 3 t + a[t 3 -3st^ + s[t 2 - 2s j taco 
f\s)-t 2 -As-'iat-t{t-'ia)-As<Q. 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Do do f(s) la ham nghich bien tren doan . 

Suyra f{s )< /(0) = a 3 t + at 3 = (l-tf t+ (l-t)t 3 . 
Xethamso g(t) = (\-tf t + {\-t)t 2 \di t e ta co 


n i 


^ = -hay P<f{t)<f\ - 


Dang there xay rakhi va chi khi a-b-—,c- 0 hoac cac hoan vi. 

Nhan xet. Voi a,b,c khong am va a + b + c = k vdi chiing mi nh terong ter ta co co 


Bai 10. Cho a,b,c la cac so there khong am thoa man dieu kien a + b + c = 1. 
Tim gia tri ldn nhat va nho nhat cua bieu there 

b c 


P = - 


Zr+c 3 +l c 3 +a 3 +1 a 5 +b 3 +1 

Loi giai 

Tim gia tri l&n nhat cua P 
Voi a,b,c khong am ta luon co 

a b c 

— -r- <a,— -T- <b,— -T- <c. 

b 3 + c 3 +1 c 3 + a 3 +1 a 3 + b 3 +1 

Cong theo ve ba bat dang thiic tren taco P<a + b + c = 1. 

Dang there xay ra khi va chi khi mot so bang 1 va hai so bang 0. 
Tim gia tri nhd nhat cua P 

Set dung bat dang thiic C-S ta co 

b c ( a+b + cf 


P = - 


b 3 +c 3 +1 c 3 + a 3 +1 a 3 +b 3 +1 a [b 3 +c 3 +lj + b[c 3 +a 3 + l] + c(a 3 +b 3 + 1] 

__ 1 _ 

a(b 3 + c 3 J + 6^c 3 +a 3 J + c^a 3 +i 3 j + l 
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Vay de tim gia tri nh d nhat cua P ta tim gia tri ldn nh at cua bieu thuc 
M -a(b 3 +c 3 \ + b(c 3 +a 3 \ + c( a 3 +b 3 \. 


1 2" 

>,s e 0 ;— 

4 


Khong mat tinh tong quat gia sir a > b > c dat b + c = t,bc = s,s e | 0;— 

Khi do a - 1 - 1 > b + C = — <=> t < — va 
2 2 3 

M = a 3 (b + c) + a(b 3 +c 3 ) + bc(b 2 +c 2 ) 

= a 3 (b + c) + a\(b + cf -3&c(Z> + c)J + Z?c^(Z> + c) 2 -2Z?cJ 
= a 3 t + a[t 3 -3 st^ + s[t 2 - 2s ) 

Xethamso f{s) = a 3 t + a(v’ -3v) + s(i 2 - 2s jtaco 
f\s) = t 2 - As - 2>at - t{t - 2>a)- As < 0. 


Suyra f(s)< f (0) = a 3 t + at 3 =(l-tf t+ (l-t)t 3 . 
Xethamso g(t) = (\-tf t + (\-t)t 2 vdi t e ta co 

/'(0 = (l- 2 t ) 3 ;/'(0 = 0 «t = i 


m- 


Tim duoc GTLN cua M bang -dat tai a-b-—,c- 0hoac cac hoan vi. 
8 ' ' 2 

Suy ra?> — 1 = - . 


Vay gia tri nho nhat cua P bang — dat tai a-b-—,c = 0 hoac cac hoan vi. 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Nhan xet. Voi a,b,c khong am va a + b + c = k voi chung minh tuang tu ta co co 
ab[a 2 + b 2 ^ + bc[b 2 + c 2 ) + ca[c 2 +a 2 ) < . 

Bai tap tiro’ng tu - 

Cho a,b,c la cac so thuc khong am co tong bang 1. Chung minh 

a b c ^ 4 

- 1 - 1 -> —. 

l + Z? 2 +c 2 1 + c 2 + a 2 l + a 2 +Z ? 2 5 


Chung minh rang - 


Bai 11. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca- 1. 

1 1 15 

,- 1 - 1 -> — . 

a+b b+c c+a 2 

L&i giai 

Khong mat tinh tong quat gia six a- max \a,b,c^. 


Dat 


jt-b + c 
[s = bc 


,ie 0; — taco at + s = loa = 


l-s 


Goi P la bieu thuc ve trai ta co 

1 1 1 _ 1 2 a+b+c 

b + c a + b a+c b + c a 2 +ab + bc + ca 
. 1-5 


P = - 


1 2a + t _1 

t a 2 +1 t (l-s 


t 


- + t 


t\-2s + r+2\ 


t t 2 +(s-l) 


j t(—2s + t 2 + 2\ I" ^2 "1 

Xet ham so f(s) = - + — -tren doan 0: — ta co 

* t 2 +(s-\f • L 4 J 

2t^5-l) 2 -t 2 5j 2 t 3 (a 2 -s^ 


/' 0 ) = 


(^ + ( 5 _ 1 ) 2 ) (t 2 + (5- 1 ) 2 ) (t 2 +(5-l) 2 ) 


1 t(t 2 + 2\ 
Vi vay f(s) > /(0) = - + V 2 - 




Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


I tit +21 5 2/0 \ 

Ta c£n chung minh - + ————i > — <=> [t - l) \2t 2 -1 + 2 j > 0 (luon dung). 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi 
a = b = \,c = 6 hoac cac hoan vi. 

Cach 2: Khong mat tinh tong quat gia sir c - max{a,b,c } => e > ~~ • 

Thay c = -—— vao bat dang thuc can chung mi nh ta co 
a + b 


Dat P(a,b,c) = —-—■+—-—■+—— 
a+b b+c c+a 


5 

2 


1 1 
a + b a | 1-ab 
a + b 


1 


b + 


1 -ab 
a + b 


5 

2 ' 


1 1 1 



a + b , l-a6 , l-a6 

a +- b + - 


0+ 4 + J- a+b 

v a + b a + b J 


K a + b y 


a + b 
1 + a 2 


a+b / .x , 1 

- =--{a + b) 1h-~ 

1 + 6 l + (a + 6) 


„ , , a + b a + b , ,. , 1 

Ta chung mmh -- +--- a + o 1 +-- 

1 + a 2 1 + b 2 [ 1 + (a + bf 


1 1 ^ 1 

<=>-, +-;r>l +-^<=><3 

1 + a 2 1 + b 2 1 + (a + b) 

<=> ab(a + b f <2(1 -ab) (luon dung). 


b^ab[a + b) 2 


+ 2ab-2\<0 


Vi 2(l-a6) = 2c(a + 6)>(a + 6) 2 >ab(a + b) 2 
Vay ta can chung minh 

Pla + b ,—— ,0)>0»-!—— + a+b + —— >- 

u + b a + i) + J_ “bb 2 

a + b 

0 « + 6 | l + (a +6) 2 ^ 5 

l + (a + 6) 2 a + b 2' 
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1 + (a + b) 2 2 (a + b) 

Dat x = —i- ’ > V -- = 2. 

a+b a+b 

Ta cdn chung minh x + - > ^ <=> lx 1 - 5x + 2 > 0 <=> (2x - l)(x - 2) > 0(luon dung). 
Dang there xay ra khi va chi khi 

a + b -1 
ab + bc + ca -1 
ab^ab(a + b'f + lab — 2 J = 0 

Bai toan duoc chung minh dang there xay ra khi va chi khi a = b = l,c = 0 hoac 
cac hoan vi. 

Cach 3: Dat p-a+b + c,q -ab + bc + ca, r-abc. 

Bat dang there duoc viet lai duoi dang: 

l -j^->^(p-2)(2p-\) + 5r>0. 

+ Neu p> 2 bat dang there hien nhien dung. 

+ Neu V3 < p < 2 theo bat dang there Schur bac 3, ta co 

r ^ p( 4 <?V) 4p-P 
9 9 

Ta chi can chung minh (p - 2){2p -l) + 0 

<=>(2-p)^5p 2 -8p + 9^>0 

Bat dang there luon dung ta co dieu phai chung minh. 

Bai 12. Cho a,b,c la cac so there khong am thoa man dieu kien ab + bc + ca - 1. 

Chung minh rang —-—h—-—h— --->2. 

a + b b + c c + a a + b + c 

Lfri giai 

Khong mat tinh tong quat gia sir a - min [a,b,c\ . 

+ ---> , khi do theo bai toan tren ta co 

a+b+c 2 


a = c = \,b-Q 
b = c = \,a-0 


Neu b + c > 2 
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1 


1 


1 . 5 


1 


1 


1 


1 


a + b b + c c + a 2 a + b b + c c + a a + b + c 
Bat dang there dugc chung minh. 

f t = b + c 


Taxet vdi b + c<2, khi do dat 
1 — s 

Ta co at + s -1 <=> a - -. 

t 

Goi bieu there ve trai la P ta co 
„ 111 1 


s = be 


,s e 0;— ,0< t < 2 


1 


b + c a + b a + c a + b + c b + c 
n, 1-5 , 


a 2 +1 a + b + c 


t a +1 a + t t (i- s 


_1_ 

1-5 


t t 2 + (s- 1) -j+r + i 

, a . 1 t 2 + 2 — 2s 

Xet ham so f(s) = - + t. 


t 2 +(s-1 ) -5 + r+l 


ren doan 0; — ta co 


f\s) = 


afr- 1 ) 2 -' 2 *] 

H*-i ) 2 ) 2 


2 ,>(+-*) , 

(( 2 + (j-l) 2 ) 2 (-i + < 2 +l)‘ 


Boi vi a -s <0 . 


Do do f(s) la ham nghich bien tren doan 0;— .Vi vay / (s) > / — 


V +1 

4 


o (2 - 1) (6t 4 -1 It 3 + 10t 2 - \2t + 8) > 0 o t < 2 (luon dung). 


< 0 . 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a -b - \,c -0 
hoac cac hoan vi. 

Cach 2: Bat p - a + b + c,q - ab + be + ca,r - abc. 

Bat dang thuc duoc viet lai dudi dang: 

^— ->2&p 2 (p-2)+r(\ + 2p)>0. 
p-r p 

+ Neu p> 2 bat dang thuc hien nhien dung. 


Ncu yf3<p<2 theo bat dang thuc Schur bac 3 ta co r > 


p(4 q-p 


4 P-P 
9 


Ta chi can chung minh 

P 2 { 2 ~P) + 4P 9 P (l + 2p)>0o p(2-p)(p-lf >0 . 

Bat dang thuc luon dung ta co dieu phai chung minh. 

Bai 13. Cho a,b,c la cac so thuc khong thoa man dieu kien ab + be + ca > 3 . 


Chung minh rag voi moi so thuc k > — ta co 


(a 2 +k)(b 2 +k}(c 2 +k}>(k + 1) 3 . 


Lai giai 

Chu y dang thuc 

a 2 +k^[b 2 +^)(c 2 +k^-[k[a + b + c)-abc^ + k{ab + be + ca - k) 2 . 


Trudc tien ta chung minh k - — bat dang thuc dung, that vay 


+ — b 2 +- c 2 + — >— ab + bc + ca — >— 3 — 



Voi k'>k>— taco 
3 

(a 2 +k')(b 2 +k')(c 2 +jfc') = [a 2 +k + (k'-k)Jb 2 + k + (k'-k)Jc 2 + k + (k'-kj\ 

> ^(a 2 + k}(b 2 + *)(<?+*) + *'-ifcj >(\ + k + k'-kf =(k'+\f 

Bai 14. Cho x,y,z la cac so thuc khong am thoa man dieu kien xy + yz + zx = 1. 


Chung minh rang - 
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Loi giai 

Khong mat tinh tong quat gia su jc = max{x, y, zj dat 
1 — s 

Ta co xt + s- 1 => x =-. 

t 

Goi P la bieu thurc ve trai ta co 

p _ 1 + jx + y + \lx + z _ 1 ^ \Jlx + y + z+ 2 a/?+T 

yjx 2 +xy + xz + yz 


1-5 




2 .-+ * 

^ + 

2 _i,J 

, t 2 + 2-25 

2 t 

pi*' j 

VF J 

' < 2 +('-*? 

t 2 + (l-sf 


1 


Xethamso f(s) = t. 


= trcn doan 0 ;— 


t 2 ' 

);— taco 
4 


t 2 +(\~sf yjt 2 +( 1- S f 

2 5 2 t(l-s) _ 2 t 3 l 

< 2 +(i-*) ! f |/< 2 +(i - s ) 2 ) 3 (< 2 +(i-*ff (i< 2 +(i -») 2 


(l-s) 2 -t 2 s 2 t(l-s) 2 t 3 (x 2 -s) 2 t(l-s) 

f'(s) = 2 t.— --—+ --i - = - - 4 - >-+- -V-->o 


Do do f(s) la ham dong bien tren doan 0 ; - 


Vivay f(s) > /( 0 ) = t.‘ + 2 * —P= = \ 4 t + 


t +1 Vt 2 +i 

Dodo p>-L + y/t+ LJ—> 2 + ^=. 

yft h 2 +1 V2 

Bai 15. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + be + ca > 0. 

, 1 1 1 4 

Chung mmh . + . + . >-. 

V4a 2 +ic v4i 2 +ca v4c 2 +aZ? a+b + c 

Loi giai 

Gia six a- max [a, b,c ], chung minh 

1 12 a+b 

I = H , = ^ = — - . 

v4 a 2 + be yJ4 b 2 +ca v 4 1 2 +tc 2 
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That vay theo bat dang there AM - GM ta co 
1 1 2 


V4a 2 +bc 4 A b 2 +ca ^4 a 2 + bc^{Ab 2 +ca^ 

Va {At 2 +tc^ -{4a 2 +bc^{4b 2 +ca^ = {a-bf^c 2 +a 2 + b 2 + 6ab-3c{a + b)^>0. 

Theo AM - GM ta co , 1 > , 1 . 

V4 c 2 +ab \l4c 2 +t 2 
Vay ta chi can chung minh 

2 14 4 


V4 r 


2 +fc -\Jac 2 +1 2 a+b + c 2 t + c 


1 ll 4 2 


y 4 t 2 + te 0 W4c 2 +t 2 0 2 ' + c * 

~t -Ac 


it 2 + tc ^21 + \j4t 2 +tc j ^4c 2 +t 2 + ^4c 2 +t 2 j 2 ^ + c 


*( 2? + c ) \l4t 2 +tciy2t + ^4t 2 + tej t^4c 2 +t 2 |t + V4c 2 +t 2 j 

Bat dang there tren la tong cua hai bat dang there sau 
1 1 


3t(2t + c) ^2^ + 

5 4c 


3t(2t + c) t^Ac 2 +t 2 |t + V4c 2 +t 2 j 


> 0 ( 1 ) 

> 0 ( 2 ) 


Bat dang there dupe chung minh. 

Dang there xay ra khi va chi khi a = b,c = 0 hoac cac hoan vi. 

Bai 16. (Viet Nam TST 2006) Cho x,y,z la cac s6 thuc thuoc doan [l; 2]. Chung 

{^- + ^ + ^- 1 . 

y z) yy + z z + x x + y) 

L&i giai 

Ta can chung minh 


minh {x + y + z)[ — + - + -]> 6[ ■ 


f(x,y,z) = (x + y + z)\ 


1 1 1) J x y $ V A 

- + - + - -6 + —— + > 0 . 

x y zj \y + z z + x x + y) 
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Khong mat ti nh tong quat gia sir x = max {x, y,zj . 
Xet hieu: 




6 (x + y + z)(y-z) 2 
(x + y)(x + z)(2x + y + z) 


_ O + y + z )(y - z? [(* + y) 0 + *)( 2 x + J + z) - 6 yz(y + z)] 

(x + y)(y + z)(z + x)( 2 x + j + z) 

vi x la so Ion nhat trong ba so nen (x + y)(z + x)( 2 x + y + z) > 6yz(y + z). 
nen f(x,y,z)> f(x,t,t ) vbi n ? ^ Z > 1 


Vi vay ta chi can chung minh /(x, t,t)>0. 

That vay, bat dang there tuong duong voi: 

? (t -x) 2 ( 2 t -x) „ 
tx(t + x) 

Bat dang there cuoi dung do 2t>2>x. 

Dang thuc xay ra khi va chi khi x = y = z;x = 2 ,y = z = l. 
Bai toan duoc chung minh. 



_6 


U t) 


U t t + x) 


0 ,. 


C. BAI TAP REN LUYEN 

Bai 1. Cho a,b,c la do dai 3 canh mot tam giac thoa man dieu kien a 2 +b 2 +c 2 = 3 . 
Chung minh rang a + b + c> 2 + abc. 

Bai 2. Cho a,b,c la cac so there khong am thoa man dieu kien a 2 + b 2 + c 2 = 3 . 

Chung minh ring (2-ab)(2-bc)(2-ca)> 1. 

Bai 3. Cho a,b,c la cac so there duong co tich bang 1. Chung minh 
111 13 25 

—i-1-1-> —. 

abc a+b+c+ 1 4 

Bai 4. Cho a, b,c la cac so there duong thoa man a,b,c> lva a + b + c = 6. 
Timgiatri Ion nhat cua bieu there P = (l + a 2 ^l + Z> 2 ^l + c 2 j. 


3 


Tim gia tri nho nhat cua bieu there P-\\ + a 1 j\\ + b 1 j\\ + c 1 y 
Bai 6 . Cho a,b,c la cac so there khong am thoa man a + b + c = 1. 
Tim gia tri Ion nhat cua bieu there P-(a 3 + b 3, + c 3 |(c 3 + a 3 
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Bai 7. Cho x,y,z la cac so thuc duong co tlch bang 1. Chung minh 
x 2 + y 2 + z 2 + x + y + z >2(xy + yz + zx) . 
Bai 8. Cho a,b,c la cac so thuc duong co tlch bang 1. Chung minh 


i. i. n 


a~ +b +c >-\ a + b + c + - + - + - .. 

2 v a b c) 

Bai 9. Cho x,y,z la cac so thuc duong co tong bang 1. Chung minh 


— -54(x J + y 3 +z i )-\— + — + —\ > — 

xyz v ' \yz zx xy) 2 

Bai 10. Cho a,b,c la cac so thuc khong am co tong bang 1. Chung minh 

1 


21 


[a 3 +Zr )(Zr + <r lie 3 + <r )<- 


'256 


-< 3 . 


Bai 11. Cho a,b,c la cac so thuc duong co tlch bang 1. Chung minh 

1 1 _1_ 

a 2 - a + \ b 2 -b + 1 c 2 -c + l 
Bai 12. Cho a,b,c la cac so thuc khong am co tong bang 1. Chung minh 
a b c > 4 

1 + b 2 +c 2 1 + c 2 +a 2 \ + a 2 +b 2 5 

Bai 13. Cho x,y,z la cac so thuc khong am thoa man dieu kien x + y + z- 3. 

Chung minh rang ^3x 2 +5^3y 2 +5^3y 2 +5) >512 . 

Bai 14. Cho x,y,z la cac so thuc khong am. Chung minh 

(x + y + zf > —^-(x 3 +y 3 + z 3 )( x y + yz + zx) . 

4 v 6 — 9 ' ' 

Bai 15. Cho x,y,z la cac so thuc duong thoa man dieu kien x 2 + y 2 + z 2 = 1. 


Chung minh rang — < 


1 


1 


1 


27 


4 1 + xy l + yz 1 + zx 4 (x + y + z) 

Bai 16. Cho a,b,c la cac so thuc khong am thoa man dieu kien ab + bc + ca> 0. 
1116 


Chung minh rang 


\la 2 +bc ^Jb 2 + Ci 


a + b + c 


D. HUONG DAN GIAI - DAP SO 

Bai 1. Bat dang thuc can chung minh tuong duong voi 

P(a,b,c) = a + b + c-abc- 2>0 . 
Khong mat tinh tong quat gia su a - max \ a,b,c\ ta co 
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3 =a 2 + b 2 +c 2 >a 2 +-(b + c) 2 >-a 2 ^\<a<sjl. 
2 V ’ 2 


Ta chung minh P[a,b,c)> P^a, 
That vay 


jb 2 +c 2 ^b 2 +c 2 





S b ~ c ) 

2 


a + ^j 2^3-a 


= ^ ^ [a 2 + a^2(3-a 2 ) - 2j > 0, Va e [l; yfl) 


Mat khac 

J 1777 1777' 


C huyl-^L>0 


/ 7-— a(3-a 2 ) 

= b+ ^(Tv)-T_J_ 2 
(. ITvY JTv . , 


a ^~~7 —l-a-2>0<=>a 2 ^3-a 2 j> 2(2- a) 2 

„ (o _l)( 8 _ a 3_ a2 )>„ 

Luon dung. Bat dang thiic dugc chung minh dang thuc xay ra khi va chi khi 
a = b = c- 1. 
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Cach 2: Gia su a - max { a,b,c} => a > 1 va vi a,b,c la do dai ba canh mot tam giac 
nen a <b + c< 2. 

Khido 

P-a + b + c- 2- abc -a +'Jb 2 +c 2 +2 be - 2 - abc -a + \jt + 2s -2 -as. 
Voi t = b 2 + c 2 ,s = bc,s s 



Xet ham so f(s) = a + \jt + 2s -2 -as vdi s e 


ta co 


f \s) m rr === ~a;f "( 5 ) | — ■ 1 

^ t + 2s yj(t + 2sf 


Vi vay f\s) < /'(0) = a = 1 


Vi vay f(s) nghich bien tren doan |^0;— 

/(■s)^/^ = o + >/2^-2-y 

/—-— ah-a 2 ) 

= a + A / 2 ( 3 -a 2 )-2-A_^ 


,< 0 . 

.-a <0,Va e[l;2]. 
suy ra 



>0 


Bai 2. Khong mat tinh tong quat gia six a- min [a,b,c] => a < 1 ta co 
P(a,b,c) = (2-ab)(2-ac) = 4- 2a(b + c) + a 2 bc . 

Ta chung minh P(a,b,c ) > P 
That vay bat dang there tuong duong voi 
-2 a(b + c) + a 2 bc > -2a^2^b 2 +c 2 j + a 2 . ^ 
«2[^(4 2 « 2 )-(4 + c)]a|(6-c) 2 
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4 (b-c) 2 

J2 [b 2 +c 2 \+b + c 


>a{b-cf 


4-a(b + c)-a^b 2 +c 2) j>4-2a^b 2 +c 2 ) 
= 4-2a^2(3-a 


4 \\-a A ) 2-a 2 


a J 2 ( 3 ~ a 


Vay ta chi can chung minh 


>1^ a 2 +l 2-a< 


Fr 


Taco 2^a 2 +lj-(a + l) 2 = (a-l) 2 >0=>a 2 + i > ( a + 1 ) 
Vay ta chi can chung minh 


(a + l) 2 2-i 




>4»(a + l) 2-i 




f h-n O a(a 4 + 2a 3 -2a 2 -6a + 5) 

da 2-(a + l)J-—— >0<=> —-j - —^>0 

l V 2 I 3 -a 2 

2 + (« + 1 )^— 

o a[a-l) 2 ^a 2 +4a + 5j>0 

Luon dung. Bat dang there dugc chung minh dang there xay ra khi va chi khi 
a = b = c- 1. 

Bai 3. Bat dang there can chung minh co dang 

_ / . \ 1 1 1 13 25 

P( a,b,c) = - + — + - + ->0. 

a b c a + b + c +1 4 

Khong mat tinh tong quat gia six a- max{a,Z?,c} => a > l,x = \fbc < 1. 

Ta chung minh 
P(a,b,c) > p[a,Jbc,Jbc^. 
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That vay 

P(a,b,c)~ P(a, \[bc,yfbc) = - + -—^= +-—-^4=— 

' 'be y/bc a + b + c +1 a + 2yjbc+\ 

(S-Gf 13(76-Vc) 2 

be (a + b + c + \)(a + 2-Jbc + lj 

=(76-7c) 2 | —- P . 

I be (a + b + c + \)[a + 24bc +lj 

>^Jb-4~e) 2 


(3 + l)(3 + l)J- 

Matkhac p(a,^/z>c,^/&c) = pf-^-,x,xl = x 2 + —+-———- — 


(x - 1) 2 (8x 4 + 20x 3 -18x 2 - 9x + 8) 
4x(x + l)(2x 2 -x + l) 


>0,Vxe(0;l]. 


Tu do suy ra dieu phai chung minh. Dang there xay ra khi va chi khi a = b = c = 1. 

Bai 4. 

Taco (l + a 2 )(l + 6 2 )-|l + [^±4j j = --^(a-bf[a 2 +6ab + b 2 -8]<0 voi 


moi a,b> 1. 


Dodo (l + a 2 )(l + Z> 2 )< 1 + 



Suy ra P < 1 + 


Dang thiic xay ra khi va chi khi a - b = c = 2 . 

Vay gia tri ldn nhat cua P bang 125 dat tai a = b = c = 2. 
Bai 5. Khong mat tinh tong quat gia ser 


c = max{a,b,c } 


c>—,a + b- — -c< 1 
2 2 

„6 > + t ) 2 .l 
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Khido (l + a 2 )(l + Z> 2 )> 1 + f — 


Thatvay (l + a 2 )(l + Z> 2 )- 1 + = [a 2 +6ab + b 2 - 8^> 


Dang thiic xay rakhi va chi khi a-b. 


Khido ^(, + c 2)|l + (^l I =(l + c 2 )|l + (|-|) I >^. 


Cach 2 : Ta co (l + a 2 )(l + Z? 2 )(l + c 2 ) 

= a 2 +b 2 +c 2 + a 2 b 2 + b 2 c 2 + c 2 a 2 + a 2 b 2 c 2 +1 

= (a + b + cf -2(ab + be + ca) + (ab + be + ca) 2 -2abc[a + b + c) + a 2 b 2 c 2 +1 

-^--2(ab + be + ca) + (ab + be + ca) 2 +a 2 b 2 c 2 -3abc 

, , , .\2 ( i 3f . flV (Ilf 125 

-(ab + bc + ca- 1) + abc — > — + — =- 

l 2J UJ l 8 J 64 


Do ab + bc + ca<—(a + b + c) 2 = -;abc<\ - 
3 V ’ 4 { 


a + b + c V _ 1 

"l - J “8' 


Bai 6. Khong mat tlnh tong quat gia su a>b>c dat t = b + c,s = bc,s e 0;— 

4 


Khido P = ^a 6 +a 3 (Z7 3 +c 3 ) + 6 3 c 3 ](Zj 3 +c 3 ) 

= (~a 6 + a 3 (b + cf -3a 3 bc[b + c) + b 3 c 3 ~^.^[b + cf -3Z?c(Z? + c)J 
= {a (> + a 3 1 3 -3a 3 te + s 3 )(i 3 -3tej 
Xethamso f(s) = [a 6 +a 3 t 3 -3a 3 te + s 3 )(i 3 -3tejtaco 
f'(s) = (3s 2 - 3a 3 t)(t 3 - 3te) - 3t (a 6 + aV - 3a 3 te + s 3 ). 
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Ser dung bat dang there AM-GM ta co a 6 + a 3 t 3 - 3 a 3 ts + s 3 > 0. 

Theo dieu kien suy ra 

(3s 2 - 3 ah) (t 3 - Sts) = 3 t(s 2 - a 3 t) (t 2 -3s) < 3 t^s 2 Jj j(t 2 - 3s) < 0. 

Do do /'(5) < 0 => P = f(s ) < /(0) = t 3 (a 6 + aV) = t 3 (1 - tf [P + (1 - tf ] . 
Xethamso g(t) = t 3 (l-t) 3 ^ 3 +(l-t) 3 Jvdi tej^0;-^jtaco 

U = 0 n 

g'(0 = -3t 2 (t-l) 2 (2t-l) 3 ;/'(0 = 0« ^ = J_(do t e I 0;—J). 


t -hay P<g(t) < g . Dang there xay ra khi va chi khi a-b 
c = 0 hoac cac hoan vi. 

Vay gia tri Ion nhat cua P bang —— dat tai a-b-—,c -0 hoac cac hoan vi. 

' 256 ' ’ 2 

Nlmn xet. Vod a,b,c khong am thoa man a + b + c = k . Chung minh tuong ter ta co 


Bai 7. Ta can chung minh 

P(x,y,z) = x 2 +y 2 +z 2 +x + y + z-2(xy + yz + zx)>0. 
Khong mat tinh tong quat gia su i = min [x,y, zj => x < 1 ,yz > 1. 
Xethieu P(x,y,z)~p(x,yjyz,y[yz) = (yfy-sfz) (y + z-2x + \ + '. 


Tachi can chung minh p(x,-^Jyz,y[yz) = pi^-,t,t^>Qwm t = Jyz . 

That vay bat dang there tuong duong vod 

i i 4 (t — l) (2t 3 + 4t~ + 2t +1) 

4 + 4 + 2t-->0»2-LA--->0 . 

t t t t 

Bat dang there duoc chung minh. Dang thiic xay ra khi va chi khi x = y = z = 1. 
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Bai 8. Bat dang there can chung minh tuong duang voi 

P(a,b,c) = a 2 + b 2 +c 2 a+ b + c + — + — 
2y a b 

Khong mat tinh tong quat gia sit a = min [a,b,c)=>t= y 

Ta chung minh P(a,b,c) > P(a,t,t) . 



^bc> 1 . 

>T 


That vay P(a,b,c) - P(a,t,t) = (4b- 4c) 2 + 4c) 2 - ^1 + ^-jj . 

>(4b-4^) 2 [ 4-^(l + l)j>0 


n 2 n / 4 j .aP j. 


Bat dang there duoc chung minh. Dang there xay ra khi va chi khi a - b = c = \. 
Bai 9. Ta can chung minh 

P( x ,y, z) = -!—54(x 3 + y } + z 3 )-(^ + ^ + 4--Z 0 . 

xyz v ' 1 — -.' ° 


yz zx xy) 2 


Chu y 


/>( W ) > +,, + Z) 2 -Mix’ 

xvz ' ' 


= 2 - + —+ — 27 JT +y +z i j - 


Khong mat tinh tong quat gia set x = max jx,y,z} ta chung minh 

( v+z v+zy q-z) 2 (4-8i^(,.+z) 2 ) 

Xethieu P{x,y,z)-P\ * ZZ± =- v — --- 

' ’ l ' 2 2 j 2yz(y + z) 


Boivi yz(y + z) 2 =4y.z.^^.^^<4| 


y+z y+z 
y + z + - -+ 2- 

'_ 2 2 


(y + z) 4 4 

4 4y 3 J 81 
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Ta can chung minh 

2 2 2 2 


02 - +-27 x J + 


.( 1-^)1 21 


( 3x - 2) 2 ^9x 3 + I2x 2 - 6x + lj 


2x(l-x) 

Bat dang there cuoi luon dung. Bat dang there dupe chung minh. 

2 1 

Dang there xay ra khi va chi khi x = —,y = z = — hoac cac hoan vi. 
Bai 12. Goi P la bieu there ve trai va ser dung bat dang there C -S ta co 
p > ( a + b + c) 2 

_ a(l + Z> 2 +c 2 ) + Z>(l + c 2 + a 2 ) + c(l + a 2 + b 2 \ 


1 + a 2 (b + c) + a[b 2 +c 2 ^ + bc(b + c) 

Ta tim gia tri Ion nhat cua bieu there vod gia thiet a = max [a,b,c]. 
Q-a 2 (b + c) + a[b 2 + c 2 ^ + bc(b + c) = a 2 t + a[t 2 -2s^ + ts . 


/'(V) = t-2a<0=> f(s)< f(0) = a 2 t + at 2 - = -^-. 

Dodo P>-^— >-. 

1 + Q 4 


Bai 13. Gia set x = max{ x,y,zj => y+ z < 2,x > lta co 


(3/ + 5)(3z 2 +5)- 3^|^ +5 =^(x-y) 2 [40-3(x 2 +/ + 6xF)]>0. 
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Vaytachungminh ^3x 2 + j +5j >512 

<=>(3x 2 + +s| -512>0 

»(x - 1) 2 (3x 4 - 3Ox 3 + 144x 2 - 306x + 317)> 0 
Bat dang thuc luon dung. 

Bai toan duoc chung minh dang thuc xay ra khi va chi khi x = y = z = 1. 

Bai 16. HD: Duave chung minh 64^a 2 +bc^[b 2 + ca)(c 2 + ab^<(a + b + cf . 



